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Preface 


The spectacular development of new sources of electromagnetic radia- 
tion spanning the range of frequencies from rf to the far ultraviolet (lasers, 
masers, synchrotron sources, etc.) has generated considerable interest in 
the interaction processes between photons and atoms. New methods have 
been developed, leading to a more precise understanding of the structure 
and dynamics of atoms and molecules, to better control of their internal 
and external degrees of freedom, and also to the realization of novel 
radiation sources. This explains the growing interest in the low-energy 
interaction between matter and radiation on the part of an increasing 
number of researchers drawn from physics, chemistry, and engineering. 
This work is designed to provide them with the necessary background to 
understand this area of research, beginning with elementary quantum 
theory and classical electrodynamics. 

Such a program is actually twofold. One has first to set up the 
theoretical framework for a quantum description of the dynamics of the 
total system (electromagnetic field and nonrelativistic charged particles), 
and to discuss the physical content of the theory and its various possible 
formulations. This is the subject of the present volume, entitled Photons 
and Atoms—JIntroduction to Quantum Electrodynamics. One has also to 
describe the interaction processes between radiation and matter (emission, 
absorption, scattering of photons by atoms, etc.) and to present various 
theoretical methods which can be used to analyze these processes (per- 
turbative methods, partial resummations of the perturbation series, master 
equations, optical Bloch equations, the dressed-atom approach, etc). Jhhese 
questions are ¢xamined in another volume entitled 
The objectives of these two volumes are thus 
clearly distinct, and according to his interests and to his needs, the reader 
may use one volume, the other, or both. 

An examination of the topics presented here clearly shows that this 
book is not organized along the same lines as other works treating 
quantum electrodynamics. In fact, the majority of the latter are addressed 
to an audience of field theorists for whom such ideas as covariance, 
relativistic invariance, matter fields, and renormalization, to name a few, 
are considered as fundamentals. On the other hand, most of the books 
dealing with quantum optics, and in particular with laser optics, treat the 
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fundamentals of electrodynamics, as well as the problems posed by 
quantization of radiation, rather succinctly. We have chosen here an 
approach between these two, since there seems to be a real need for such 
an intermediate treatment of this subject. 
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Photons and Atoms 


Introduction 


The electromagnetic field plays a prominent part in physics. Without 
going back to Maxwell, one can recall for example that it is from the study 
of light that the Planck constant and the ideas of wave—particle duality 
arose for the first time in physics. More recently, the electromagnetic field 
has appeared as the prototype of quantum gauge fields. 

It is therefore important to develop a good understanding of the 
dynamics of the electromagnetic field coupled to charged particles, and in 
particular of its quantum aspects. To this end, one must explain how the 
electromagnetic field can be quantized and how the concept of photon 
arises. One must also specify the observables and the states which describe 
the various aspects of radiation, and analyze the Hamiltonian which 
governs the coupled evolution of photons and atoms. It 1s to the study of 
these problems that this volume is devoted. 

The quantization of the electromagnetic field is the central problem 
around which the various chapters are organized. Such a quantization 
requires some caution, owing to the gauge arbitrariness and to the redun- 
dancy associated with the vector and scalar potentials. As a result, we will 
treat these problems at several levels of increasing difficulty. 

In Chapter I, we begin with the Maxwell—Lorentz equations which 
describe the evolution of an ensemble of charged particles coupled to the 
electromagnetic field and show that a spatial Fourier transformation of 
the field allows one to see more clearly the actual independent degrees of 
freedom of the field. We introduce in this way the normal variables which 
describe the normal vibrational modes of the field in the absence of 
sources. Quantization then is achieved in an elementary fashion by quan- 
tizing the harmonic oscillators associated with each normal mode, the 
normal variables becoming the creation and annihilation operators for a 
photon. 

The problem is treated again in a more thorough and rigorous fashion 
in Chapter II, starting with the Lagrangian and the Hamiltonian formula- 
tion of electrodynamics. One such approach allows one to define unam- 
biguously the canonically conjugate field variables. This provides also a 
straightforward method of quantization, the canonical quantization: two 
operators whose commutator equals if then represent the two correspond- 
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ing classical conjugate variables. We show nevertheless that such a theoret- 
ical approach is not directly applicable to the most commonly used 
Lagrangian, the standard Lagrangian. This is due to the fact that the 
dynamical variables of this Lagrangian, the vector and scalar potentials, 
are redundant. The most simple way of resolving this problem, and then 
quantizing the theory, is to choose the Coulomb gauge. Other possibilities 
exist, each having their advantages and disadvantages; these are examined 
later in Chapter IV (Poincaré gauge) and Chapter V (Lorentz gauge). 

Many of the essential aspects of quantum electrodynamics in the 
Coulomb gauge are discussed in detail in Chapter III. These include the 
quantum equations of motion for the coupled system charges + field; 
the study of the states and observables of the free quantized field, of the 
properties of the vacuum, and of coherent states; and the analysis of 
interference and wave-—particle duality in the quantum theory of radiation. 
We also examine in detail the properties of the Hamiltonian which 
describes the coupling between particles and photons. 

This last subject is treated in more detail in Chapter IV, which is 
devoted to other equivalent formulations of electrodynamics derived from 
the Coulomb gauge. We show how it is possible to get other descriptions 
of electrodynamics, better adapted to this or that type of problem, either 
by changing the gauge or by adding to the standard Lagrangian in the 
Coulomb gauge the total derivative of a function of the generalized 
coordinates of the system, or else by directly performing a unitary 
transformation on the Coulomb-gauge Hamiltonian. Emphasis is placed 
on the physical significance the various mathematical operators have in 
the different representations and on the equivalence of the physical 
predictions derived from these various formulations. It is here that a 
satisfactory understanding of the fundamentals of quantum electrodynam- 
ics is essential if one is to avoid faulty interpretations, concerning for 
example the interaction Hamiltonians A: p or E -r. 

From the point of view adopted in Chapters II and IV, the symmetry 
between the four components of the potential four-vector is not main- 
tained. The corresponding formulations are thus not adaptable to a 
covariant quantization of the field. These problems are dealt with in 
Chapter V, which treats the quantization of the field in the Lorentz gauge. 
We explain the difficulties which arise whenever the four components of 
the potential are treated as independent variables. We point out also how 
it is possible to resolve this problem by selecting, using the Lorentz 
condition, a subspace of physical states from the space of the radiation 
states. 

We mention finally that, with the exception of the complements of 
Chapter V, the particles are treated nonrelativistically and are described 
by Schrédinger wave functions or Pauli spinors. Such an approximation is 
generally sufficient for the low-energy domain treated here. In addition, 
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the choice of the Coulomb gauge, which explicitly yields the Coulomb 
interaction between particles which is predominant at low energy, is very 
convenient for the study of bound states of charged particles, such as 
atoms and molecules. This advantage holds also for the other formulations 
derived from the Coulomb gauge and treated in Chapter IV. A quantum 
relativistic description of particles requires that one consider them as 
elementary excitations of a relativistic matter field, such as the Dirac field 
for electrons and positrons. We deal with these problems in two comple- 
ments in Chapter V. We show in these complements that it is possible to 
justify the nonrelativistic Hamiltonians used in this volume by considering 
them as “effective Hamiltonians” acting inside manifolds with a fixed 
number of particles and derived from the Hamiltonian of relativistic 
quantum electrodynamics, in which the number of particles, like the 
number of photons, is indeterminate. 

This volume consists of five chapters and nineteen complements. The 
complements have a variety of objectives. They give more precision to the 
physical or mathematical concepts introduced in the chapter to which they 
are joined, or they expand the chapter by giving examples of applications, 
by introducing other points of view, or by taking up problems not studied 
in the chapter. The last complement in each chapter contains worked 
exercises. A short, nonexhaustive bibliography is given, either in the form 
of general references at the end of the chapter or complement, or in the 
form of more specialized references at the foot of the page. A detailed list 
of the books, cited by the author’s name alone in the text, appears at the 
end of the volume. 

It is possible to read this volume serially from beginning to end. It is 
also possible, however, to skip certain chapters and complements in a first 
study. 

If one wishes to get a flavor of field quantization in its simplest form, 
and to understand the particle and wave aspects of radiation and the 
dynamics of the system field + particles, one can read Chapter I, then 
Chapter III and its Complement A,,. Reading Complements A,y and B,, 
can also give one a simple idea of the electric dipole approximation and of 
the equivalence of the interaction Hamiltonians A- p and E-r for the 
study of one- or two-photon processes. 

A graduate student or researcher wanting to deepen his understanding 
of the structure of quantum electrodynamics and of the problems tied to 
the gauge arbitrariness, should extend his reading to Chapters II, IV, and 
V and choose those complements which relate best to his needs and his 
area of interest. 


CHAPTER I 


Classical Electrodynamics: 
The Fundamental Equations and the 
Dynamical Variables 


The purpose for this first chapter is to review the basic equations of 
classical electrodynamics and to introduce a set of dynamical variables 
allowing one to characterize simply the state of the global system field + 
particles at a given instant. 

The chapter begins (Part A) with a review of the Maxwell—Lorentz 
equations which describe the joint evolution of the electromagnetic field 
and of a set of charged particles. Some important results concerning the 
constants of motion, the potentials, and gauge invariance are also reviewed. 

With a view to subsequent developments, notably quantization, one 
then shows (Part B) that classical electrodynamics has a simpler form in 
reciprocal space, after a Fourier transformation of the field. Such a 
transformation allows a simple decomposition of the electromagnetic field 
into its longitudinal and transverse components. It is then evident that the 
longitudinal electric field is not a true dynamical variable of the system, 
since it can be expressed as a function of the positions of the particles. 

The following part (Part C) introduces linear combinations of the 
transverse electric and magnetic fields in reciprocal space which have the 
important property of evolving independently in the absence of particles 
and which then describe the normal vibrational modes of the free field. 
These new dynamical variables, called normal variables, play a central role 
in the theory, since they become, after quantization, the creation and 
annihilation operators for photons. All the field observables can be ex- 
pressed as a function of these normal variables (and the particle variables). 

The chapter ends finally (Part D) with a discussion of the various 
possible strategies for quantizing the foregoing theory. One simple, eco- 
nomic method, albeit not very rigorous, consists of quantizing each of the 
“harmonic oscillators” associated with the various normal modes of 
vibration of the field. One then gets all the fundamental commutation 
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relations necessary for Chapter III. The problem is approached in a more 
rigorous manner in Chapter II, beginning with a Lagrangian and Hamilto- 
nian formulation of electrodynamics. 

Finally, Complement B, compiles some results relative to the angular 
momentum of the electromagnetic field and to the multipole expansion of 
the field. 
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A—THE FUNDAMENTAL EQUATIONS IN REAL SPACE 


1. The Maxwell—Lorentz Equations 


The basic equations are grouped into two sets. First, the Maxwell 
equations relate the electric field E(r, t) and the magnetic field B(r, ¢) to 
the charge density p(r, ¢) and the current j(r, ¢): 


V+ EG) =— pr) (A.1.a) 
'@) 

V- Birt) = 0 (A.1.b) 

Vx E(r,) = ~ £ Ber) (A.1.c) 


l 
2 
Eg C 


j(r, 0). (A.1.d) 


1 6 
Vx Bir, t) = —s —EG,f) + 
x BE, 1) = SE) 
Next, the Newton—Lorentz equations describe the dynamics of each parti- 


cle a, having mass m,, charge q,, position r,(t), and velocity v,(¢), under 
the influence of electric and magnetic forces exerted by the fields 


d? 
Mm, <3 EaAt) = qaLE(r,(1), 1) + v.(2) x B(r,(d), 9]. (A .2) 
The equations (A.2) are valid only for slow, nonrelativistic particles 
(v, < Cc). 


From (A.1.a) and (A.1.d) one can show that 


© oft, 1) + V+ ile, ) = 0. (A ..3) 


Such an equation of continuity expresses the local conservation of the 
global electric charge, 


Q= [arr p(r, t). (A .4) 


The expression of p and j as a function of the particle variables is 
pr, t) = Dg, o[r — 4,(0)] (A.5.a) 


(r,t) => gq, v,(t) [r — r,(2)]. (A.5.b) 


One can show that Equations (A.5) satisfy the equation of continuity 
(A.3). 
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Equations (A.1) and (A.2) form two sets of coupled equations. The 
evolution of the field depends on the particles through p and j. The 
motion of the particles depends on the fields E and B. The equations (A.1) 
are first-order partial differential equations, while the equations (A.2) are 
second-order ordinary differential equations. It follows that the state of 
the global system, field + particles, is determined at some instant ft) by 
giving the fields E and B at all points r of space and the position and 
velocity r, and v, of each particle a: 


{ E(r, to), B(r, to), r,(to), V,(to) } . (A “ 6) 


It 1s important to note that in the Maxwell equations (A.1), r is not a 
dynamical variable (like r,) but a continuous parameter labeling the field 
variables. 


2. Some Important Constants of the Motion 


Starting with Equations (A.1) and (A.2) and the expressions (A.5) for 0 
and j, one can show (see Exercise 1) that the following functions of E, B, 
r,, and v,: 


H=)Y ; m, V-(t) + = [artee, t) + c* BG, 1)] (A.7) 


a 


P = Y'm,y,(t) + & | d37 K(r, t) x Bir, 2) (A.8) 


a 


J = > r,(t) x m,V,(t) + &% [errr x [E(r, 1) x Ba, t)] (A.9) 


a 


are constants of the motion, that is, independent of ¢. 

Hi is the total energy of the global system field + particles, P is the total 
momentum, and J the total angular momentum. The fact that these 
quantities are constants of the motion results from the invariance of the 
equations of motion with respect to changes in the time origin, the 
coordinate origin, and the orientation of the coordinate axes. (The connec- 
tion between the constants of the motion and the invariance properties of 
the Lagrangian of electrodynamics will be analyzed in Complement B,,). 


3. Potentials— Gauge Invariance 


Equations (A.1.b) and (A.1.c) suggest that the fields E and B can 
always be written in the form 
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Bo, ¢) = V x A(t, t) (A .10.a) 


E(r, 1) = — £ ate t) — VUGr, t) (A.10.b) 


where A is a vector field, called the vector potential, and U a scalar field 
called the scalar potential. A first advantage in introducing A and U 1s that 
the two Maxwell equations (A.1.b) and (A.1.c) are automatically satisfied. 
Other advantages will appear in the Lagrangian and Hamiltonian formu- 
lations of electrodynamics (see Chapter II). 

Substituting (A.10) in Maxwell’s equations (A.1.a) and (A.1.d), one gets 
the equations of motion for A and U 


AU(r, t) = — a p(r, 4) — V° 2 A(r, f) (A.11.a) 
ee Ot 
1 @ 
gee al We = 
(= et? 0) 


= ile VV Ae) +5 S00 | (A.11.b) 
C c* Ot 


4) 


which are second-order partial differential equations and no longer first- 
order as in (A.1). Actually, since 07U/dr? does not appear in (A.11.a), 
this equation 1s not an equation of motion for U, but rather relates U to 
dA/dt at each instant. The state of the field is now fixed by giving A(r, ¢,) 
and dA(r, ¢))/dt for all r. 

It follows from (A.10) that E and B are invariants under the following 
gauge transformation: 


A(r, t) ~ A’(r, t) = AQ, t) + VF(r, t) (A .12.a) 
U(r, t) > U(r, t) = UG, t) - & Fe t) (A.12.b) 


where F(r, ¢) is an arbitrary function of r and ¢. There is then a certain 
redundancy in these potentials, since the same physical fields E and B can 
be written with many different potentials A and U. This redundancy can 
be reduced by the choice of one gauge condition which fixes V - A (the 
value of y xX A is already determined by (A.10.a)). 

The two most commonly used gauges are the Lorentz gauge and the 
Coulomb gauge. 


(i) The Lorentz gauge is defined by 


I @ 
-A += = 0. .13 
VA) +55 U) =0 (A. 13) 
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One can prove that it is always possible to choose in (A.12) a function F 


such that (A.13) will be satisfied for A’ and U’. In the Lorentz gauge, the 
equations (A.11) take a more symmetric form: 


OG, t) = — o(r, ft) (A .14.a) 
0 


DAC, t) = jr, t) (A.14.b) 


EQ 
where 0 = 07/c? dt? — A is the d’Alembertian operator. This is due to 
the fact that the Maxwell’s equations on one hand and the Lorentz 
condition on the other are relativistically invariant, that is, they keep the 
same form after a Lorentz transformation. Using covariant notation, 
Equations (A.13) and (A.14) can be written 


y 0,A* = 0 (A .15) 
tl 
with an {taut ara}al 
c Ot Cc 
and 
>) 4, avA* = nage (A. 16) 
z Base 
with ji* ={cp,j} 


where A” and /* are the four-vectors associated with the potential and the 
current respectively. 
(11) The Coulomb (or radiation) gauge is defined by 


V: A(r, t) = 0 (A.17) 
Equations (A.11) then become 
1 
AU(r, t) = — = p(r, rt) (A.18.a) 
0 


: jr, yal vou t). (A.18.b) 
c’ Ot 


DAC, 1) =—> 
Eo C 
Equation (A.18.a) is Poisson’s equation for U. The covariance is lost, but 
other advantages of the Coulomb gauge will be seen in the subsequent 
chapters. 
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B— ELECTRODYNAMICS IN RECIPROCAL SPACE 


1. The Fourier Spatial Transformation— Notation 


Let &(k, t) be the Fourier spatial transform of E(r, t). Then E and & 
are related through the following equations: 


&(k, t) = far E(r, t) ei (B.1.a) 


I 
(2 2)?/? 


E(r, t) = 


aa [ak &(k, t) ei*". (B.1.b) 


In Table I the notations used for the Fourier transforms of various other 
physical quantities are shown. Block letters are used for the quantities in 
real space, and script ones for the same quantities in reciprocal space. 


TABLE I 
E(r, t) > &(k, ¢) 
Bar, 1) — Bk, 0) 
A(r, t) + Ak, t) 
U(r, No Uk 2) 
p(r, t) <> p(k, 2) 
i, 1) o7(K 2). 


Since K(r, t) is real, it follows that 
é*(k, t) = &(— k 2). (B.2) 


In this treatment one frequently uses the Parseval—Plancherel identity 


[er F*(r) G(X) = [ek $F *(k) F(k) (B.3) 


where ¥ and § are the Fourier transforms of F and G, as well as the fact 
that the Fourier transform of a product of two functions is proportional to 
the convolution product of the Fourier transforms of these two functions: 


1 
mse far F(r') G(r — r') — Fk) Y(k) (B.4) 
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Table II lists some Fourier transforms that are used throughout this book 
TABLE II 


1 J 

4nr Qn? ke 
r ] — ik 
4m (2m? ke 


O(r = r,) —ik.re 


] 
“amr 


Finally, to simplify the notation, we write t, in place of dr,(t)/dz, E in 
place of 0K(r, t)/dt, & in place of 0°&(k, t)/dt*,..., whenever there is 
no chance of confusion. 


2. The Field Equations in Reciprocal Space 


Since the gradient operator V in real space transforms into multiplica- 


tion by ik in reciprocal space, Maxwell’s equations (A.1) in reciprocal 
Space become 


ik-& =—p (B.5.a) 
7) 
ik: B= (B.5.b) 
ik x &€ = — (B.5.c) 
1: l 
kx B=—& +— ys. B.5.d 
IK xX = TE ( ) 


It is apparent in (B.5) that &(k) and @(k) depend only on the values of 
&(k), @(k), p(k), and ,(k) at the same point k. Maxwell’s equations, 
which are partial differential equations in real space, become strictly local 
in reciprocal space, which introduces a great simplification. 

The equation of continuity (A.3) is now written 


ik f+ p=0. (B.6) 


The relationships between the fields and potentials become 


B=ikx @ (B.7.a) 
€ = — f —iku (B.7.b) 
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the gauge transformation (A.12) 
Aa A' =A+ikF (B.8.a) 
U>U =U -F (B.8.b) 


and the equations for the potentials (A.11) 


l : 
kU = —p + ik: of (B.9.a) 
10) 
i es 3 ete La 
5A +h ft =—z j-iklik: 7+ 54). (B.9.b) 
c Eg C c 


3. Longitudinal and Transverse Vector Fields 
By definition, a longitudinal vector field V,(r) is a vector field such that 


V x Vi(r) = 0. (B.10.a) 


which, in reciprocal space, becomes 
ik x Wj(k) = 0. (B.10.b) 
A transverse vector field V, (r) is characterized by 


es ate (B.11.a) 
ik: ¥(k) = 0. (B.11.b) 


Comparison of (B.10.a) and (B.10.b) or (B.11.a) and (B.11.b) shows that 
the name longitudinal or transverse has a clear geometrical significance in 
reciprocal space: for a longitudinal vector field, ¥,(k) is parallel to k for 
all k; for a transverse vector field, W, (k) is perpendicular to k for all k. 

It is important to note that a vector field is longitudinal [or transverse] 
if and only if (B.10) [or (B.11)] are satisfied for all r or all k. For example, 
in the presence of a point charge at r,, V - E is, according to (A.1.a), zero 
everywhere except at r,, where the particle is located. In the presence of a 
charge, E is therefore not a transverse field. This is even more evident in 
reciprocal space, since k- & is then proportional to e~'*'', which is 
clearly nonvanishing everywhere. 

Working in reciprocal space allows also a very simple decomposition of 
all vector fields into longitudinal and transverse components: 


V(k) = V\(k) + YK). (B.12) 


14 Classical Electrodynamics LB3 


At all points k, ~,(k) is gotten by projection of ¥ (k) onto the unit vector 
k in the direction k: 


Kk =k/k. (B. 13) 

One thus has 
VY (kK) =k[k: W(kK)] (B.14.a) 
Wk) = V(k) - Vj (B.14.b) 


V(r) and V, (r) are then gotten by a spatial Fourier transformation of 
(B.14). 


Remarks 


(i) In reciprocal space, the relationship which exists between a vector field 
¥ (k) and its longitudinal or transverse components is a local relationship. For 
example, one can show from (B.14) that 


WV (Kk) = 3 (6, 


j 


i) V,{k) (B.15) 


where i, j = x, y, z. Each component of %, (k) at point k depends only on the 
components of (k) at the same point k. By Fourier transformation, Equation 
(B.15) then becomes, using (B.4), 


an aes (B. 16) 


where 


1 @ 1 


17. 
4x Or, Or, Or,r (B a) 


= 0;,0(r) + 


87 (r) is called the “transverse 6-function”. The presence of the last term in 
(B.17.a) shows that the relationship between V, (r) and V(r) is xot local: V, (r) 
depends on the values V(r’) of V at all other points r’. Note also that the 
calculation of the last term in (B.17.a) needs special caution at r = 0. The 
second derivative of 1/r must be calculated using the theory of distributions 
and contains a term proportional to 6, ,5(r). The calculation, presented in detail 
in Complement A,, leads to 


6: (1) = = = 5, o(r) — = (4, a “s 3) (B 17 -b) 
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(ii) The decomposition of a vector field, arising from a four-vector or from an 
antisymmetric four-tensor, into longitudinal and transverse components is not 
relativistically invariant. A vector field that appears transverse in a Lorentzian 
frame is not necessarily transverse in another Lorentzian frame. 


(iii) Even though the separation (B.12) introduces nonlocal effects in real space 
and is no longer relativistically invariant, it is nonetheless interesting in that it 
simplifies the solution of Maxwell’s equations. In effect, as will be seen in the 
following subsections, two of the four Maxwell equations establish only the 
longitudinal part of the electric and magnetic fields, whereas the other equa- 
tions give the rate of variation of the transverse fields. Such an approach then 
allows one to introduce a convenient set of normal variables for the transverse 
field. 


4. Longitudinal Electric and Magnetic Fields 


Return to Maxwell’s equations. It is clear now that the first two 
equations (B.5.a) and (B.5.b) give the longitudinal parts of & and &. The 
second equation clearly shows that the magnetic field is purely transverse: 


The first equation (B.5.a) relates the longitudinal electric field é',(k) to the 
charge distribution p(k): 


i k 


6 (k) =. a (B.19) 
0 


and 6 (k) appears then as the product of two functions of k whose 
Fourier transforms are 


p(k) = pfr) (B.20.a) 
~~ _« oe = (B.20.b) 
Using (B.4), one then has 
E, (r, t) = mle p(r’, ers = 


l r — r,(t) 


=—— —_————- B.21 
tne “Tr — ed) ° 
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It thus appears that the longitudinal electric field at some time ¢ is the 
Coulomb field associated with o and calculated as if the density of charge 
p were static and assumed to have its value taken at 7¢, 1.e., the instanta- 
neous Coulomb field. 

It is important to note that this result is independent of the choice of 
gauge, since it has been derived directly from Maxwell’s equations for the 
field E and B without reference to the potentials. 

The fact that the longitudinal electric field instantly responds to a 
change in the distribution of charge does not imply the existence of 
perturbations traveling with a velocity greater than that of light. Actually, 
only the total electric field has a physical meaning, and one can show that 
the transverse field E, also has an instantaneous component which 
exactly cancels that of E,, with the result that the total field remains 
always a purely retarded field. This point will be discussed again later. 

Consider now the longitudinal parts of (B.5.c) and (B.5.d). The two 
terms of (B.5.c) are transverse. The longitudinal part of (B.5.d) is written 


e l 


Taking the scalar product of (B.22) with k, and using (B.19) and the fact 
that k - 4, = k - g, one gets 


pt+ik-j=0 (B.23) 


which is just the expression of the conservation of charge (B.6) and thus 
conveys nothing new. 


Remarks 
(i) From equation (A.10.b) or (B.7.b) connecting the electric field to the 
potentials, it follows that 

ESA (B.24.a) 
In the Coulomb gauge, one has A, = 9, with the result that 
It follows that the longitudinal and transverse parts of E are associated, in the 
Coulomb gauge, with U and A respectively. Comparison of (B.25.a) and (B.21) 


shows that, in the Coulomb gauge, U is nothing more than the Coulomb 
potential of the charge distribution: 


I , plr, 0) 
La 2 =—— {dy OEY B.25.b 
ae cs Sa =z | er | ( ) 
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The same result can be gotten directly from Equation (A.18.a). The solution of 
this Poisson equation, which tends to zero as |r| — oo, is nothing more than 
(B.25.b). 


(ii) It is clear from (B.8.a) that a gauge transformation does not change A, . It 
follows that the transverse vector potential A , is gauge invariant: 


Al =A,. (B.26) 


(iii) Maxwell’s equations are presented here in two sets: (A.1.a) and (A.1.b) 
give the longitudinal fields, and (A.1.c) and (A.1.d) give the rate of variation of 
the transverse fields [§B.6]. This grouping is different from the one used in 
relativity, where Equations (A.1.b) and (A.1.c) on one hand, and (A.1.a) and 
(A.1.d) on the other, are combined in two covariant equations 


SI es a Pe i a A aa ue Ve OP (B.27.a) 
y6,F" = ais (B.27.b) 
i Eg ¢ 
where 
F., =6,A, — 0, A, (B. 28) 


is the electromagnetic field tensor, A, the potential four-vector, and j, the 
current four-vector. 


5. Contribution of the Longitudinal Electric Field to the Total Energy, 
to the Total Momentum, and to the Total Angular Momentum 


One now uses (B.19) for &(k) to evaluate the contribution of the 
longitudinal electric field to various important physical quantities. 


a) THE TOTAL ENERGY 


The Parseval—Plancherel identity (B.3) allows one to write 
0 ee eee a ee 
> d-rE E=>5 d-k&*:-é. (B.29) 
One then replaces & by &, + @, and uses &,- &, = 0. This yields 
€ € E 
3 (a FE? = 3 [or | &)(k) |? + a [ar | &,(k) |?. (B.30) 


The first term in (B.30) is the contribution Aiong Of the longitudinal 
electric field to the total energy given in (A.7): 


Hong = | dk | &(k) [7 = 2 | drE%(r)  — (B.31.a) 


18 Classical Electrodynamics 1.B.5 


while the second, when added to the magnetic energy, gives the contribu- 
tion H,,,,, Of the fields E, and B: 


trans 


Hy = 3 [art & (k) |? + c? | B(k) |7] 
= = {a*rleze + c? B(r)]. (B.31.b) 


Inserting the expression (B.19) for ¢,(k) in (B.31.a), one gets 


] k 
Hong = | ak p(k) 2 (B. 32) 


which can finally be written using (B.3) and (B.4) as 


H —s ler d°r’ PCr) ptr) (B. 33) 


mee: Bare. |r —r'| 


Fiiong is nothing more than the Coulomb electrostatic energy of the system 
of charges. Finally, one calculates H,,,, for a system of point charges. For 
this it is convenient to use the expression 


pW) = Lone (B.34) 


for the Fourier transform of the charge distribution given in (A.5.a). 
Substituting (B.34) in (B.32), one gets 


gq? d°k q q e” ik- (ra — ra) 
isn = View = 2, | ——2 Ff  | d?k —__—__. 
cai Teeter |p + D5 | k? 
(B.35) 
The first term of (B.35) can be written Leé,y, where 
Coul y) Eo(2 n)? k2 : 


is the Coulomb self energy of the particle a (in fact, infinite, unless one 
introduces a cutoff in the integral on k). The second term is nothing more 
than the Coulomb interaction between pairs of particles (a, 8), so that 
finally 

I Ga dp 


Hisec = V cout = 2 ECoul sa 8 2é d [r, — ¥, | (B .37) 
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In conclusion, one has seen in this subsection that the total energy 
(A.7) of the system can be written 


it ; 
H = > D) mM, ry a; V coui a 3 ieee (B. 38) 


and appears as the sum of three energies: the kinetic energy of the 
particles (first term), their Coulomb energy (second term), and the energy 
of the transverse field (third term). As in the preceding subsection, these 
results are independent of the choice of gauge. 


b) THE TOTAL MOMENTUM 


One substitutes E, + E, for E in the second term of (A.8). The total 
momentum of the field appears then as the sum of two contributions, P,,,,, 
and P...ns. given by 


P 


long 


Eo [arr E,(r) x B(r) = & [ak E(k) x Bk) 


(B.39.a) 


Pans = | d°, E,(r) x Bi) = & [ar &*(k) x Bk). 
(B.39.b) 


Using (B.19) for &,, the relationship (B.7.a) between #@ and #, and the 
identity 


a x (b x c) =(a-c)b—(a- bye (B.40) 
one can transform (B.39.a) into 


in* 
P = 65 [ate Sx Gk » oD) 
Ey k 


long 
= {ar p*|. of — K(k + of). (B.41) 


The factor in brackets in (B.41) is nothing more than the transverse 
component of »#, with the result that P\,,, takes the simpler form 


Pong a [ak p* A = [arr pA, °F > qe A, (r,) (B.42) 


where (A.5.a) has been used for p. As before, this result is independent of 
the choice of gauge, since A, is gauge invariant [see (B.26)]. 
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Finally, the total momentum P given in (A.8) can be written 


P= > [m, r, + da A, (r,)] a Fans (B. 43) 


and is the sum of the particle mechanical momenta m,f,, the longitudinal 
field momentum ¥,¢,A , (¥,), and the momentum of the transverse field. 
Equation (B.43) suggests that one introduce for each particle the quantity 


P, = m0, + Ie Ay (ty) (B.44) 
so that P can be written 


P =) Pp, + Prrans- (B.45) 


4 


In fact, one can show that in the Coulomb gauge, p, is the conjugate 
Momentum to r, or the generalized momentum of the particle a (see §C.3, 
Chapter IT). One can see then that, in the Coulomb gauge, the difference 
between the conjugate momentum p, and the mechanical momentum 
mt. of the particle a is nothing more than the momentum associated with 
the longitudinal field of the particle a. 


Remark 


Using (B.44), the total energy given in (B.38) can be written 
H = » Im. Lp, — Wa A, (r,)]? am V cout ate bs : (B.46) 


One can show that H 1s nothing more than the Hamiltonian of the system in 
the Coulomb gauge (see §C.3, Chapter II). 


c) THE TOTAL ANGULAR MOMENTUM 
Calculations analogous to the foregoing (see also Complement B,, §1) 
show that the total angular momentum J given in (A.9) can be written 
J os >t x Pp. + ee (B.47) 
where p, is defined in (B.44), and where 


ae | @rr x [E,() x BO] (B.48) 


is the angular momentum of the transverse field. 
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6. Equations of Motion for the Transverse Fields 


One now returns to the second pair of Maxwell’s equations (B.5.c) and 
(B.5.d), and one examines the transverse parts of these two equations, 
which can be written in the form 


B=-ikx €@=—ikx &, (B.49.a) 


é, 


ick x B re (B.49.b) 
0 


The second pair of Maxwell’s equations then appear as the dynamical 
equations giving the rate of variation of the transverse fields #@ and @, . 

It is important to note that the source term appearing in the equation 
of motion (B.49.b) for @, is y,, and not . Since, in real space the 
relationship between j, and j is not local (see Remark 1 of §B.3 above), 
the rate of change of E., (r, ¢) at point r and time ¢ depends on the current 
jr’, t) at all other points r’ at the same time ¢. It follows that E, 
includes, like E instantaneous contributions from the charge distribu- 
tion. It can be shown (see Exercise 3) that the instantaneous parts of E , 
and E,, compensate each other exactly, so that the total field E = E, + E, 
is a purely retarded field. 

To conclude this section it is useful to reconsider the definition (A.6) of 
the “state” of the global system field + particles at time fy). Since the 
longitudinal field can, in fact, be expressed totally as a function of r, [see 
(B.21)], the state of the system is completely fixed by giving 


{ &(k, to), Bk, to), r,(t9), r,(to) } (B ‘ SQ) 


for all k and all a. We will see in the next section that it is possible to 
improve the choice of the dynamical variables characterizing the state of 
the field. 


Remark 


In Section B, only the equations (B.S) for the fields have been examined. It is 
also possible to study the longitudinal and transverse parts of the equations 
(B.9) for the potentials. Since the last term in (B.9.b) is longitudinal, the 
transverse component of (B.9.b) can be written 


di. oes 1. 
aa tk Re ~ dt (B.51) 
and this becomes in real space 


] 
A, =——ji.. B.52 
LIA, Eo of ( ) 
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This equation is analogous to (A.14.b) except that one now has A, andj, in 
place of A and j. If one takes the longitudinal part of (B.9.b) and uses (B.9.a) to 
eliminate Y, once again one gets the conservation of charge (B.6). As with 
(B.5.d), the longitudinal part of (B.9.b) gives rise to nothing new. Finally, only 
(B.9.a) remains, and it can be written 


ue =p tik: A, (B.53) 
0 


(since k - ./ , = 0). This equation is not sufficient to fix the motion of 7, and 
@. This is not a surprising result, since there is a redundancy in the potentials. 
To find ./, and %, it is necessary to have an additional condition, that is, to 
define the gauge. If one chooses the Coulomb gauge, one makes /, = 0, and 
(B.53) then gives @ [see also (A.18.a)]. If one chooses the Lorentz gauge, the 
supplementary condition (A.13) in reciprocal space is 


U = —ictk- of,. (B. 54) 
The pair of equations (B.53) and (B.54) then forms a system of two first-order 


equations giving the evolution of ., and &. Other choices of gauge are 
equally possible. 
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C—NORMAL VARIABLES 


1. Introduction 


In ordinary space the rates of change, E(r) and B(r), of the fields E and 
B at point r depend on the spatial derivatives of E and B and thus on the 
values of E and B in the neighborhood of r. Maxwell’s equations (A.1) are 
partial differential equations. 

In going to reciprocal space, one has first of all eliminated &,(k) which 
is not really a dynamical variable, since it can be expressed as a function 
of r,. One has then seen that the rates of change &, (k) and @(k) depend 
only on the values of &, (k) and @(k) [and on that of 7, (k)] at the same 
point k. Equations (B.49) give a system of two coupled differential 
equations for each point k. 

Inspection of this linear system (B.49) suggests that one attempt to 
introduce two linear combinations of &, and @ which evolve indepen- 
dently of one another, at least for the free field where 7, = 0. 


2. Definition of the Normal Variables 


To begin, one writes Equations (B.49) in the form 
6 =ir?k x B- — ji (C.1.a) 
0 


kx B=ikr,. (C.1.b) 


One seeks the eigenfunctions for such a system in the case 7, = 0. One 
then finds from (C.1) that 


<(é, F ck x B) = F io(€, F ck x B) (C.2) 


with 
w@ = ck Kk =k/k. (C.3) 


One is then led to define, even if 7, # 0, two new variables a(k, ¢) and 


B(k, ¢): 


al, 1) = — =p [Elk 1) — cx x Ak] (C42) 


Bk 1) = — sap lBlk 1) + ox x BD] (C.4.b) 
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where (xk) is a normalization coefficient which will be chosen later so as 
to have the simplest and clearest form for the total energy H. 

Before proceeding farther, it is important to note that « and B are not 
in fact independent dynamical variables. The real character of E, and B, 
which gives rise to equations such as (B.2) for &, and &, requires that 


B(k, 1) = — a*(— k, £). (C.5) 
Inverting the linear system (C.4) and using (C.5), one then gets 
6, (k, t) = 1 V(k) [a(k, 1) — a*(— k, 1] (C.6.a) 


Bik, t) = Oi x a(k,t) + K x a*(—k2)]. (C.6.b) 


Knowledge of a(k, ¢) for all the values of k is then equivalent to knowing 
é,(k,t) and A#(k, t). In addition, the a(k,t) are truly independent 
variables, since no conditions such as (B.2) exist for a(k, tf). One is able 
then, for determining the global] state of the system, to replace (B.50) with 


{ a(k, to), r,(¢o), r,(to) } : (C : 7) 


3. Evolution of the Normal Variables 


From Maxwell’s equations (C.1) and the definitions (C.4.a) for a, one 
gets 


GU, 1) + oak, 1) = ape full, 1. (C.8) 


One notes especially that since &, and @ are related to a by (C.6), 
Equation (C.8) is strictly equivalent to Maxwell’s equations. It is neverthe- 
less simpler than Maxwell’s equations, It resembles the equation of motion 
of the variable x + 1(p/mw) of a fictitious harmonic oscillator with 
eigenfrequency w, driven by a source term, due to the particles, propor- 
tional to , (k, ¢). 

When 7, = 0 (the case of the free field), the evolutions of the various 
normal variables a(k, ¢) are completely decoupled. The solution of (C.8) is 
then a pure harmonic oscillation describing a normal vibrational mode of 
the free field. This is the reason why the a(k, ¢) are called “normal 
variables”. 

If external sources are introduced, that is to say, sources independent of 
a, the variables a corresponding to different k continue to evolve indepen- 
dently of one another, each driven by ¥, (k, t) (see, for example, Comple- 
ment Bny). 
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Finally, if the sources are the particles interacting with the field, the 
motion of 7, depends on a, with the result that the evolutions of 
the various variables a(k, ¢) are, in general, coupled through the action 
of the current , (k, 7). It is then necessary to add to (C.8) the equation of 
motion of 4, (k, ¢) [determined from the Newton—Lorentz equation (A.2) 
and the definition of the current (A.5)] and to solve this coupled set of 
equations. 

To conclude this subsection some new notation is introduced. Since « 
is (like &, and #&), a transverse vector field, one can, for each value of k, 
expand a(k, #) on two unit vectors e and e’, normal to one another and 
both located in the plane normal to « (Figure 1). 


(C.9) 
€-e@ =eE-K =e) -kK =0 
Figure 1. The transverse polarization vectors ¢ and e’. 
One thus gets 
a(k, ¢) = ¢o,(k, ¢) + ©’ «,.(k, ¢) 
= )' ea,(k, 2) (C. 10) 
where 

a,(k, t) = € + a(k, 2) (C.11) 


is the component of a along e. The set {a,(k, ¢)} for all k and e forms a 
complete set of independent variables for the transverse field. The equa- 
tion of motion for a,(k, r) is 
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i(k) + oak) =z — Eek) (C12) 


where one uses €- 7, = €- 


4. The Expressions for the Physical Observables of the Transverse Field as 
a Function of the Normal Variables 


Later on one always uses the normal variables a,(k, t) (and the corre- 
sponding quantum operators) to characterize the state of the transverse 
field. Thus it is important to have expressions for the various physical 
observables of the transverse field as a function of the a,. 


a) THE ENERGY H.,,,,, OF THE TRANSVERSE FIELD 


We substitute in (B.31.b) the expressions (C.6) for &, and @ asa 
function of a and «* [the more concise notation a* is used for a*(—k, £)]. 
In addition, one respects the ordering between a and a* as it arises in the 
calculation although « and a* are numbers which commute. The reason 
for doing this is that in quantum electrodynamics, a and a* will be 
replaced by noncommuting operators. The results obtained in this subsec- 
tion then remain valid in the quantum case. 

From (C.6), one finds 


N7(a* — a_)+ (a — at) 
N*(a* >a ta_sa* —a*-a* —a_-a) 
c B*- B= N*(a* +a_)-(a + at) 

= N*(a*-ata_-a* +a*-a* + a_ a) 


- 
Ss 
] 


with the result that (B.31.b) becomes 


fe 


trans 


= | ak N*[a* sa +a_-a*]. (C. 14) 


Changing from k to —k in the integral of the second term allows one to 
replace a_- a* by a: a*. Let us now take for the normalization coeffi- 


cient MN (k) the value 


chosen so that in the quantum theory the commutation relations between 


1L.C.4 Normal Variables 27 


the operators corresponding to a, and a* are simple. Equation (C.14) 
then takes the more suggestive form 


Aans = | rye Lor(k, t) a,(k, t) + «,(k, ¢) af (k, 1)]. (C.16) 


It then appears as the sum of the energies of a set of fictitious harmonic 
oscillators with an oscillator of frequency w = ck being associated with 
each pair of vectors k, e (with e normal to k). Such a pair defines a 
“mode” of the transverse field. 


b) THE MOMENTUM P,.,,,, AND THE ANGULAR MOMENTUM J,,,,; OF THE 
TRANSVERSE FIELD 


A calculation similar to that above allows one to get from (B.39.b) 
3 hk 2 ok 
Prrans = | d°k D> [otk 1) a,(k, ) + a,(k, 1) afk]. C.17) 


For the angular momentum J,,.,,, of the transverse field given in (B.48), 
the calculations are a little more tedious than for H,,,,, and P,,.,, (see 
§2.b of Complement B,). The following result is obtained: 


h 

trans __ 3 * * bite 

J, a y) je d klaj [abe k, 6, ay = Os, abc a. 
Pa 


— Oy Egy, ky O, UF — by Egy, UF] (C.18) 


where a, b,c,d =x, y, or z, 0. = 0/dk., and e,,, 1s the antisymmetric 
tensor. 


Remark 


The product E | XB appears in the expressions for P,,,,, and J,,.,.- In quantum 
theory E, and B become operators and one can ask if it 1s not necessary to 
symmetnze E, XBin the form (E, XB —- BX E,)/2. In fact,E, and B are 
taken at the same point in space, and we will see in Chapter III (§A.2) that 
E, (r) and B(r) are commuting observables, so that symmetrization is not 
required. 


c) TRANSVERSE ELECTRIC AND MAGNETIC FIELDS IN REAL SPACE 


The expansions of E , (r, t) and B(r, ¢) are gotten by taking the Fourier 
transforms of (C.6.a) and (C.6.b) [in the integral over k of the last terms of 
(C.6.a) and (C.6.b) one replaces k by —k]. This then becomes 


E(t) =i | dk Y &,[o,(k, 1) ee — af(K, t) ee] (C19) 
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B(r, t) = i far a BL o,(k, thw x ee — at(k, th) x ce KT] 
(C..20) 
with 


ho ‘|i? 
| ee ce B, = 6c. 21 
-=|scep |e Aul (C.21 


The .eal character of E, and B (*) is obvious in (C.19) and (C.20). 
_ For the free field 7, = 0, the solution of the equation of motion for a, 
is 


a(k, t) = o,(k)e ' (C.22) 


Substituting (C.22) in (C.19) and (C.20), one gets for E, and B an 
expansion in traveling plane waves e““'~*9, with wave vector k. For 


example, 


E (r,t) =i {ek > 6, %(k) eek" + ce. (C23) 


It is easy to prove that, with the solution (C.22) for a free field, the 
expressions (C.16), (C.17), and (C.18) for Hiancs Peranss 204 Jprans are 
constants of the motion (independent of f). 

It must be emphasized that the definition (C.4) for the normal vari- 
ables, as well as the expansions (C.16) to (C.20) which follow, are valid in 
the presence or absence of sources. In contrast, the simple solution (C.22) 
for a,(k, ¢) applies only to a free field. In the presence of sources, the 
solution of the equation of motion (C.12) is more complicated than (C.22), 
and the expansions (C.19) and (C.20) for E, and B are no longer linear 
superpositions of traveling plane waves. Likewise, the energy of the 
transverse field given in (C.16) is no longer a constant of the motion. 
Energy exchanges take place between the transverse field and the particles, 
and only the total energy given in (B.38) is conserved. The same ideas 
apply to Prrans and Jeans: 

It is usual to denote by E‘*)(r, ¢) the part of the expansion (C.19) 
containing only the a,(k, ¢) [and not the a*(k, 7)]: 


EOM(r, 1) = i | Vk 6, a,(k, thee. (C..24) 


(*) The polarization vector e is real. It is certainly possible to introduce complex 
polarization vectors to describe the modes of the transverse field having a circular or 
elliptical polarization. In that case it is necessary to replace the second e in (C.19) and (C.20) 


by e*. 
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The other part is denoted E (r, ¢): 
Er, 2) = [EP (rn DO]. (C.25) 


For a free field, E{*) is the “positive-frequency” part of E, ; E{? the 
“negative-frequency” part. 


d) THE TRANSVERSE VECTOR POTENTIAL A , (r, ¢) 


In what follows it will also be useful to give the expansion of the 
transverse part of the vector potential A in normal variables. Remember 
that A, is gauge invariant [see Equation (B.26)]. 

Note first that the transverse fields E, and B depend only on A, 
From (A.10.a) and (B.24.a) it follows that 


E(t) = — Av, t) (C.26.a) 


Bir, t) = Vx A,(r, 2) (C.26.b) 


since WV X A, = 0. 
One can show now that A , (r, t) can be written 


A, (r, t) = {ak > %La(k, t)ee* + c.c.] (C.27) 
with 
db, = Blk = EJo. (C.28) 


Since e 1s normal to k, the vector field (C.27) is transverse. If one takes the 
curl of (C.27), one gets the expression (C.20) for B, so that (C.27) verifies 
(C.26.b). Since A , has a zero divergence, Equation (C.26.b) is sufficient to 
determine it entirely, and the Maxwell equations insure that (C.26.a) is 
automatically satisfied. 

One can also find the Fourier transform #7 , (k,t) of A, (r, ¢). After 
changing k to —k in the second integral of (C.27), we get 


A (k, t) = Pree > Luk) +a%(—k a]. (C.29) 


Finally, it 1s possible to combine (C.29) and (C.6.a) to find a as a function 
of #, and é&, [rather than as a function of &, and @ as in (C.4.a)]: 


a(k, 1) = fa [ood (kt) - 16k]. C.30) 
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5. Similarities and Differences between the Normal Variables and the 
Wave Function of a Spin-1 Particle in Reciprocal Space 


Consider first the free field. Equation (C.8) can be written 
iha(k, t) = hak, t) (C.31) 


and appears then as a Schrédinger equation relative to a “vector wave 
function” a(k, ¢), the corresponding Hamiltonian being diagonal in the 
reciprocal space with matrix elements hwdé(k — k’). Equation (C.16) can 
also be interpreted as the mean value of such a Hamiltonian in the wave 
function a(k, ¢). Likewise, since in quantum mechanics the momentum 
operator of a particle is diagonal in reciprocal space with matrix elements 
hk6(k — k’), Equation (C.17) can be interpreted as the mean value of the 
momentum operator in the wave function a(k, ¢). Finally, one can show 
(see §2.c, Complement B,) that Equation (C.18), giving the angular 
momentum of the transverse field, coincides with the mean value in the 
wave function a(k, ¢) of J = L + S (where L and S are the usual quantum 
operators for the orbital angular momentum and spin angular momentum). 
The first term in the bracket of (C.18) corresponds to L, the second to S. 

All the preceding results suggest that one interpret a(k, ¢) as the wave 
function in reciprocal space of a particle of spin 1 (*), namely the photon. 
Such an analogy should not, however, be pushed too far. First of all, one 
can show that the Fourier transform of a(k, ¢) can not be interpreted as 
the photon wave function in real space and, more generally, that it is 
impossible to construct a position operator for the photon. (**) Addition- 
ally, the equation of motion of a no longer has the form of a Schrédinger 
equation in the presence of sources: it is not homogeneous. Such a result 1s 
not surprising. The Schrédinger equation preserves the norm of the wave 
function and thus the number of particles. Now it is well known that in 
the presence of sources, photons can be absorbed or emitted. Thus one 
cannot introduce a Schrédinger equation for a single photon in the 
presence of sources. In fact, the electromagnetic field itself must be 
quantized, and photons then occur as elementary excitations of the 
quantized field. We will see in the following chapters that the “wave 
function”, or more properly the state vector, of the quantized field is a 


(*) The value of 1 for the spin is tied to the vector character of a. See Akhiezer and 
Berestetskii, Chapter I. 

(**) See, for example, E. Wigner and T. D. Newton, Rev. Mod. Phys., 21, 400 (1949); 
M. H. L. Pryce, Proc. Roy. Soc., 195A, 62 (1948). 
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vector in a Fock space where the number of photons can vary from zero 
(vacuum state) to infinity. 

The preceding analogy can however be of some use. It suggests, for 
example, that one examine the transverse eigenfunctions of J* and J, in 
reciprocal space. This leads to the multipolar expansion of the transverse 
field (see Complement B,), more convenient than the plane-wave expan- 
sion (given above) in all problems where the angular momentum is 
important. 


6. Periodic Boundary Conditions. Simplified Notation 


It is common to consider the fields as being contained in a cube of edge 
L, and satisfying periodic boundary conditions at the sides of the cube. At 
the end of the calculation one lets L go to infinity. All the physical 
predictions (cross-sections, transition probabilities, etc.) should certainly 


be independent of L. 
The advantage of such a procedure is the replacement of the Fourier 


integrals by Fourier series. In other words, the integrals on k are replaced 
by discrete sums over 


key, = 2 mn, /L (C. 32) 


X,Y,2 


where n,,, are integers (positive, negative, or zero). The variables 
a(k, t) are replaced by the discrete variables a,,,(1): 


a(k, t) > a, ,(t). (C.33.a) 


One can even use the more concise notation 


Oe, > Oj (C.33.b) 


where the index i designates the set (k,, ¢,). The correspondence between 
the two types of sum obeys the following rule: 


[ay £0 Vo L(F a) f(k,, &). (C..34) 


In summary, the following are the expansions in a; and a* of Hyon; 
P.ans 4, > E,, and B: 


H 


trans 


ho. 
= Plat a, + 9, of (C..35) 


hk; 
E ivaiis a da (oF a + ot; af) (C. 36) 


A, =) %,,,[o; & e+ af ee] (C..37) 


i 
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E, =i> &,[o, 6, e™" — a* &, 7%") (C..38) 
B=i) &,[a,«,; x e,e' — a* Kk, x &, eT] (C39) 
with 
ho. 1/2 & é 
i F oe | Be, Cc Gy. (C 0) 


In these expressions ), indicates summation on all the modes k;¢,. It 1s 
convenient to note also that when going from the Fourier integral to the 
Fourier series, the factor (1/27)°?/* of Equations (B.1) is replaced by 
1/L*/*. This explains why &, contains L’ in place of (27)? [compare 
(C.21) and (C.40)]. Finally the evolution of a; is governed by 


i 


a; +10, 4, = —=— }; (C.41) 
./2 Eq ha; 
with 
pee aoe l 3 — ikj.r ec te 
di "Tp d’re €,° j(r). (C. 42) 
Remark 


The discrete variable a; has not the same dimensions as the continuous variable 


a.(k). More precisely, 
y} 3/2 
0, = (=) a, (k;,) . (C..43) 


/ 
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D— CONCLUSION: DISCUSSION OF VARIOUS 
POSSIBLE QUANTIZATION SCHEMES 


After this rapid survey of classical electrodynamics, we now face the 
problem of quantization of the theory. Here we will review various 
possible strategies for quantization which will clarify the motivation and 
the organization of the following chapters. 


1. Elementary Approach 


The formulation given in this chapter lends itself particularly well to an 
elementary approach. Indeed, we have shown that the global system 
(electromagnetic field + particles) is formally equivalent to a set of mutu- 
ally interacting particles and oscillators. The simplest idea which can then 
be put forth for quantizing such a system is to quantize the particles and 
the oscillators in the usual way. With the position r, and with the 
momentum p, of the particle a we associate operators (*) whose commuta- 
tor is ik, and we replace the normal variables a, and a* of the oscillator i 
by the well-known annihilation and creation operators a; and a; with 
commutator equal to 1 taken from the quantum theory of the harmonic 
oscillator: 


a7-a ara". (D.1) 


All the physical quantities, which can be expressed as functions of r,, p,, 
a,, and a*, become operators acting in the space of the quantum states of 
the global system. 

Such an approach is, however, heuristic. Since it does not come from a 
Lagrangian or Hamiltonian formulation, we do not know if r, and p, on 
one hand or a; and a;* on the other [more precisely, g, = (a; + a}*)/ v2 
and p, = i(a* — a,)/ ¥2] can be thought of as conjugate dynamical 
variables with respect to a Hamiltonian which has yet to be written. 
Certainly, in this chapter the expression for the total energy of the system 
has been given, but the conditions under which this expression can be 
considered as the Hamiltonian of the system have not been established. 

It is nevertheless possible to avoid this difficulty. One postulates the 
following expression for the Hamiltonian in the Coulomb gauge: 


he, 
H = eae LP. — a A(t.) ]? + Veou + d= (i a, + a,a;) (D.2) 


(*) To simplify the notation the same symbols are retained to designate the classical 
variables of the particles r, and p, and the associated operators. 
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which is nothing more than Equation (B.46) for the total energy (in the 
Coulomb gauge A = A ,), a, and a* being replaced in Equation (C.35) 
for H,,.,, by the operators a, and a;. One also postulates the following 
commutation relation for r, and p, on one hand: 


[Pais Fel = [P.is Ppj) = 0 


[ryis Ppl = id gg 5;, (D.3) 


where i, j = x, y, Z (the 5.8 indicates that the variables of two different 
particles commute), and for a, and a; on the other: 


[a;, a] = [a;", a; ] = 0 
la;, a7] = 9,;. (D.4) 


The 6,,; indicates that the variables of two different modes of the trans- 
verse field commute. One can then show (as will be done in §B.2, Chapter 
III) that the Heisenberg equations derived from the Hamiltonian (D.2) 
and the commutation relations (D.3) and (D.4) lead to good equations of 
motion, that is to say, to the Maxwell—Lorentz equations between opera- 
tors. 

The reader ready to accept the foregoing points and wishing to get as 
quickly and simply as possible to the quantum theory can skip Chapter I], 
devoted to the Lagrangian and Hamiltonian formulation of electrodynam- 
ics, and go directly to Chapter III, which starts from the expressions given 
in this subsection. 


2. Lagrangian and Hamiltonian Approach 


This approach consists in showing initially that the basic equations of 
classical electrodynamics, the Maxwell—Lorentz equations, can be thought 
of as Lagrange’s equations derived variationally from a certain La- 
grangian. Canonical quantization of the system is then achieved by 
associating with each pair formed by a “generalized coordinate” and its 
“canonically conjugate” momentum two operators with commutator ih. 

Although more abstract, such an approach offers a number of advan- 
tages. It allows one to identify which field variables are conjugate (for 
example, in the Coulomb gauge the vector potential and the transverse 
electric field) and to obtain the Hamiltonian directly without it being 
necessary to postulate it. This approach also allows a deeper understand- 
ing of the problems tied to the choice of gauge. The Coulomb gauge 
appears then as the most “economical” gauge, allowing one to eliminate 
most easily the redundant variables in the Lagrangian. Finally, it is well 
known that two Lagrangians differing only by a total derivative are 
physically equivalent. It is thus possible to construct many equivalent 
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formulations of quantum electrodynamics and to discuss directly the 
relations which exist between them. 

Chapter II presents classical electrodynamics and its canonical quanti- 
zation starting from such a point of view. Equations (D.2), (D.3), and 
(D.4) are therein justified in a rigorous fashion. Changes of Lagrangian 
and Hamiltonian will be treated in Chapter IV along with the various 
formulations of electrodynamics to which they give rise. 

For certain problems it is important to use a manifestly covariant 
formulation. This leads one to choose a different gauge from the Coulomb 
one and complicates the problem of quantization. These questions will be 
considered in Chapter V. 


GENERAL REFERENCES AND ADDITIONAL READINGS 
Jackson, Feynman et al (Volume II), Landau and Lifschitz (Volume I]), 


Messiah (Chapter XXI, §III), Akhiezer and Berestetskii (Chapter J), 
Cohen-Tannoudji (§1). 
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COMPLEMENT A, 


THE “TRANSVERSE” DELTA FUNCTION 


The transverse delta function 6;;(p) allows one to extract from a 
vector field its transverse component. It is easy to understand why it plays 
an important role in electrodynamics in the Coulomb gauge, since the 
transverse fields are favored in this gauge. The purpose of this comple- 
ment is to establish the expressions and the properties of this function and 
to illustrate its use in a simple example. The expression for the transverse 
delta function is particularly simple in reciprocal space. On the other 
hand, we will see that calculating its Fourier transform to find 6,; (p) 
presents certain difficulties which justify the detailed treatment given here. 


1. Definition in Reciprocal Space 


a) CARTESIAN COORDINATES. TRANSVERSE AND LONGITUDINAL 
COMPONENTS 


Two different types of basis vectors will be used in reciprocal space to 
define vector fields: the Cartesian system {e;} (i= x, y,z), and the 
system composed of the longitudinal unit vector k = k/k and the two unit 
transverse vectors ¢ and e’, introduced in (C.9). The Cartesian compo- 
nents of vector W are denoted by ¥;. One will often have to perform 
summations on the two transverse polarizations of products of compo- 
nents of e and e’. Their expressions are as follows. Consider first 


_ rou 
y & &) = & & + & 


[(e, - e)(e-e) + | - eee) +(e, > K) (K+ e)] — 
— (€; + K) (kK - e,) 


e;° e; — (e, - K)(e; * K) 
= 6,, — K;K;. (1) 


Another summation is 


2 E(K X &); = &; é; + é(— é) (2) 


elk 
where in writing the right-hand side, we have noted that 


KXE=E6 Kx & = —&. (3) 
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It appears then that (2) is nothing more than the component of the vector 
product e X e’ one; X e,. This then becomes 


> e(k X &); = » ij Ky (4) 
i 


elk 


where ¢;,, is the antisymmetric tensor. Finally, using (3) and (1), one 
immediately gets 


> (« x 8); (K x 8); = 0;; ~ K,K;. (5) 


elk 


b) PROJECTION ON THE SUBSPACE OF TRANSVERSE FIELDS 


The transverse delta function is closely tied to the projection operator 
on the subspace of transverse vector fields. In order to see this, consider a 
vector field V(r) and its Fourier transform *(k). In reciprocal space, 
¥, (k) is easily gotten from W(k) by projecting #(k) onto the plane 
normal to k at point k: 


Vi(k) = D e(e - W(k) (6) 
By projecting on e, and using (1), we obtain 
¥ (k) = 3 (6; — K; K ;) V (Kk) . (7) 


Let us denote by A+ the projection operator acting in the space of vector 
fields and generating the correspondence between VW and ¥, : 
[Vi > =A'[V>. (8) 


This relation, written between the Cartesian components in reciprocal 
space, becomes 


V, (k) = | d°k’ > Ajj(k, k’) V {k’) (9) 


where A;-(k, k’) is the matrix element of the operator A+ in the basis 
{{k,e;)}. Comparison with (7) shows that this matrix element is equal to 


k.k 
A; = (6, = 


ij 
k? 


) —k’). (10) 


In real space, the same relation (8) is written 


Vi) = Ea by Arr, r’) V(r’). (11) 
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The matrix elements of the operator A~ in the basis { |r, = are given by 


eik.r Zi 
Aj Ar, r’) = Ie [ete (2 m3? Aj;(k, k lean = 


12 
d° k omen, = k; =) ( 
(2 n)3 is ar 
It appears then that the transverse delta function introduced in (B.17), 
dk ik. k; k, 
5;(p) = (Qn): (6, = i) (13) 


is tied to the matrix element of A+ in the basis {|r,e,)} by 
Ai(r, r') = 64 — r+). (14) 


Remark 


One can likewise introduce the projector A’ on the subspace of longitudinal 
fields which is the complement to 1 of A+: 


Ab=1— At. (15) 


2. The Expression for the Transverse Delta Function in Real Space 


From the definition (13), it appears that 6,;(p) is the Fourier trans- 
form of a function which does not tend to zero when |k| tends to infinity. 
The transverse delta function then has a singularity at p = 0 which one 
must carefully characterize. To this end, one regularizes this singularity by 
truncating the spatial frequencies greater than some bound k,,. One later 
allows k,, to go to infinity. Physically, such a procedure means that one is 
not interested in variations of the field over infinitesimally short distances, 
but rather in the mean field over small but finite regions of space. 


a) REGULARIZATION OF 8,7 (p) 


wana one achieves the regularization by multiplying 6,, 
(kk ,/k*) by ki/(k? + kj,), which has magnitude 1 for k < ky, ‘and 
decreases as 1 /k? at infinity: 


dek k, k; k? 
6:(P) - ls nt)? e( 3, — ke? ae , (16) 
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This regularized function can be written, taking account of the properties 
of the Fourier transformation, as 


G2 Gr 
_gfy 17 
si = Es 7 AE 2) 4(0) (17) 


where 
d3k =k? ele 
= EPEC ES 18 
H) = | oo ee + le) 
b) CALCULATION OF g((¢) 
One first performs the angular integral on k: 
00 k?2 dk 1 eikou k2, 
ah eae) du“ 
g(p) | (2 n)° a0 u k?(k? a k2 <) 
90 dk ikp __ ikp k2 
i | 5 aioe tie —5 (19) 
9 22) ikp k* + ky 
k2 + co ikp 
a 
(2 7)° ip J_.. k(k? + kx) 
This last integral is id evaluated by the method of residues: 
g(p) = G — [2 in Res (k = ik,) + in Res(k = 0)] 
k? e” kme 1 
ce 
2 1p { 1k, (2 tky) 2ky 
So that finally 
_ ais _ p~kme 
0 omer ree a (20) 


Outside the neighborhood of the origin (p > 1/k,,), g(p) is equal to 
1/4ap, which is indeed the Fourier transform of 1/k*. But as p > 0, 
g(p) remains finite and tends to k,,/47. 


c) EVALUATION OF THE DERIVATIVES OF 9(p) 


Equation (17) gives the transverse delta function as a function of the 
second derivative of the function g(p). Since this latter is only a function 
of the modulus of p, one uses to evaluate its derivatives 


— gp) = —9'(p) (21a) 
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6 


ap, p; = 9; (21b) 
which yields 
e° oF pip; 4/(9(p) (21c) 
erences sas ot He (2 
ap, ap, 9?) - g'(p) oD dole 
= g. Pi Pj (o" aan 4 
ge ap? p 
Then 
0? 2 
— =g' +-g 21d 
2 ap? gp) = 9 59 (21d) 


Substituting in (17) this gives the expression for 6,5 (p): 


6i{p) = a ae G = “) = 5, ¢ a “| (22) 
p? p p 
Evaluation of g” and g’/p gives 
1 kite D” 
" aes == —kurp M 

g’(p) rr E 2e (1 + ky pt 5 ) (23a) 
I, — —kurp 
po ae (1 + ky p)]. (23b) 


d) DISCUSSION OF THE EXPRESSION FOR 6,; (p) 


Equations (21), (22), and (23) lead to the following expression for the 
regularized transverse delta function (17): 


l 3p; p; 
Oi{p) = yp) + Aap? ee — i, n(p) (24) 
where 
kis (Pi Bi : 
Vi<P) = 8 gi (fe iat 0: ea (25) 
n(p) = 1 -( +kypt 5 kh pt)eme (26) 


The function y;;(p) is localized about the origin. At the limit ky, — 00 it 
tends to a point-source distribution centered on p = 0. Such a distribution 
can a priori be written as a sum of a function 5(p) and its derivatives of 
order 1,2,..., which we are going to evaluate. 
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Note first that, simply as a result of homogeneity, the integral 
ee rie) = 1, (27) 


is a number independent of k,,. In contrast, the integral of the same 
function multiplied by a term of degree m in p; 1s proportional to 
(1/k,,)™" and goes to zero when k,, — oo. Thus, in the integral of the 
product of y,,(p) with a function ee expandable about p = 0, only the 
first term of the series gives a nonzero contribution in the limit k,, — oo: 


| d*p y:(p) W(p) = 7, ¥(0). (28) 
It follows that 
lim vip) = 1, 0(p) (29) 
where 
= [a ¥:(P) 
king Pi P;i\ .- 
- | gtodr {a0,(s, + Ate soe (30) 
The angular average of p,p, Jp’ is 8, j/ 3» and the radial integral gives 
2 
L, a 3 0;; 7 (31) 


At the hmit ky > ©, y, j(@) is then simply 


Yip) = = 5, o(p) (32) 


where it is understood that the function 6(p) has an extent of 1/k,). 

The function y(p) is a regularizing function which becomes 1 for 
p > 1/k,, and which starts as k},p°/6 at the origin, with the result that 
the second term in (24) does not diverge at p = 0. It behaves like a dipole 
field regularized at the origin. Such a function has properties in three- 
dimensional space analogous to those of the principal-part function 
S(1/x). Actually, on integrating over a small volume centered at the 
origin, the second term of (24) gives zero, although it has in this region a 
value of the order of k?,. This property arises from the vanishing of the 
angular average of (3 9; p,/ p’) - 0;;,in the same way that the integral of 
S (1/x) is zero as a result of the odd parity of this function. 
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Finally, the transverse delta function can be written 


2 n(p) (3 9; P; 
6;(p) = 3 ti o(p) + pees — 0;; (33) 


where 7(p) is equal to 1 away from the origin and suppresses the 
divergence at p = 0. 


Remarks 


(i) The factor 2 in (32) can be simply found. Taking the trace on i of (13) gives 
immediately 

d 5;(p) = 2 d(p). (34) 
In the expression (33) for 6; , only the first term contributes to the trace and 
the factor + of (32) is necessary to satisfy (34). 
(ii) One can ask if the second term of (24) does not give rise, in the limit 
Ky — 00, to derivatives of the delta function 8(p). In fact, the dimensional 
argument already developed for y, j(P) applies: for functions of degree m in p,, 
the contribution of the neighborhood of the origin to the integral of the product 
of these functions with the second term of (24) is of the order 1/k%; and tends 
to zero when ky, > 00. 


3. Application to the Evaluation of the Magnetic Field Created by a 
Magnetization Distribution. Contact Interaction 


The magnetic field B(r) created by a magnetization density M(r) is 
given by Maxwell’s equation 


V x Bir) = 


= i (35) 


Eo 


where 
j@) = V x M@) (36) 


is the current associated with M(r). Substituting (36) in (35) and trans- 
forming into reciprocal space, this becomes 


ik x Bk) = ik x Mk). (37) 


2 
Eg € 


This equation allows one to find @(k). Projecting both sides of (37) on k 
and using the transverse nature of #(k - @ = 0), one gets 


} 


Bik) = —;5 
Eg C 


[-Mk) — x(n M{k))] =—5 Mk) 38) 
0 
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which shows that @ is (except for a factor 1/e,c”) the transverse compo- 
nent of .@. In real space, Equation (38) is written 


l ] 

Bir) = ar eas d [arr b4r—r)Mir). = (39) 

Using (33) for the transverse delta function appearing in (39) shows 
that B(r) is a sum of two contributions. The first one, coming from the 
first term in (33), is simply proportional to the density M(r) taken at point 
r. The second one, coming from the second term of (33), represents 
physically the dipolar field created at r by the magnetization density M(r’) 
at all other points r’. The presence of the regularization function 7 in the 
second term of (33) makes all the expressions finite, and symmetry 
arguments then allow one to show that the immediate neighborhood of r 
does not contribute to the integral on r’ of the product of the second term 
of (33) with M,(r’) (see §2.d above). 

Consider now another magnetization density M’(r). The interaction 
energy of M’(r) with the field B(r) created by M(r) is 


W=- [arr M'(r) - B(r). (40) 


Equation (39) allows this to be written in a more symmetric form, 


] 


W=- 
2 
Ey C 


YY ja’ |r ace) Sige — 29) Me (41) 


Using (33) again allows one to separate two contributions in W. The 
first, 


d°r M(r) - M(r) (42) 


a. 
3 ¢€ 


which depends on the magnetization densities M and M’ at the same 
point r, is called for that reason the contact interaction. The second, 


W,=- rire ee d3r ler woe 


x Mi(r) se—nen - 3, M{r) (43) 


r’)? 


represents the magnetic dipole—dipole interaction between the two densi- 
ties. As above, the regularization introduced by » and symmetry argu- 
ments show that the immediate neighborhood of |r — r’| = 0 does not 
contribute to W. 
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Remark 


The foregoing can be applied to the study of the magnetic interaction between 
the nuclear spin and the electron spin in an atom. One takes as M(r) the 
magnetization density of the nucleus. This density can be appreciable only in a 
volume of the order of 7°, where 7, characterizes the dimensions of the nucleus, 
which is taken at the coordinate origin. The integral of M(r) is just the magnetic 
moment of the nucleus, 


Hy = | d?r M(t). (44) 


One assumes in addition that M’(r) represents the spin magnetization density 
of the electron in the state y(r), so that 


M‘(r) = w, | vr) |? (45) 


where p, is the spin magnetic moment of the electron. Important simplifica- 
tions appear in the interaction energy W as a result of the different spatial 
extensions of M(r) and M’(r). Indeed, the spatial extent of |y(r)|* is of the 
order of the Bohr radius a,, which is much larger than the nuclear radius. If 
one ignores the variation of |y(r)|? inside the nucleus, the contact interaction 
(42) becomes 


2 1 

Wi,~- ; =; {er M'(0) > M(r) (46) 
0 

that is, taking into account (44) and (45), 

2 2 

3; Fe. clin” He | ¥(0) |’. (47) 


In the same way, one can make a multipole expansion of M(r) in (43) and only 
keep the lowest-order term, which yields 


Wi2=- 


M(r) = py O(n). (48) 


Equation (43) then becomes 


W.~ -go—a EE lor sn(= oi i, te |Wer) P- (49) 


-T. aig 


Finally, regrouping (47) and (49) shows that the magnetic interaction energy 
between the two spins appears as the mean value in the state y(r) of the 
interaction Hamiltonian 


| 
= — —)> Byi 6;(1) Hej 
fo OC Gi j 


| 8 7% 
oo =| SF ne my 3t0) + 


4nEQCc 


see Bete e 
r r 


where r is the position of the electron with respect to the nucleus and where it is 
further understood that the dipole-dipole interaction is regularized at r = 0. 
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COMPLEMENT B, 


ANGULAR MOMENTUM OF THE ELECTROMAGNETIC 
FIELD. MULTIPOLE WAVES 


The first motivation for this complement is to establish some results 
given without proof in Chapter I and related to the angular momentum of 
the electromagnetic field. We first show (§1) that the contribution of the 
longitudinal electric field to the angular momentum of the field can be 
reexpressed as a function of the particle coordinates r, and the transverse 
vector potential A , (r,) and regrouped with the angular momentum of the 
particles. We also establish (§2) the expression for the angular momentum 
of the transverse field as a function of the normal variables a(k). The 
expression gotten is closely analogous to that giving the mean value for 
the total angular momentum of a spin-1 particle whose vector wave 
function is precisely a(k) in reciprocal space. 

The foregoing analogy suggests then that one look for functions a(k) 
suitable for the angular momentum of the transverse field. More precisely, 
one tries to determine transverse vector functions of k, defined on a sphere 
of radius ky, which are also eigenfunctions of J? and J,, where J is the 
total angular momentum of a spin-1 particle. Instead of coupling in the 
usual fashion the orbital angular momentum L to the spin angular 
momentum S of such a particle, we will see in §3 a simpler method for 
constructing the eigenfunctions of J* and J, which give the longitudinal 
or transverse eigenfunctions directly. 

When the eigenfunctions thus found are substituted for the normal 
variables in the expansion of the electric and magnetic fields, one then 
gets, in real space, electromagnetic waves corresponding to photons with 
well-defined energy, angular momentum, and parity (§4). The second 
motivation behind this complement is to give a simple derivation of such 
multipolar waves, which are well suited to all the problems of atomic or 
nuclear physics where exchanges of angular momentum between matter 
and radiation play an important role. 


1. Contribution of the Longitudinal Electric Field to the Total 
Angular Momentum 


Let 


Vices ey [arr x (E, x B) (1) 
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be the contribution of the longitudinal electric field to the total angular 
momentum of the system field + particles. Replacing B by V XA, 
(since Y X A, = 0) and using the expression for the double vector prod- 
uct to transform E, x (y x A) yields 


Jiong = &0 fare} y E) Ar x V)A,, -—Fr x (E, -V)A, } (2) 
A=X,Y,Z 
The last term in (2) can be rewritten by moving r to the right of V: 


fo {a*rc- (E, - V)(r x A,) + E, x Aj]. (3) 


Integrate the first term of (3) by parts. The integrated term gives a surface 
integral at infinity which vanishes if the fields go to zero sufficiently 
quickly. In the remaining term the quantity 9 - E, appears, and this is 
e/e, from Maxwell’s equation (A.1l.a). Regrouping the expression so 
obtained for (3) and the first term of (2), and making use of the fact that 
E,, = — VU, where U is the Coulomb potential, one gets finally 


Jiong — 


= [a%{ 00 x Ai) — & )(V, U)(F x V) A, — &(VU) x ast. (4) 


One can see now that the last two terms in (4) cancel. Integrating them by 
parts, one gets 


Eq far} U V,(r x V)A,, + UW x ay}. (5) 


Now 


yUV,(r x V) A,, = Ur x VV A) -— UV x A). © 


The first term of (6) vanishes, since ¥ - A , = 0. The second term of (6) 
cancels with the last term of (5). Only the first term of (4) remains, which, 
using (A.5.a) for p, gives 


Jiong me >. Qa r, x A, (t,) . (7) 


It is clear then that J),,,, can be written as a function of the coordinates 
r, of the particles and of the transverse potential A , . This result 1s gauge 
independent, since A , 1s gauge invariant [see (B.26)]. 
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One now groups Jj,,, with the angular momentum of the particles, 
Lot, X m,t,-. This gives 


tong a » ry x Mm, r, os y r, x L 4, A (r,) + mM, r, | 


= Ln x p, (8) 


where p, is defined by (B.44). In the Coulomb gauge (A = A. ), p, 1s the 
momentum conjugate with r,, or equivalently the canonical momentum of 
particle a. It appears then that in the Coulomb gauge the difference 
between the quantities r, X p, andr, X m,f, is just the angular momen- 
tum associated with the longitudinal electric field of particle a. 


2. Angular Momentum of the Transverse Field 


In this section, we transform the expression for the angular momentum 
of the transverse field, 


Jirans = Eo ar x (E, x B) (9) 


@) Jiang IN RECIPROCAL SPACE 


The calculations at the beginning of §1 above remain valid when one 
replaces E, by E, throughout. Since 7 - E , = 0, the integration by parts 
of the term corresponding to the first term of (3) now gives a zero result, 
and only the terms corresponding to the first term of (2) and the last term 
of (3) remain: 


Jirans oa £0 [ar oy EY Ar x V) Ai, a E, x Ay . (10) 


One now expresses J,,.,, 2S 4 function of the Fourier spatial transforms 
é, and #, of E, andA, . For this, one uses the Parseval—Plancherel 
identity and the following table: 


TABLE I 
rev 


V o ik 
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giving the correspondence between the operators multiplication by r and 
gradient with respect to r in real space on one hand and the operators 
multiplication by k and gradient with respect to k (denoted by V to 
distinguish it from ¥ ) in reciprocal space on the other. One then gets 


Jirans = Eo [ae] Eat x V)S,, a5 Et x A, (11) 
(using k x V = — V x k). 
b) J 


In Part C of this chapter, &, and «&, have been given in terms of 
normal variables a(k): 


IN TERMS OF NORMAL VARIABLES 


trans 


6 =1NV(a — a®) (12) 


A. = (a+ at). (13) 


Recall that is a normalization coefficient given by (C.15) and that a_ 
is an abbreviated notation for «(—k, ¢). Substituting (12) and (13) in (11) 
and changing k to —k in certain terms, one gets 


N* 
Jirans = £0 ex }y a*(— ik xV)a, — ia* x a— 


a 


~Ya_,(—- ik x V)a,+ ia_ x a— 


— [same terms where a = a*] ‘ (14) 


The contribution of the second line of (14) to the integral is zero. Firstly, 
the term a_ xX a@ is odd in k and its integral vanishes. Then, changing k to 
—k in the first term of the second line of (14) and integrating it by parts, 
one sees that the contribution of this term is equal to its opposite and thus 
vanishes. One has then 


A ee 7 (ees a*(— ik xV)a, — ia* x | — fae a") | (15) 


a 


an expression equivalent to Equation (C.18). 
In all the calculations we have done, the ordering between a and a* has 
always been respected and is as it appears in the equations. If one neglects 
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to take this ordering into account, Equation (15) simplifies and becomes 


Je Sh {ay a*(— ik x V) a, ~ ia* x 2]. (16) 


a 


c) ANALOGY WITH THE MEAN VALUE OF THE TOTAL ANGULAR 
MOMENTUM OF A SPIN-1 PARTICLE 


We will now see that it is possible to reinterpret Equation (16) for J,,ans- 
To do this, set aside for the moment the problem of the angular momen- 
tum of the electromagnetic field, and consider the quantum mechanics of a 
spin-1 particle. 

There are three possible spin states for such a particle, and the wave 
function representing the state |¢) of the particle will be a vector wave 
function with three components. In reciprocal space these components 
will be called 


(k,a| > = ¢,(k). (17) 


We have taken a spin-state basis {|a})} which is not the set of eigenstates 
{| — 1), |0),| + 1)} of S,, but the set of Cartesian spin states 


{|x), ly), |z>} related to it: 


x) =e 1-141) 
y> == +1 FLD 
i= 10. (18) 


One now evaluates the mean value in the state |) of the total angular 
momentum 


J=L+S (19) 


for such a particle, where L and S are the orbital and spin angular 
momenta. Using Table I, L is given in reciprocal space by the operator 


L=iVx Ak = — thk x V. (20) 


Since L does not act on the spin quantum numbers, 


C@lL|¢> =F | PY o30)(— ik « ¥) 4,00 (21) 
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To find the mean value of S, let us first give the action of S,, S,, and S, 
on the Cartesian basis states |x), |y), and |z): 


S,|6> =i1h ¥ é,.1¢> (22) 


which derives from the known action of S, and S,=S, + + iS, on the 
eigenstates of S, and from equations (18). Since S does not act on the 
quantum numbers k, one gets then from (22) 


C1816) = ih [ROM x (0). (23) 


Compare (21) and (23) with the two terms appearing on the nght-hand 
side of (16) for J,,,,,,- If one identifies the normal variables a(k) with the 
vector wave function $(k) of a spin-1 particle in reciprocal space, J,,.,. 
appears then as the mean value of the total angular momentum of such a 
particle, the first and second terms of (16) being associated with the 


orbital angular momentum and the spin angular momentum respectively. 


Remarks 


(i) It must be kept in mind that the normal variables a(k) form a transverse 
vector field. If one reinterprets a(k) as the wave function of a photon in 
reciprocal space, it is equally necessary to constrain the photon wave-function 
space to belong to the subspace of transverse fields and to consider as physical 
only the observables leaving such a subspace invariant. Let us show that L and 
S are not separately physically observable as J = L + S is. The operator L is 
associated with an “orbital rotation” of the vector field: L rotates the point of 
application k of each vector a(k) of the field without rotating a at the same 
time. In such an operation, the orthogonality between k and a(k) is not 
preserved. Likewise, S causes the vector a to rotate without changing its point 
of application, which also causes the transversality of the field to break down. 
In contrast, J causes the vector and its point of application to rotate at the 
same time, preserving the angles and thus the transversality. This can also be 
clarified by the following argument. The spin of a particle represents its total 
angular momentum in the frame where it is at rest. Such a frame does not exist 
for the photon, which propagates at the velocity of light, with the result that S 
(and likewise L) is not separately observable for a photon. 


(1) Analogous reasoning allows one to understand why r cannot be a position 
operator for the photon: r generates translations in reciprocal space, and 
such operations in general do not retain the orthogonality between « and the 
vector k. 


B,-3 Angular Momentum of the Electromagnetic Field 51 
3. Set of Vector Functions of k “Adapted” to the Angular Momentum 


a) GENERAL IDEA 


As seen in Part C, giving the complex vector function a(k) completely 
defines the state of the electromagnetic field. Up to transversality (to 
which we shall return), this function is isomorphic with the wave function 
of a spin-1 particle. To each basis in the state space of this particle there 
corresponds a set of states of the electromagnetic field able to produce 
through linear combination any state of the field. Thus, the set of 
functions 


Ox, «(k) = €; 0(k — k,) (24) 


for all k, and all ¢, normal to k, form a basis for the space of vector 
functions, to which corresponds the field expansion in plane waves used in 
Chapter I. This basis is in fact the basis of eigenstates of the momentum 
for the associated spin-1 particle. This property explains the simple form 
of (C.17) for the momentum of the transverse field when using this basis. 

In a similar way one can now construct another basis “adapted” to the 
angular momentum. It is a basis of eigenstates for J? and J,, J being the 
\otal angular momentum (19) of the spin-1 particle which we have 
associated with the electromagnetic field. It is well known that the 
orbital-angular-momentum operator L acts only on the polar angles of 
vector k, or equivalently on the unit vector x = k/k. The operator for S 
does not act on k. Consequently, knowledge of the eigenvalues of J? and 
J, does not give any information on the radial part of the eigenfunction. If 
one takes this radial part proportional to 6(k — k,), the basis functions 
are also energy eigenfunctions with eigenvalue Ack, (since the photon 
energy depends only on |k|). One thus takes 


l 
D.3u(k) = ko O(k — ko) Oyy(k) (25 .a) 
where the factor 1/k, has been introduced for normalization: 
| d°k Dis ra(k) > Dior) = O(Ky — ko) Oy Our - (25.b) 


The angular function ,,,(«) is likewise normalized on the sphere of 
radius 1: 


| dx DF (K) * Dyy(K) = O55 Oy’ (25 .¢) 
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and must be fixed with the condition that $, ,,,(k) is an eigenfunction of 
J? and J, with eigenvalues J(J + 1)h? and Mh respectively. 

A first method of constructing $,,,(«) 1s to take the orbital eigenstates 
for L* and L, (the spherical harmonics) and to couple them to the spin 
eigenstates for S, using the usual algebra for combining angular momenta. 
One thus constructs the vector spherical harmonics. Now these vector 
functions are in general neither longitudinal nor transverse [$,,,(t«) is 
neither parallel nor perpendicular to «]. To get the transverse functions it 
is necessary to combine the functions with the same quantum numbers J 
and M but with different eigenvalues L(L + 1)h? of L’. 

Here we are going to use a simpler method, due to Berestetskii, Lifshitz, 
and Pitayevski, which directly gives the longitudinal and transverse func- 
tions. 


b) METHOD FOR CONSTRUCTING VECTOR EIGENFUNCTIONS FOR J* AND J, 


One can generate vector functions by letting an orbital vector operator 
V act on a scalar function 7(«) defined on the sphere of unit radius in 
reciprocal space. Consider the action of J on such a function: 


JV x(k) = L(V x(«)) + S,(V x(k) . (26) 


Since V is an orbital vector operator, it has the following simple commuta- 
‘ion relations with L: 


[L.. Vi] a ih mn Eabe Ve (27) 
which allow one to write 
L(Vxtk)) = V(L, x(«)) — ihe, x Vyx(k). (28) 


To find S,(Vx(«)) note first of all that the vector wave function Vx(«) is 
associated with the ket £,(b) |V,x}, where |V,,x} is the orbital part of the 
ket and |b) the spin part. Using (22), one gets then 


Sa Lb >| Ve x> = ih D be le >1 Vs x> (29) 


which yields for the associated wave function 


SAV x(K)) = ihe, x Vy(k). (30) 


Add (28) and (30). This gives 
JAVx(«)) = V(L, x(k) . (31) 
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It follows immediately then that if one selects for x(«) a spherical 
harmonic Y,,,(«) which is an eigenfunction of L* and L, with eigenvalues 
J(J + 1)h? and Mah, then VY,,,() is a vector eigenfunction of J* and J, 
corresponding to the same eigenvalues: 


J*(VY¥ yy) = J + 1) A? VY sy («) 
J (VV jy(«)) = Mh VY; y(K). (32) 


It remains now to select a suitable V so that VY,,, will be longitudinal 
or transverse. 


c) LONGITUDINAL EIGENFUNCTIONS 


As a first choice for V, consider the operator of multiplication by x. 
One gets a vector function, certainly longitudinal, which one calls N,,,: 


Noyy(K) = K Y yy(K) (33) 


and which is normalized on the unit sphere. 

Consider the action of the parity operator IT on the function Nyy (K)- 
Since Nj, is a polar vector field, the operator IT changes the sign of Now 
at the same time it changes its point of application from « to —k: 


CIN jy) (K) = — Nyue(— x). (34) 
Knowing that 
You(— «) =(— 17 Y,y() (35) 
one finds 
(ITN yy) (K) = (— 1)” Nyy) (36) 


N,,, thus has parity (—1)/. 


d) ‘TRANSVERSE EIGENFUNCTIONS 


As a second choice for V, take the gradient operator on the unit sphere. 
Such an operator, denoted /,,, acts only on the polar angles of k. It is 
related to the ordinary gradient operator V through 


Ve. (37) 


The first term of (37) gives the radial component of the gradient, and the 
second the component normal to x. The result of this is that 7, Y;,,(«) is 
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in the tangent plane of the unit sphere and is therefore a transverse vector 
function. We introduce 


Zyy(X) = ash Pc Y jul) (38) 


where the factor 1/ J(J +1) has been introduced for normalization. 
The transverse functions Z,,, are orthogonal to the longitudinal ones N,,y. 
They are, additionally, orthogonal among themselves. One has 


[as ZF y(K) ° Ly y(K) = 


KV Yyap* * Cr Yorags) - (39) 


l \« 
SKF +N IU +2) 


An integration by parts gives —A,Y;-,,, which is equal to J’(J’ + 1)¥pyy-, 
so that, taking into account the orthonormality of the spherical harmonics, 


{es Liu) + Zypy(K) = O57 Onn - (40) 


Note finally that since the operator V,, is polar, Z,,, like N,,, has parity 
(—1)’. 
As a third choice for V consider the operator k X V, and the functions 
l 


Xjy(K) = Tiga) x Vic) Y yy(ts) (41) 


where the factor 1/ /J(J + 1) is again introduced for normalization. The 
function X,,, is always normal to N,,, and Z,,,, and thus orthogonal to 
both these functions (in the sense of the scalar product of functions of «). 
It is a transverse vector function related to Z,,, by 


Xjyy(k) = KX Lyy(k) (42) 
which can be inverted to give 
Zyy(k) = — K X Xjy(k). (43) 
Note that there exists a simple connection between « x V7, and the 
angular momentum operator L. Actually, taking into account (37) and 
(20), « x Vx 1S nothing more than k x VF, that is to say, (/L/A, so that 


(nn ey ee 
(kK) hi SKF +N mu(K) 


(44) 
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The components of X,,, are easy to find as a function of the spherical 
harmonics, and likewise, through (43), those of Z,,, as well. The orthonor- 
malization of X,,, immediately results from the orthonormalization rela- 
tions (40) for Z,,,, thanks to Equation (42), which relates the integrals of 
Xiu ° X zy to those of Z#,, - Z,,,. Finally, since the vector k X P,, is axial, 
X 4, has opposite parity to N,y and Z,,,, i.e., (—1)7*?. 

The three families of functions N, X, and Z at each point on the unit 
sphere form a rectangular coordinate system on which one can project any 
vector field; that is, they form a basis for vector functions on the unit 
sphere. If one keeps only the fields X and Z, one generates all the 
transverse fields. 

More precisely, the set of functions 


®,,5ux(k) = zk — ko) Xsx,{K) (45a) 


TTPALS) > 7 oth — Ko) Zyy(k) (45 ..b) 


form a basis for the transverse fields in reciprocal space. Giving the 
eigenvalues of energy [Ack], those of J* and J, [J(J + 1)h? and Mh], 
and the parity [(—1)’*! or (—1)’] unambiguously specifies the corre- 
sponding eigenfunction (45.a) or (45.b). The energy, the total angular 
momentum (J* and J,), and the parity thus form a complete set of 
commuting observables for the photon. Every state a(k) of the transverse 
field can be expanded in only one way on the basis (45): 


ia oOo +/ 
a(k) = | dk p> > : x { Ang IMX D,,3x(k) + Oporuz ,,.5z(k) iz 
6 es ee 
(46) 


The coefficients a, sy OF &, ;4z in this expansion (and their complex 
conjugates) become, after quantization, the destruction (and creation) 
operators for a photon with energy Ack,, angular momenta J(J + 1)h? 
and Mh, and parity (-1)/*! or (-1)’. 


Remark 


One does not have a function X or Z with J = 0, since Yo) is a constant and 
Vx Yoo= 0. This is why the sum on J starts with J = 1 in (46). 


4. Application: Multipole Waves in Real Space 


When all the expansion coefficients in (46) are zero except for one, the 
function a(k) reduces to the eigenfunction $, j4(k) OF $,,77z(k). In this 
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section the structure of the electromagnetic waves gotten by replacing 
a(k) by >, yax(k) OF $, 7z(k) in (C.19) and (C.20), giving E , (r, ¢) and 
B(r, ¢) as functions of a(k), will be considered. Such waves, called 
multipole waves, are the waves associated with photons whose energy, 
angular momentum, and parity are well defined. 


a) EVALUATION OF SOME FOURIER TRANSFORMS 


When one replaces ,a,(k)e = a(k) by the eigenfunction (45a) or (45b) 
in the equation (C.19) for E, , one sees immediately that one needs the 
Fourier transforms for these functions. For this it is useful to recall the 
expression for the expansion of a plane wave in spherical waves (*) 


eik-r oe 4x y > 
1=O0 m= 


(i Alkr) Yin(®) Y im(P) (47) 


where 
r 
p= (48) 


is the unit vector in the direction of r and where j,(kr) is the spherical 
Bessel function of order /. From (47) it follows that 


[as ae - o(k — ko) Y,,(«) = 4 Mi)! ko Ako 7) Yim (P) (49) 


which will be used later. 
Let us evaluate first of all the Fourier transform of $,, j4(k), which is 
denoted 


L,amx(0) = FT. { ,,7mx(k) } a 


{ak eee | 5 — ko) (« x 7.) ou (50) 


(2 2)? ko SIF +1) 
Since «x X V, does not act on k, 6(k — k,) can be put to the night of 
k X V,, which is written as k X Vy following (37). This yields then, using 
Table I in §B,.2, 


Ly osux(®) = FT| (k x V) = (k= ke) sa 
0 JSF + 1) 
Y (Kk) 
ko (r x ) ( Ta +1 ( ) 


(*) See, for example, Cohen-Tannoudji, Diu, and Laloe, Complement Ayyq. 
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Using (49), the calculation of the Fourier transform of the expression in 
braces yields 


k Vi 
LioamxQ) = ——a5 (r x V) E mi)’ js(ko 1) | (52) 
J(J + 1) 


Since r X V only acts on e, the expression (41) for X,,,(p) arises, and 
finally 


loux®) = ati Kola)” i(k 1) XjuAP)- (53) 


The calculation of 


Tosmzlt) = FAT. Pa — ko) V« il | 


ko SIS + 1) 


is a little more complex. Since Y,,,(«) does not depend on k, the 
expression in braces can be simplified using (37): 


(54) 


ral ~ ko) Vu Yay) = O(k — ko) P¥ yy) 


k 
=V [d(k — ky) Y y(k) | — z Ok — ko) Yan). (55) 
This then yields, using Table I in §B,.2, 


I 
Luz) = —————— 5 — ITF.T. [0(k — ky) Y + 
koaMzA0) To 4 7 Ir [d( o) Yuu(k)] 


+iVET. E 5'(k — ko) Ya) + 20M) 


One next calculates the two Fourier transforms of (56). The first is directly 
given by (49) to within a factor k,/(27)*”*. To evaluate the second, note 
that in the integrand of (49) (1/k,)d(k — ky) can also be written 
(1/k)8(k — k,). Taking the derivative with respect to k, then gives the 
desired Fourier transform except for the sign: 


] (r) = ____ 4 xi)" 
koJMZ (2 x)?! WI +1) re 1) 
+ (— iV) a [ko is(ko r) Yany(P)] a2 Ot) 


The action of the operator V is seen more explicitly if one separates the 
action of its radial and angular parts and introduces the dimensionless 
variable x = kor: 

0.1 0 


l 


i(- ir) ko (ko T) Yoy(p) + 


58 Classical Electrodynamics B,.4 
and 
O 
Vz—- [ko Fs(Ko 1) Ysu(p)] = 
Cko 


= (i: p £ + ky =v) £ (xj,(x)) Y yu(P). (59) 


Referring to (33) and (38), one sees that (57) contains N,,,(p) and 
Z;y(p). The term between the braces in (57) can be written as —ik, 
multiplied by 


E me9) oh = (xi) | Nj x(p) + : = (x7,(0)) Zyaq() JI(F +1). (60) 


Since j,;(x) is the solution of the radial equation 


i) += 40) +40) -“FFP je =0 


the coefficient of N,,,(p) is simply (1/x)J(J + 1) /,;(x). After this simphi- 
fication, Equations (60) and (57) give 


4 J 1 
Leoomzit) = ONS ‘v J + VD aiko 1) Nau (p) + 


= W5 [Ko rj(Ko r)] Z yy (P) . (62) 


b) ELECTRIC MULTIPOLE WAVES 


These waves correspond to a(k) = $,,74z(k). From (C.19) and (C.20), 
E , (r, ¢) and Br, ¢) are then given by 


EF. osmz t) = 1(2 (oe Boxy Lkosmz{") e OF + ec. 


CB, oyuz(t, 0) = 1(2 mn)? € oo Lior mx(¥) eee, (63) 


One assumes the field to be free so that the temporal evolution is purely 
harmonic, and takes cB rather than B so that the dimensions are the same 
as forE, . 

The magnetic field at r is perpendicular to the vector r, like I, j;yy(), 
which is proportional to X,,,(p). The expression for the electric field E , 
contains both Z,,,(p) and Njy(p) [see (62) for I, yy2(r)]. E, () is then 
not normal to r. This is indeed necessary if one wants E, XB to have a 
nonzero moment with respect to the origin. Furthermore, E, and B are 
normal to one another. 
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Near the origin (kyr < 1) 


k J 
illo) = aT (64) 


so that 


l (ky ry’ 


E\(t, t) = 41h Sur T+ DT 


x {G)LVIV + I) Nyy) + J + 1) Zyrgp)] e'" + ce. § 


J 
cB(r, t) = 4 7k, &,,, yt et { (i) *! X,(p) eI! + ce. 1 (65) 


The functions N, X, and Z are on average of the same order of magnitude 
on the unit sphere. One has then 


oe (66) 


Compared to a plane wave with the same electric field, the magnetic field 
(66) is smaller by a factor of kyr/J near the origin. In the neighborhood 
of the origin such waves are mainly coupled to the electric multipole 
moments, hence the name electric multipole waves. 

At large distance (Kpr > 1) 


TU 


be 
Tyjlky r) = kai sin (K roJ 4 (67) 
and the asymptotic forms of the fields are 


vi 


E (r,t) = 4 76,,, ‘| cos (i. r— 15) Ziy(p) + 
wae + 1) 


mee sin (K r—J 5) Now) (i)? e 1 +. ce. (68) 
0 


v5 


cB(r, t) ~ 476, {ain (k. pod 4 Xj u(p) (i)? 72 e+ ce. \ 


The radial part of E decreases as 1/r’, so that at infinity only the wave 
decreasing as 1/r remains, with the structure of a stationary plane wave, 
transverse in r-space. 
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c) MAGNETIC MULTIPOLE WAVES 


The waves associated with 6, j,,(k) are called magnetic multipole 
waves. The corresponding free fields E, and B are given by 


E i posmx(t 1) = i(2 2)?” C09 kor x() Brae 
CBee 1) = — 12 0)? 6. he guz e+ ce. (69) 
In comparing (69) and (63) one discovers that one has simply inverted E , 
and cB and changed the sign of one of the two fields. All of the 


conclusions of the previous section can be carried over without any 
difficulty. 
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COMPLEMENT C, 


EXERCISES 


Exercise 1. H and P as constants of the motion. 

Exercise 2. Transformation from the Coulomb gauge to the Lorentz 
gauge. 

Exercise 3. Cancellation of the longitudinal electric field by the in- 
stantaneous transverse field. 

Exercise 4. Normal variables and retarded potentials. 


Exercise 5. Field created by a charged particle at its own position. 
Radiation reaction. 


Exercise 6. Field produced by an oscillating electric dipole. 


Exercise 7. Cross-section for scattering of radiation by a classical 
elastically bound electron. 


1. AH AND P AS CONSTANTS OF THE MOTION 


a) Show that the energy of the system particles + electromagnetic field 
given by 


1 g 
H= 5s v- + =| one + c* B’] (1) 


is a constant of the motion. 


6) Derive the same result using the expansion of the transverse field in 
normal variables. 


c) Show that the total momentum 
P=Smyt to | drB x B (2) 
a 
is also a constant of the motion. 


Solution 


a) One calculates 


dH d 
rae a Ets faye Fe oe- S| (3) 


dt 


and substitutes for dv,/dt using the Lorentz equation and for dE/dt and OB/dt using 
Maxwell’s equations. This gives 


dH 
GALE.) + [oe BE- (AV x BT j)- eB x B)| (4) 
~ 0 


since vy, - (v, X B) = 0. 
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Substitute (A.5.b) for j into {d?r E - j. One gets 


{arr E+ j= > E(r,, 9° (4, ¥,)- (5) 
Now evaluate 


[arte 07 xB) — B-( x By] = [arv- x 8) (6) 


which can be transformed into a surface integral which is zero when the fields are zero at 
infinity. Using (4), (5), and (6), one gets 


—=0. (7) 


6) In terms of normal variables, the energy is given by 
x 
25 x v2 + eas eT eae oe + 0, oF (8) 
ge ‘ 2 Gn kK : 2 ree 


Calculate dH/dt. Here dv,/dt is given by the Lorentz equation. As a result of charge 
conservation 6 is equal to —ik - y. Equation (C.8) gives &,. One then gets 


dH 
ca 24a Ys * E(r,, 0) + [ap ie J*)p— ik-s) p*] - 


i d°k 
— eee = hal[(e - je —(e: jak] (9) 
Now, using (B.19), we write &, = —ipk/e)k*. The second term of (9) can then be written 


To evaluate the last term of (9) note that 7 *(—k) = g(k). Since W(—k) = /(k), one can 
write the last term as 


re. Eo =) | Nk) hoo[ a*(k) l= k)] é * (Kk) 7 (11) 
Using “(k) = yiw/2E, and (C.6.a), (11) becomes 
= [axe -j=- fore. ip (12) 


One can see that (10) and (12) cancel the first term of (9). 


c) Calculate dP/dt and use the Maxwell—Lorentz equations to reexpress dv, /dt, dE/dt, 
and dB/dt: 


dP dy, 3 | OE cB 
PT kas ae to {a |S x B+ Ex =| (13) 


Fp 7 Eta + Eide Ye % Betas) + 


eo [ar| (ev x B- 23) » B—E~x (Vx B)| (14) 
a] 
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Now Equation (A.5.b) gives 
= farri x B= - a: v, x Bir,,4 (15) 


which cancels the second term of (14). In addition, for a vector field X 


Xx (Vx X) = 5 W(X?) — (K+ V)X 


= 5 V(X?) — Ye V+ (X,X) + XV X) (16) 


The integral over all space of the first two terms of the right-hand side of (16) can be 
transformed into a surface integral which is zero if the field decreases sufficiently rapidly at 
infinity. As for the last term, it is zero for X = B and is equal to Ep/e, for X = E. Using 
(A.5.a), 


— & are x (Wx E) = ~ Sa, 8,0 (17) 


which cancels the first term of (14). Finally, Equations (14), (15), and (16) give dP /d¢ = 0. 


2. TRANSFORMATION FROM THE COULOMB GAUGE TO THE LORENTZ GAUGE 


Assume the potentials oe and Y are known in the Coulomb gauge. 
What equation must be satisfied by the gauge function ¥ which trans- 
forms . and @% into the potentials in the Lorentz gauge? 


Solution 
Let »’ and @’ be the new potentials. The Lorentz condition (A.13) in reciprocal space is 


f 


ik- of’ + =0 (1) 


xf" and &%’ can be written as functions of & and YW using (B.8). Combining (1) and (B.8), 
one gets 


ik «(of + ikF) + (4 _#)=0. (2) 


The transversality of . in the Coulomb gauge gives then 


{- UM 
aF th Fa (3) 


so that, using the expression for Y in the Coulomb gauge, 


Ee 2 Ae 
ge +S = Lore wy 


It is clear that # depends on the velocities y,. It is for this reason that transformation from 
the Coulomb gauge to the Lorentz gauge is not equivalent to a change in the Lagrangian (see 
Remark i of §B.3.b, Chapter ID). 

Note finally that Equation (3) can be written 


OF = 5. (5) 


in real space. 


64 Exercises C,.3 


3. CANCELLATION OF THE LONGITUDINAL ELECTRIC FIELD BY THE 
INSTANTANEOUS TRANSVERSE FIELD 


A particle with charge q, is located at the origin 0 of the coordinates. 
In the interval 0 to T the particle is displaced from 0 to r,(7) along 
a path r,(t) (0<t<T). Let r be a point distant from the origin 
(r > |r,(t)|, cT). The purpose of this exercise is to prove, starting with 
Maxwell’s equations, that the instantaneous variations of the longitudinal 
electric field created by the charge g, at r are exactly compensated by the 
instantaneous component of the transverse electric field produced by the 
displacement of the particle. 


a) Calculate, as a function of r,(1), the longitudinal electric field 
E, (1, ¢) at point r and time ¢ from charge q,. Show that E,(r, 7) can be 
written 


E(r, t) = E,G, 0) + oE,(, 24) 


where SE, is given by a power series in |r,(t)|/r. Show that the 
lowest-order term of this expansion can be expressed as a function of 
q.¥,(t) and of the transverse delta function 6,; (r). 

6) Find the current j(r, f) associated with the motion of the particle. 
Express the transverse current j, (r, ¢) at the point of observation r as a 
function of q,i,(¢) and the transverse delta function 6,; (r — r,(1)). Show 
that to the lowest order in |r,(t)|/r, one can replace 6,7 (r — r,(t)) by 
6,; (r). Write the Maxwell equation giving dE , (r, ¢)/dt as a function of 
j, (r, ¢) and B(r, rt). Begin by ignoring the contribution of B to dE , /dt. 
Integrate the equation between 0 and tf. Show that the transverse electric 
field E, (r,t) produced by j, (r, 7) compensates exactly (to the lowest 
order in |r,(t)|/r) the field 5E,(r, ¢) found in part a). 

c) By eliminating the transverse electric field between the Maxwell 
equations for the transverse fields, find the equation of motion of the 
magnetic field B. Show that the source term in this equation can be 
written in a form which only involves the total current j. Justify the 
approximation made above of neglecting the contribution of B to dE , /dt 
over short periods. 


Solution 


a) From §B.4, E,(r, t) is the Coulomb field created by the charge q, at time f: 


_ a 
U(r, t) = ane, [r—1AO] (2) 
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Expand U in powers of |r,(t)|/r: 


Da l 
U(r, t) = = 
4 me . 
ME, ge. r £0 i 


qa rcr, alt) 
~ ne, E —— | Se 
Substituting (3) in (1), one gets for the ith component of E,(r, t) (i = x, y, Z) 
£\ «t, t) ae ia 0) + oy or Cr, t) (4) 
a rv, a) 
- sbyde.) = — GD 
ees Qa 2 é.. = r; “4 rajlt) (5) 
4 tio 5 WJ r 


Comparison of (5) with (B.17.b) gives, taking account of the fact that r is nonzero, 
6E) Ar, 1) = OD) Ga Tal) - (6) 


b) Following (A.5.b), 
Jt, ty = 4, r,(t) o(r _ r,(t)) : (7) 
(B.16) then gives 


j@mo=> fate Or — rir, dD 
= =2 di(t — ¥,(t)) da ta) (8) 


Since |r — r,(¢)| is nonzero, 5+ (r — r,(t)) varies as |r — r,(t)| °, which in the lowest 
order in |r,(t)|/r goes as r-?. One can write then to this order 


did, i= i d Oi; FU) qa raj(t) - (9) 
The Maxwell equation (B.49.b) in real space is written 
OE 
See O = PV x BO!) — — ile. (10) 
t Eq 


For ¢ < 0, the vectors E, , B, and j, are zero. If one ignores the contribution of B, the 
integral of (10) between 0 and ¢ gives 


t 
E{,o = —- al de j, Ar, ¢’) (tly 
which, taking (9) into account, becomes 
E, (r,t) = — = » 5h(r) | | + At) ad 
= oe) HD) da Taj(f) - (12) 


Comparison of (6) and (12) shows that EF, ,(1, ¢) at each instant cancels SE), (r, ¢). 
c) The elimination of @, between the equations (B.49) gives 


1 + 1 , Pies : 
Fai aad Td laa ar aacd (13) 
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since k X g, = @. In real space, (13) becomes 


Since the source term, which involves j, is localized at r = 0, the solution of (14) is purely 
retarded and has no instantaneous term. B(r, ft) is identically zero on the time interval 
[0, r/c], and it is permissible to ignore the first term of the right-hand side of (10) over this 
interval. 


4. NORMAL VARIABLES AND RETARDED POTENTIALS 


a) Consider a set of charged particles producing a current jcr, ¢). 
Integrate the equation of motion of the normal variables of the field, and 
write the normal variables at time ¢ in the form of an integral of the 
current between —oo and ¢. Derive the value of the vector potential 
& , (k, t) in reciprocal space. 

b) Calculate, using the results of a), the potentials in Coulomb gauge 
in real space. 

c) By again starting with the results of a) in reciprocal space, find the 
total electric field &(k, ¢). Show that the electric field in real space is of the 
form 


i(F _— ee) 
Ce ee ee [Ora 


6t| 4 req c? lr—r'| 
/ |r—r| 
e( r’, ¢ — ——— 
I , c 
— Vj —— |d°?’ ——___+ (1) 
4 TE |lr—r'| 


and that it has no instantaneous Coulomb term. 


Solution 


a) The solution of Equation (C.8) giving the motion of a(k, ¢) is 
- ee i 
= * s—iowl(t—t) ee : 
a(k, 7) [ ; dt’e Ot —t seb & WW jitk, 2) (2) 


where 0(7) = 1 for 7 > 0, 6(7) = 0 for r < 0, and where /(k) = yitw/2¢. Starting with 
(C.29), one gets 
+2 


i Seen Sea 
(kK, 1) = 5 | dt &(t) Le" f,(k, t — t) ~— OT Pt(— kt — 1) J (3) 
Epo) 
so that, using the fact that j(r, ) is real, 


sin WT 
w 


SA (k, t) = =| dz &r) jilk, t— T). (4) 
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b) The transverse potential is given in real space by 


po l 3 ik.r 
A.(r, t) = Om |e ke" of (k, t) (5) 
—that is, from (4), 
1 ae 
AL (, t) = Ona {are [ @ eik-r A(t oe SiN wT wo lar ir, os t) ew ike (6) 
0 — © 
Now, one can show that 
l 3) ik.(r—r’) SIN OT oi l [r—r'| 
aap |e “oo ae leer me) ™) 


(One has just to perform the integration on the polar angles of k and then the integration on 
k.) It follows that 


Lit — 7) Leena (8) 
AGO =ao [a is os et Aas - ; 
In the Coulomb gauge, A(r, t) = A, (r,£) and the scalar potential is the static Coulomb 


potential (B.25.b): 
U(r, t) = ome; d3y’ ed) 2 (9) 


U is an instantaneous term. In order that there be a finite velocity of propagation for the 
E-field, a term in A, which compensates the contribution of (9) to E is required. Note that 
A, is not purely retarded, since the transverse current j, which appears in (8) introduces a 
nonlocal component. 
c) The electric field in reciprocal space is given by 
é&é = —ik% — o@f,. (10) 


Equations (9) and (4) then give 


k 1 ta 
Fk) = ~ aro - | dr BOF ke 2 


Ovo 
ik 1 (°° | sinwt 
n 
= - Saxo - 2 | dr jar 94n[ dr OTF kr 9), 
ao) 
(11) 
Integrate the last integral by parts: 
1 * | sin 
=| dt —— (Kt — T) -z[- dt cos wrt j,(k, t — ae (12) 
9 vo 
The continuity equation (B.6) allows one to transform (12) into 
ik +o ik + 2x 
| dt cos wt p(k, t — t) = as otk, th) - = | dt w sin wtp(k,t — 1). (13) 
0 0 


Substituting (13) in (11), one finds 


sun--2[ ae BO jar 9 - Bel de RO oe — 2) (18) 
Oo 0 
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which, taking the results of part 5) into account, gives Equation (1) in real space as required. 
The electric field E is just the field derived from retarded potentials in the Lorentz gauge (*). 
This proves that the instantaneous Coulomb term [the first term of (11)] has been compen- 
sated for by a term arising fromj, [the first term of (13)]. 


5. FIELD CREATED BY A CHARGED PARTICLE AT ITS OWN POSITION. 
RADIATION REACTION 


Consider a charged particle with charge g,, mass m,, and bound in the 
neighborhood of the origin by a force F which derives from an external 
potential energy V(r): F = — VV. The purpose of this exercise is to 
calculate, starting with the equation of motion of the normal variables, the 
field created by this charge at its own position and to get the expression 
for the “radiation reaction” which results from the interaction of the 
particle with its own field (**). 

a) Find the current associated with the particle in real space and 
reciprocal space. 


b) Write the equation of motion of the normal variables a,(k, 7) 
describing the state of the transverse field. Let a, be the order of the 
spatial dimensions of the region in which the particle is bound about 0. In 
this exercise only the modes ke of the transverse field for which k < ky, 
with kya) <1 will be of interest. Write, to zero order in ky,ao, the 
equation of motion of a,(k, ¢). Integrate this equation between the initial 
time ¢, and ¢, and express a,(k, ¢) as a function of a,(k, ¢,) and the 
velocity of the particle, r,(t’), between ft, and ¢. What is the physical 
significance of the two terms one gets? 


c) In the mode expansion of the transverse fields E, and B one only 
considers the contribution of the modes k < k,,. Show that in that case 
one can take E , (0,7) and B(O,¢) as approximations to the transverse 
fields at point r, where the particle is located. Using this approximation 
(order zero in ky), give, using the results of 5), the expression for the 
transverse fields E , »(0, 7) and B,(0, t) produced by the particle at its 
own position. Find the sum over the polarizations and the integral over 
the angles of k. Show that B,(0, 7) is zero and that E, p(0,7) can be 
written 


E, p(0, t) = al dtr,(t — T) d(T) 
0 


where +Oyy 


b(t) = — | e'?* dw 


is a 6-function of width 1/w,y = 1/cky. 


(*) See Feynman et al., Vol. II (Chapter 21). 
(**) See Feynman et al., Vol. II (Chapter 28), Jackson (Chapter 17). 
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d) Integrate the expression giving E , ,(0,t) by parts. Assume that 
t — fg is very large with respect to 1/w,, and that r, varies slowly on a 
time interval 1/w,,. Show then that E , p(0, ¢) is the sum of two contribu- 
tions, one proportional to F,(¢) and the other to F,(). 


e) Write the equation of motion for the particle. Show that one of the 
two terms arising from the interaction of the particle with its own 
transverse field can be interpreted as describing a modification 6m, of the 
mass m, of the particle. Calculate 5m,. What is the physical origin of 
dm,? 

f) To interpret physically the other term arising from the coupling of 
the particle with E , ,(0, t), assume that the particle’s motion is sinusoidal. 
Show that this other term then describes a damping of the particle’s 
motion. What is the physical origin of the damping? Justify giving the 
name radiation reaction to this term. 


Solution 


a) From (A.5.b) 


i(r, 1) = 9, t,t) O(r — 4,(2)) (1 .a) 
. I . 
jk 1) = Boar t(D ee (1.b) 


b) The normal variable «,(k, t) obeys Equation (C.12), which using (C.15) and (1.b) can 
be written 


ig . 14, ad — ik.re(t) 
itis = bs t 2 
a,(k, t) 1a, (k, ) . 3 eé-r ( ye ( ) 


To order zero in kag, one can replace e~ “''=“) by 1 in the last term of (2). Integration of 
(2) yields 


. t 
-1 - Iq, , a | —f’ ad 
a.(k, t) = a (Kk, t Je Mae AD + | dt’ eet Me - r,(t’). (3) 
° \/2 € hia(2 x)? J, 


The first term of (3) represents a field freely evolving between f, and ¢ from the initial state 
a.(k, tg). The second term describes the field created by the particle between fy and t. 


c) The exponentials e*'* "() appear in the mode expansion of the fields E, and B 
evaluated at point r,. If the sums on k are limited to k < ky, it 1s correct to order zero in 
k 4,4, to approximate the exponentials by 1, which amounts to identifying the field at r, with 
the field at the origin. To get the fields produced by the particle in its own position, it suffices 
then to put the last term of (3) and its complex conjugate in the mode expansion of E , (0, £) 
and B(0, ¢). One gets then for the i-component of E, p 


(E, pCO, t)); dy | k? dk dQ x 
k<km 


J=X.Y,2 


t-fto 
q, -iowt * = 
- Da Tal =) E; “| dre r,{t —t) tee (4) 


0 
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Summing over the polarizations gives 


k; k; 


d, 8 &) = Oy — a4 (5) 
&1k 
and the angular integral leads to 
rte] ree cae mea (6) 
k a, 
with the result that 
t—to t+kny 
E, (0, 1) = — ato dz r,(t — 1) | dk k2 em ioke (7) 
an ma 
One evaluates the integral (7) over k. This gives 
+knyg +onr 
2n d?/[ 1 ' 2a 
2 a —icke _ Se, SiMe |) es 
|. dk k € = ry rales [ dwe | x Ou(t) (8) 
where 1 ftom 
y(t) = ae dwe (9) 
is a delta function of width 1/,,. Finally 
t—fo 
Sos Ga ees 
E,(09 = 30 | dt t,(¢ — 1) dy(2). (10) 


An analogous calculation can be done for B,(0, t). The sum on the polarizations then 
leads to an odd function of § = k/k whose angular integral is zero. One has then 


B,(0, 4) = 0. (11) 


d) A double integration of (10) by parts gives, taking into account the fact that 4,, is an 
odd function of + and that 5,, and 8,, are negligible for r = ¢ — fp. 


t—to 


E, (0, 1) = 8 - 5,(0) ¥,(t) + dt ‘t,(¢ — 1) iu) | (12) 


NE, C 
0 0 


From (9), 84,(0) = w,,/7. On the other hand, since ¥, varies slowly on the scale of 1/w,,, 
one can replace r,(¢ — rT) by F,(¢) in the last integral and remove ¥,(t) from the integral, 
which then is 4 as a result of the even parity of 54,(7) and the fact that 4 — 1, > 1/,,. One 
gets finally 


_ Gy Ou + Gx eee 
E, p(0, t) = Ieee r,(0) + 6 Re) c r,(¢) . (13) 


e) Since B,(0, ¢) is zero, the equation of motion of the particle is written 
m, ¥,(t) = — WV(r,) + q, E, (0, t) + dz E tree (0, £). (14) 
The first term describes the effect of the external potential binding the particle near the 
origin, the second the interaction of the particle with its own transverse field (the interaction 
of the particle with its own longitudinal field leads to a zero net force through symmetry), 
and the last, the interaction with the free field [E;,.. is associated with the first term of (3) 
and describes possible incident radiation]. 
Substitute (13) in (14) and bring the term f, to the left-hand side. One gets then 


2 
(m, + dm) #8) = — WV(r,) + 825 "(0) + dy Etvee (0, #) (15) 
0 
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where 4m, is given by 


q. ku 1 6 
a (16) 
The term in f, in (13) then describes a modification of the mass of the particle which can be 
interpreted as the “electromagnetic inertia” of this particle. 
It is possible moreover to relate 5m, to the Coulomb energy e%,,; of the particle. Indeed, 


if one introduces the same cutoff at k,, in the integral (B.36) giving e¢o,y, one gets 


2 
a = Gs Ky ao 2 1 
Cea si aa : (17) 


To within a factor 4, the energy 5m,c? associated with 6m, is the Coulomb energy of the 
particle. 


f) If the particle undergoes an oscillatory motion of frequency w, one can replace fr, by 


—w*i,. The second term of (15) then describes a frictional force —(q2w* /67e,c? i, which 


dampens the motion of the particle. This force is nothing more than the radiation reaction 
describing the loss of energy of a charged particle undergoing accelerated motion—loss 
resulting from the radiation which it emits (see Exercise 7). 


6. FIELD PRODUCED BY AN OSCILLATING ELECTRIC DIPOLE 


A microscopic emitting system is made up of a particle with charge 
—q,, fixed at the origin and a charge g, undergoing a motion described by 


r(t) = Ap COS Wy ¢. (1) 


One is interested in the field produced by this system at a great distance 
from the origin, that is, where r > a, (this corresponds in reciprocal 
space to wave vectors such that ka, < 1). 


a) Find the charge and current densities associated with the system as 
well as their spatial Fourier transforms. Expand the latter to first order in 
ay. Derive expressions for j(r, ¢) and p(r, ¢) to first order in ao. 


b) By substituting the expressions so found into Equation (1) of 
exercise 4, show that the field E(r, ¢) radiated by the dipole can be written 


kyo fl — Wot 
4s Teg ay + W(ay +» Vy OE 0 


E = 
(td) 4 1& r 


(2) 
Show that E is a sum of three terms in l/r, 1/r?, and 1/r? respec- 
tively (*). 


c) Show that E(r, ¢) can also be written as an electric dipole wave such 
as those defined in Complement B, with J = 1 and M = 0, Oz being 
taken along a,. The spherical Bessel function of order 1 1s given by 


sinx cosx 
i) =—>- - (3) 
x x 


(*) See Feynman et al., Vol. Hf (Chapter 21). 
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Solution 
a) Using (A.5.a) and (A.5.b), one gets 


p(r, t) = dW d(r ~ r,) — Wy d(r) (4.a) 
j(r, t) = Qs, r, (r = r,) ’ (4.b) 


The expansion to first order in a, of the spatial Fourier transform of (4) gives 


p(k, ) = ame ~l)~- aap (ik 1) (5.a) 
jb) =5 aa rere = ong | (5.b) 


Returning to real space, one gets 
p(r, .) = — gq, V°14,(t) O(r) = — g, Cos @) t V° ay J(r) (6.a) 
ji, t) = q, 1,(t) 07) = — Gg, @ Sin @ t Ay 6(r) (6.b) 


5b) Put (6.a) and (6.b) in Equation (1) of Exercise 4, and consider first the contribution of 
j. The first integral in r’ yields, taking into account (6.b), 


x 4g Wy SIN(Kg TF + Wo ) 


4 ne, € ame |e [r—r'| ~ 4né, ¢ ? r 7) 


Following Exercise 4, the contribution of j to E(r, ¢) is gotten by differentiating (7) with 
respect to t, which gives 
Gu Ay kG COS (ky Fr — Wy ) 


4 NE, r (8) 
The second integral in r’ in Equation (1) of Exercise 4 can be written using (6.a) as 
3a ee: . , 
ge far slr — FD LV, + a 50) 9) 
where 
u 
cos onl = *) 
eter (10) 
Using the identity 
AV-A=V°(AA)— A’ VA (11) 
allows one to transform (9) into 
—% | ay sea, Ve fle — |) = -pe Ss = got =a * Wflr)- (12) 
4 n& = oe 4né r : 


“ollowing Exercise 4, the contribution of p to K(r, t) is gotten by applying — V to (12), 
which gives, using (10), 


Va a.° yj ot) (13) 
4 15 r 


The sum of (8) and (13) gives Equation (2) as stated. 
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Calculating the double spatial derivative in (13) gives 
Qa Fajr) cos (ky r — @g 2) 
i [otpe? ajar 


r 3 


K(r, 


r 


+ 


Go F(a) *r) Sin (kg Fr — Wo t) 
4 2 E r? | ko r? . 


: r(a,°r cos(kygr — Wt 
q Jao ~ He a — of) a4 


+ 
4 Ne, 


One gets the well-known three terms of dipole radiation, behaving respectively as 1/r, 1/r’, 
and 1/r°. 

c) To make the connection with the multipole waves defined in Complement B;, it is 
useful to introduce the radial and tangential components of a, with respect to r: 
r(a, ° r) 


a = 
Or re 


15 
Ap, = Ap — Ao, - ( ) 


Equation (14) can then be written in the form 


E cos(kgr—@gf) kysin(kyr —@ot) cos(kgr — Wy 2) 
Dye ee a eg eh 


E(r, ) = 7" 


r r r 


4 4s tol ky sin(ky r — Wy 2) 2 2 cos(kg F — Wy 2). (16) 


4 1 r r 
Compare this with the results of Complement B,. The electric field of an electric dipole wave 
is, using (63), proportional to I, ;ayz(r) with J = 1 and M = 0, the Oz axis being taken 
along a). We now apply Equation (62) of complement B, to this particular case. The 
spherical vector functions Z,9(r/r) and N,o(r/r) are derived from the spherical harmonic 
Y¥io(r/r), whose value, to within a constant factor, is 


r ajy°r 
¥ o(£) o ae (17) 
Using Equations (33) and (38) of the complement, one finds, with (3), 
r raj °F) ap, 
Nio(5) aT ages = ae (18.a) 


r a,r 1 (aj-r)r a 
Z.i-) =— rvi- )- ;|* —if |-=%5. 18.b 

oF) <p 2 ( ag! Aah 2 ee ay./2 : 

Equation (62) can then be written 
l a, d sin kyr 

Ljioz(t r) oc +} - Bee d(ky ial - cos (ky r) + ko r + 

Ao, cosk or sinkgr 

+2 Q |- kot r (Ky =7]| 


as. sin (r= 3) cos ( (r=) 
£ ao, 5 
sin (kor ~ $) (ter) 
+ 2a), + 
: kor kor (19) 
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Thus to within a multiplicative factor and a phase one gets (16). It is also useful to note that 
(16) is a traveling wave, while (19) is the amplitude of a spherical standing wave resulting 
from the superposition of an outgoing and an incoming wave. 


7. CROSS-SECTION FOR SCATTERING OF RADIATION BY A CLASSICAL 
ELASTICALLY BOUND ELECTRON 


A classical electron with charge g and mass m, elastically bound to the 
origin by a restoring force —mwr, is set into forced motion by an 
incident monochromatic wave with frequency w and emits into all space 
radiation of the same frequency. The purpose of this exercise is to 
calculate the total scattering cross-section o({(w) of the electron and to 
examine its order of magnitude as well as its variation with w (*). 

a) The electron undergoes forced motion along Oz with amplitude a 
and frequency w: 


Z=acosat. (1) 


One recalls that the total radiated electric field at a distant point M 
(OM > X = 2ac/w) is in the plane (Oz, OM), is normal to OM, and has 
an amplitude (**) 


| ne ae g w* cos of ~ 4 (2) 
C 


4néc? r 


where r is the distance OM and @ is the angle between Oz and OM. The 
field B has an amplitude E/c and a direction parallel to OM x E. 

Find the mean value (over a period 27/w) of the flux of Poynting’s 
vector € c*E x B through a sphere of very large radius r, and find 
dW/dt, the mean energy radiated per unit time. 

b) The interaction of the electron with the field it creates at its own 
position can be described by a force, called the radiation reaction, whose 
component along Oz has the value (***) 


Me 
R =—— 7. (3 .a) 
6 Eq C 


For the forced motion (1), find the mean value (over a period 27/w) of 
the work done by R on the electron. Compare this result with that from 
a). What is the physical interpretation? 


(*) See Jackson (Chapter 17). 
(**) These properties can be gotten from the results of Exercise 6. 
(***) See Exercise 5 for a demonstration of this result. The interaction of the electron with 
its own field is also responsible for a change 8m in its mass, which is assumed to be included 
in the mass m used here. 
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c) One writes the radiation reaction in the form 


2 fo mz 


R= 3 i @ (3.b) 
where r, is the classical electron radius given by 
2 
n= +; (4) 


4 NE mc 


and A, = c/w. In the absence of incident radiation, the dynamical 
equation for the electron is written 


2 
zs 2 ar 
— + ——— Z 5 
mz Mo Z Saee (5) 
R (which is proportional to the factor m/A g < 1) can be treated as a 
perturbation. Find the solutions of (5) of the form e' and show that, to 
first order in r)/A,, one has 


Q=+0,+ i. (6) 
Give the expression for yp as a function of 7), wy, and c. What does the 
time 7 = yo | represent? 

d) In the presence of an incident field polarized along Oz whose 
amplitude at the origin is Ecoswt, the dynamical equation for the 
electron is written 


q’ 


6 Ey C 


mz = — moez+ = Z + qgEcos ot. (7) 


Find the forced oscillatory motion of the electron and, using the results of 
a), the energy radiated per unit time into all space by the electron. 

e) Find the energy flux (averaged over one period 27/w) associated 
with the incident wave, which is assumed to be plane and propagating 
along Ox. Using the results of d), find the total scattering cross-section 
o(w). Express o(w) as a function of 7,7, @, wy, and Yp. 

f) Assume w < w, (Rayleigh scattering). Show that o(w) is then 
proportional to a power of w, which should be found. 

g) Assume @&) < w < c/% (Thomson scattering). Show that o(w) 1s 
equal to a constant. 

h) Assume finally w near w, (resonant scattering). Show that the 
variation of o(w) with w — w, exhibits a resonance. What is the width of 
the resonance? What is the value of the cross-section o(w,) at resonance? 
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Solution 
a) The flux of the Poynting vector through a sphere of radius r is equal to 
2 4 oitn2 
ee wes ‘i ga wm” sin* 0 
d = COS oft “) Jaa, vo | vis ee a (8) 


After angular integration, one finds for the average value of ¢ over one period 


= ol q? a*w* 
aay rer ) 


@ is just the energy radiated per unit time, dW/d1, by the oscillating charge. 
b) During time dt, the charge is displaced by dz = z dt, and the work dW’ done by R is 
equal to 


2 


, == e _ q eee @ 
a eal EP (10) 
From (10) it follows that 
dW’ — q? eee @ = q? d 2 es ooD 
di 6n& ¢ 77 6 nee qe = oe 


Let us take the average of (11) over one period 27/w. Since 27 is a periodic function of f 
with period 27/w, the average of d(zZ)/dt is zero. As for the average of Z*, its value, 
according to (1), is a7w*/2. Finally, 


Ww  @ ., << @W 
“dt ~~ ina dt O 7 8 ae oo 


The mean work per unit time which R does on the oscillating charge is equal, except for the 
sign, to the mean energy which this charge radiates into all space per unit time. The radiation 
reaction thus describes for the electron the dissipative phenomenon associated with the 
radiative energy loss. 


c) Replacing z by e'” in (5) gives, using (3.b) and Ay = c/w, 


2 ty. 7 


a ahsie 
3 25 Wo 


(13) 
To zeroth order in %/Ay, 2 = +uy. To first order, one can replace 2° by +9 on the 
right-hand side of (13), and 2? — w% by (2 — wo)(2 + wy) = +209(2 F wo), which gives 
(6) with 


2r 2 r, we 
eae = Ox 5 a (14) 


If w is an rf or optical frequency, m < Ag and yy < wo. The time %) = yo ° is the decay 
time of the oscillatory energy due to the radiative energy loss. With wo7% > 1, the electron 
undergoes numerous oscillations during decay. 
d) Assume 
2 Ree): (15) 


One then gets, substituting (15) in (7), 


E | 
ae (16) 
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To get the mean energy radiated per unit time in steady state, it is necessary to replace a* by 
129] in (9), which then gives 


dW 1 q* q’ E* at I a 
de 34ne m cy pig: ae _ 
[wp — wo)’ + Yo 
Wo 
e) The incident flux ¢, is equal to 
= E2 
By = 05 (18) 
which gives for the total cross-section o(w) 
alco) 1dW 82, w* (19) 
= eer OS r rr np 
@. de cee ee 
9; [ok — oP P + BS 
Wo 
f) If w < wo, the denominator of (19) is of the order of w), which gives 
8x 5f a \* 
o<K<W, => Gw= =a (2) (20) 


The total scattering cross-section varies as the fourth power of the incident frequency. 

g) The condition w « ¢/%, which indicates that the wavelength of the incident radia- 
tion is very large compared to 7%), shows in view of (14) that w* > yJw°/w). If in addition w 
is very large with respect to wy, the denominator of (19) reduces to w*, which shows that 


82 2 
0 


(21) 


Oy <o<— > ofa) => 
ie 3 
which is just the Thomson scattering cross-section. 
h) Near resonance, in (17) one can replace yw°/wi by yw, (w — w*)? by 
402(w — wo)’, and in the numerator w* by w5, which yields 
2h 3 5 


O~O, => a ae 2 (22) 


The resonance variations of o(w) are those of a Lorentzian with total width at half 
maximum 


Ay = Yo- (23) 


At resonance, the value of o(w)), using (14), is 


G(W,) = Sar gee oe (24) 
where 
2 1c 


(25) 


is the resonant wavelength. 

For optical radiation, A, is of the order of 5 x 107’ m, whereas % 18 of the order of 
2.8 X 107}° m. One has then about 16 orders of magnitude difference between the resonance 
cross-section (24) and the Thomson cross-section (21). 


CHAPTER II 


Lagrangian and Hamiltonian Approach 
to Electrodynamics. 
The Standard Lagrangian 
and the Coulomb Gauge 


Classical electrodynamics, which has been presented in Chapter I 
beginning with the Maxwell—Lorentz equations, can also be derived from 
a very general variational principle, the principle of least action. 

In classical mechanics, the principle of least action allows one to select, 
from all the possible “paths” leading from a given initial state to a given 
final state, that path which is indeed followed by the system. (See for 
example, Figure 1, corresponding to a system with one degree of freedom.) 
One associates with each path a number, called the action, which is the 
time integral of an important function, the Lagrangian, and one seeks the 
path for which the action is an extremum. 


fy fy t 


Figure 1. “Paths” connecting the initial state x,, t, with the final state x,, t,. The 
true path, that one followed by the system, is that for which the action is an 
extremum. 


The Lagrangian formulation of classical electrodynamics, using the 
principle of least action, was first put forward by Schwarzschild in 1903. It 
required the generalization of the usual Lagrangian formalism to the case 


79 
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where the dynamical system has an infinite number of degrees of freedom. 
Indeed, to specify the state of the electromagnetic field, it is necessary to 
give the values of the fields (or the potentials) at all points in space. 
Beyond its uncontestable compactness and aesthetic character, this formu- 
lation has the advantage of introducing all the quantities necessary for 
canonical quantization without ambiguity (Hamiltonian, momentum). In 
addition, recent progress in quantum field theory, such as the unification 
of the electromagnetic and weak interactions, is based on such a formula- 
tion of the theory. 

In Part A of this chapter, we briefly review the essentials of the 
Lagrangian formalism in the simple case of a system having a discrete set 
of degrees of freedom. The generalization to systems having a continuum 
of degrees of freedom is then examined, as well as some results relevant to 
the use of complex variables in the Lagrangian formalism. It is clear from 
Chapter I that the equations of electrodynamics have a more transparent 
structure in reciprocal space. The variables which define the field are then 
complex. 

Part B is devoted to a presentation of the standard Lagrangian formu- 
lation of classical electrodynamics with a nonrelativistic treatment of the 
particles. One shows that the Lagrange equations associated with a certain 
Lagrangian (the standard Lagrangian) reduce to the Maxwell—Lorentz 
equations. In fact, the standard Lagrangian uses potentials to describe the 
electromagnetic field; this results in redundant degrees of freedom, which 
causes certain difficulties, particularly when one tries to quantize the 
theory. One method for resolving these difficulties consists in eliminating 
certain degrees of freedom such as the scalar potential and in using the 
Coulomb gauge. 

Part C is precisely devoted to a presentation of electrodynamics in the 
Coulomb gauge and to a discussion of several important aspects of this 
theory. One sees how the application of the Lagrangian formalism in this 
gauge as well as the Hamiltonian formalism allows one to proceed to a 
canonical quantization of classical electrodynamics and then to justify the 
commutation relations introduced heuristically in Chapter I. 
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A—REVIEW OF THE LAGRANGIAN AND 
HAMILTONIAN FORMALISM 


We will review here, without going into detailed calculations, the 
general Lagrangian and Hamiltonian formalism for a finite number (§1) 
and then for a continuum of degrees of freedom (§2). The reader who is 
not familiar with the ideas introduced in §2 is advised to study Exercise 2, 
dealing with a chain of linear coupled oscillators. The passage to the 
continuous limit of such a system renders more plausible the results of §2 
(the appearance of spatial derivatives in the Lagrangian density, replace- 
ment of Kronecker symbols by the Dirac delta function, and so on). 


1. Systems Having a Finite Number of Degrees of Freedom 
a) DYNAMICAL VARIABLES, THE LAGRANGIAN, AND THE ACTION 


For a system having N degrees of freedom, giving the N generalized 
coordinates x,,..., x, and the corresponding velocities X,,...,X, ata 
given time completely determines the subsequent motion. The 2.N quanti- 
ties X,,...,; Xy and X,,...,X, form an ensemble of dynamical variables. 
The accelerations X,,..., ¥, can be expressed at any time as a function of 
these variables. The resulting equations of motion are then second-order 
differential equations in time. The motion of the system is determined by 
integrating these equations. 

It is equally possible to specify the motion of the system by means of a 
variational principle. In the Lagrangian approach, one postulates the 
existence of a function L(x,, X;, t), called the Lagrangian, which depends 
on the coordinates and the velocities (and perhaps explicitly on time), 
such that the integral of L between times ¢, and ¢, will be an extremum 
when x,(¢) corresponds to the real path of the system between ¢, and ¢, 
[the initial and final coordinates x,(t,) and x,(t,) are assumed to be 
known]. The integral 


t2 

S= | L{x(t), x(t), t) dé (A .1) 
fy 

is the action, and the corresponding variational principle is called the 

principle of least action. 

In the mechanics of a point particle, the Lagrangian 1s equal to the 
difference between the kinetic energy and the potential energy. In particu- 
lar, for a particle moving in a time independent potential, the Lagrangian 
does not depend explicitly on time. In the following, we will preserve for 
isolated systems this time translation invariance and will not show an 
explicit time dependence for the Lagrangian, which will be written 
L(x,, X;). 
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b) LAGRANGE’S EQUATIONS 


In the subsection above, two possible approaches to the study of 
motion have been indicated: one local in time (the equations of motion), 
and the other global (the principle of least action). We will review briefly 
how the equations of motion can be derived from the principle of least 
action. 

In expressing the stationarity of the action with respect to variations of 
path dx ,(¢) [provided dx ,(t,) = 5x,(t,) = 0] about the real path followed 
by the system, one shows that at each instant the dynamical variables 
should satisfy on that path relationships which are equivalent to the 
equations of motion. These are Lagrange’s equations: 


: (| = (A .2) 


dt \ax,) Ox; 


The explicit derivation of these equations can be found in Complement 
A, and in a number of books (see the references at the end of the 
chapter). 


c) EQUIVALENT LAGRANGIANS 


The Lagrangian of a system is not unique. For example, if one adds to 
the Lagrangian L the total derivative with respect to time of an arbitrary 
function f depending on the coordinates x, and the time, one gets a new 
function L’: 


, : d 
L"(x;; X js i)= L(x; X js t) + qf Oe t) (A .3) 


which has the same properties as the initial Lagrangian L with respect to 
the principle of least action. The action integral S’ relative to L’ is written 
using (A.1) as 


S= | L' dt = S + f(x), t2) — f(xft), 41) - (A .4) 


Since the initial and final positions are fixed, it follows that S and 5S’ 
differ only by a constant and thus have the same extremum. L and L’‘ are 
then equivalent Lagrangians for the study of the dynamics of the system. 
The transformation (A.3) then allows one to transform a Lagrangian into 
an equivalent second Lagrangian. 
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Remark 


The function f must not depend on the velocities x,, so that the new 
Lagrangian, like the original, depends only on the dynamical variables x, and 
x; and not on the accelerations. 


d) CONJUGATE MOMENTA AND THE HAMILTONIAN 


The momentum conjugate to x, is defined as the partial derivative of 


the Lagrangian with respect to the velocity x: 


OL 
arg (A.5) 
Ox; 
The time derivative of p; is gotten by using the Lagrange equation (A.2): 
OL 
PP} ==. (A .6) 
J Ox; 


The simplicity of Equation (A.6) suggests the use of the coordinates and 
momenta as dynamical variables rather than the coordinates and veloci- 
ties. It is then preferable to substitute for the Lagrangian another func- 
tion, the Hamiltonian, which is considered as a function of x, and p, and 
is defined by 


J 


It suffices then to differentiate (A.7) and to use (A.5) to find that dH is 
only a function of dx j and d Djs which leads to the following equations, 
called Hamilton’s equations: 


x= A.8.a 
i= Op, ( ) 
: CH 

pj = - 3: (A .8.b) 


In order to describe the dynamics of the system, the N Lagrange equa- 
tions (A.2), which are second-order differential equations, have thus been 
replaced by a system of 2 first-order differential equations (A.8.a) and 
(A.8.b). 

In comparison with the Lagrangian formalism introduced earlier, the 
Hamiltonian formalism presents several advantages. First of all, if the 
Lagrangian does not depend explicitly on time, H is a constant of the 
motion which generally corresponds to the energy (*) and thus has a clear 


(*) In certain cases one gets Hamiltonians which are different from the energy (see 
Exercise 1). This is never the case here. 
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physical significance. Additionally, the coordinates and momenta play a 
more symmetric role than the coordinates and velocities [this arises for 
example in the equations of motion (A.8.a) and (A.8.b)]. It follows that 
changes of variable are a priori more flexible than in the framework of the 
Lagrangian formalism, since one can mix the various coordinates and 
momenta. Finally, the introduction of the momenta and of the Hamilto- 
nian is essential for the quantization of the theory. 


e) CHANGE OF DYNAMICAL VARIABLES 
1) Change of Generalized Coordinates in the Lagrangian 


It may be useful, for the solution of a problem, to make a change of 
dynamical variables. In the framework of the Lagrangian formalism, only 
changes of coordinates which substitute the coordinates X,,..., X, for 
X1,--+)Xy Such that 

xX; =f({X,.. Xy) (A.9) 


are allowed. The differentiation of (A.9) with respect to time gives the 
relationship between the old and new velocities. The new Lagrangian is 
gotten by replacing in L(x,, ¥,) the x, and X, as functions of X, and X,, 
and the new action is equal to the old one. 

The transformation (A.9) does not in general involve the velocities X is 
since the accelerations X , would then occur in the Lagrangian. 


11) The Special Case Where a Velocity Does Not Appear in the Lagrangian 


There is nevertheless a case where a transformation of the type (A.9) 
including the velocities is possible. This is when one of the velocities does 
not appear explicitly in the Lagrangian. It is then possible to completely 
eliminate the corresponding degree of freedom and to substitute for the 
initial Lagrangian a Lagrangian having fewer dynamical variables. 

Assume, for example, that in the Lagrangian L, the velocity x, does 
not appear explicitly. The Lagrangian Z is then a function of NW coordi- 
nates and N — 1] velocities and will be written as L(x,, x, X,). We will 
show that it is possible to replace this Lagrangian by another Lagrangian 
E which depends only on the N — 1 coordinates x,,...,X,_ and the 
N — 1 velocities X,,..., X,_,. The Lagrange equation relative to x, is 


aL 
Oxy 


This equation allows one to express x, as a function of the N — 1 other 
coordinates x; and the corresponding velocities x ,, so that 


Xy = UX; X)). (A.11) 


_ 0. (A.10) 
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If in L one replaces x, by its equivalent (A.11), one gets a function of x; 
and x, which is the Lagrangian L: 


Note first of all that no acceleration appears in L in spite of the form of 
the transformation (A.11). That is due, of course, to the fact that L does 
not depend on x,,. To show that L has all the properties of a Lagrangian, 
it is sufficient to note that, if the action relative to L is an extremum for 
all independent variations of the coordinates x; and x,,, then that is also 
the case for the action relative to £, in which x w is fixed by (A.11). 


Remark 


One can verify directly that the Lagrange equations associated with L have the 
expected form. We calculate, for this purpose, the partial derivatives of £ with 
respect to x; and x,: 


so ES eS (A.13.a) 


Ox; X;  OXy OX; 

) Da) See) 

al saad pence (A.13.b) 
X;  @x; Oxy Ox; 


When Lagrange’s equation (A.10) relative to x, is satisfied, L and L have the 
same partial derivatives with respect to x, and x,. Lagrange’s equations relative 
to x, and derived from L thus involve those associated with L. Note also that 
since the last term of (A.13.b) is zero, the momenta conjugate with x; in L and 
L are equal. 


ii) Velocity and Momentum Transformation 


It is interesting to establish the transformations for the velocities and 
momenta when one changes variables in the Lagrangian. The equations 
(A.9), allowing one to go from the old coordinates x, to the new 
coordinates X,, give by differentiation 


i= Lay X, (A.14) 
with of, 
G ix = BX. (A.15) 


We denote by p; and P, the momenta conjugate with x; and X, 
respectively. One gets 


aL aL ox, 
P= =r — ia (A. 16) 


OX, TF dk, aX, 
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that is, on using (A.14), 
— 2 Pj an (A.17) 


The equations (A.14) and (A.17) can be rewritten in matrix form. Denot- 
ing by A the N X N matrix whose elements are a jo and by (x), (X), (p), 
and (P) the column vectors whose elements are x,, Me, p,, and P, 
respectively, one finds 


(x) = A(X) (A.18.a) 
(P) = A“(p). (A .18.b) 
The transposed matrix A’ is assumed to be invertible, so that the relation- 


ship between the momenta can be rewritten by going, as with the veloci- 
ties, from the new to old variables: 


(p) = (A) * (P). (A.19) 


It is clear then that the momenta transform like the velocities only if the 
matrix A is orthogonal. 


iv) Changes of Variables in the Hamiltonian Formalism 


The changes of variables in the framework of the Hamiltonian formal- 
ism are inherently broader than the transformations of the form (A.9), 
which depend only on the coordinates. Certain transformations of the 
form 


X; = GX, ... Xn, Py --- Py) (A.20.a) 
P, = Ay ... Xv, Py --- Py) (A .20.b) 
are possible a priori. The equations of motion for the new variables X and 


P have a form analogous to (A.8) only if certain restrictions are imposed. 
One can show that the corresponding conditions are 


{ X,, X,} =0 (A .21.a) 
{P,,P,;} =0 (A .21.b) 
{ X;, P;} = 0;; (A .21.c) 


where the Poisson bracket {a, b} of the two functions a and 5b is defined 
by 


Ca Ob Ca Ob 
abs= —_— — -—- —- =}. A.22 
r(z Op, Op, =) ( ) 


Quantities X and P satisfying (A.21) are called canonically conjugate. 
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f) Use OF COMPLEX GENERALIZED COORDINATES 
1) Introduction 


Up to this point we have considered only the case where the coordi- 
nates and velocities are real quantities. It can be useful to introduce 
complex quantities for the resolution of certain problems. Consider, for 
example, a Lagrangian depending on two coordinates x, and x, and their 
velocities, and introduce the complex variable 


iene, ae: (A.23) 


P 


The Lagrangian is now a function of X and X* as well as their derivatives 
with respect to time. 

We will show below that the Lagrangian and Hamiltonian formalisms 
can be generalized to complex coordinates X and X* [related to x, and x, 
by (A.23)], and that all the results obtained above remain valid (with 
certain amendments to the definitions, notably that for momentum) 
provided that X and X™* are considered formally as independent vari- 
ables. 


Remark 


One could consider from the beginning a Lagrangian depending on complex 
dynamical variables. One has however to keep in mind that the action must be 
real, since the principle of least action involves finding a minimum of the 
action. The Lagrangian is thus a real quantity and depends on both X and X*. 


il) Lagrange’s Equations 


The passage from variables x, and x, to X and X* is linear and can be 
inverted. One deduces the following relations: 


ry nn) a) 

ua elge Fe | (A .24.a) 
aL 1 aL 
Aes ee (can A.24. 
ax* ale: = | eee 


and the similar expressions for the derivatives relative to the velocities. 
The Lagrange equations for the complex variables are gotten then by 
combining the Lagrange equations relative to x, and x,. One then gets 
two Lagrange equations, one relative to X and the other to X*, which 
have the normal form (A.2). 
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iu) Conjugate Momenta 


Rather than define the momentum conjugate to X by 0L/0X, we 


prefer to take 
* 
P= (= (A .25) 
OX 


To justify such a choice, note that the laws of transformation of the partial 
derivatives (A.24) give 


P = 0 + ip,). (A . 26) 
Comparison of (A.23) and (A.26) shows then that the real and imaginary 
parts of the momentum P correspond respectively to the momenta conju- 
gate to the real and imaginary parts of the generalized coordinate X, 
which justifies the choice of (A.25). Equations similar to (A.24) for 
velocities show in addition that 


* 
(=) ao (A.27) 
ax) @Xx* 


In fact, this property is general and is a consequence of the real nature of 
the Lagrangian. An equivalent definition of P is then 


OL 


P=—. 
ox * 


(A ..28) 


iv) The Hamiltonian 


The Hamiltonian introduced in (A.7) depends on the quantity » x; p,. 
By applying (A.23) and (A.26), one easily sees that 


XP, tip Ppp = XP*4X*P. (A .29) 
It follows that the Hamiltonian H, expressed as a function of complex 
variables, is 
H=XP*+X*P—L (A .30) 
#7 1s clearly real. 
v) Change of Complex Variables 


It is possible as above to imagine a change in complex variables 
transforming an ensemble of complex coordinates X,,..., Xy, 
X,*,..., X# to another ensemble Z,,..., Zy, Z;*,..., Z*. If one requires 
that the momenta (defined in A.25) transform like velocities, there are 
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certain constraints on the matrix of partial derivatives of the old coordi- 
nates with respect to the new ones. A development analogous to that in 
§A.1.e.ii1 shows that this matrix must be unitary. 


g) COORDINATES, MOMENTA, AND HAMILTONIAN IN 
QUANTUM MECHANICS 


The various physical quantities of a system become operators in quan- 
tum mechanics. These operators act in an abstract space called the state 
space, which has the properties of a Hilbert space. The canonical commu- 
tation relations between Cartesian components of the position and mo- 
mentum operators x and p are equal to 


[Xn> Xm] = 0 (A .31.a) 
[Pas Pm) = 0 (A.31.b) 
[Xn> Pl = 18 Sam - (A .31.c) 


In quantum mechanics, the state of a system is described by a vector |) 
of Hilbert space. One can at this stage adopt essentially two points of 
view, either assuming that the state vector is fixed and the operators evolve 
with time (Heisenberg) or assuming that the operators are fixed and the 
state vector evolves with time (Schrédinger). 

In the first point of view the evolution of a physical quantity G is 
described by the Heisenberg equation 


ii <G = [G, 7] (A . 32) 
where H is the quantum operator associated with the Hamiltonian. In 
the case where the operator G corresponds to a coordinate or a momen- 
tum, the equations derived from (A.32) are the quantum equivalents of 
Hamilton’s equations (A.8). 

In the second point of view, the operators are fixed and the evolution of 
the state vector is determined by Schrédinger’s equation 


ii iv) =HIy>. (A.33) 


Mathematically, the correspondence between these two points of view is 
via a unitary transformation on the state vector. 


Remark 


In the case where a velocity does not appear in the initial Lagrangian, the 
conjugate momentum associated with the corresponding coordinate is identi- 
cally zero. This poses a serious problem for quantization, since it is then 


90 Lagrangian and Hamiltonian Approach ILA.2 


impossible to postulate the canonical quantization relation (A.31). One can 
resolve this problem by eliminating from the Lagrangian the coordinate associ- 
ated with this velocity (see §A.1.e.ii). The conjugate momenta are then calcu- 
lated from the new Lagrangian (with a reduced number of dynamical variables), 
and the canonical quantization relations (A.31) are then imposed. 


The complex variables have been introduced in §A.1./. We now exam- 
ine the canonical commutation relations in this case. Equations (A.23) and 
(A.26) show that 


1 : 

LX, P| = 51% + 1X5, P, + ip] (A .34.a) 
1 d 

[X, P*] = 50x, + ixg,p, ~ ipod. (A .34.b) 


It follows then from (A.31) that 


[x, P] = 0 (A .35.a) 
[x*, Pt] =0 (A .35.b) 
(X, P*] = ih (A .35.c) 
[X +, P] = ih (A .35.d) 


(the other commutators, between two X or between two P, are zero). The 
definition (A.25), which we have taken for the conjugate momentum, leads 
to a nonzero commutation relation between the operator X and the 
adjoint of the operator associated with the conjugate momentum. 


2. A System with a Continuous Ensemble of Degrees of Freedom 
a) DYNAMICAL VARIABLES 


The state of the system is now determined by a set—no longer discrete, 
but continuous—of dynamical variables. This extension is necessary in so 
far as one wishes to study the electromagnetic field, which is defined by its 
value at all points of space. We thus consider generalized coordinates 
which depend on a continuous index (denoted by r, a point in three- 
dimensional space, in anticipation of the application to the electromag- 
netic field) and a discrete index 7 (which varies from 1] to NV). 

As with the discrete case, the coordinates A ,(r) and the velocities A jt) 
defined by 


A(t, t) = us A fr, t) (A .36) 
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form an ensemble of dynamical variables for the system. It is important to 
stress the fact that in the Lagrangian formalism developed below, r is not 
a dynamical variable but an index (of the same nature as /). 


b) THE LAGRANGIAN 


The Lagrangian L, which is a function of the dynamical variables A ,(r) 
and A, j(r) (where 7 and r take on all possible values), can have a very large 
variety of structures. We assume here that one can write 


L= fery (A.37) 


where the function # is called the Lagrangian density. Y is a real 
function of the coordinates A ,(r), the velocities A j{r), and also the spatial 
derivatives (denoted 0,A, with d,;= 0,,0,, 0,) whose presence simply 
shows that the motion of the coordinate A ,(r, ¢) is coupled to the motion 
at a neighboring point in the same way as, in a problem with discrete 
variables q,, the motion of g, depends on qg,_, and q,,, (see Exercise 2). 
It should be clear that these spatial derivatives are not new independent 
dynamical variables, but rather linear combinations of generalized coordi- 
nates. One can include a priori in the Lagrangian density the spatial 
derivatives of all orders (remember, though, that only the first-order time 
derivative is allowed). Now taking into account the later application to the 
electromagnetic field, we will only study Lagrangian densities of the form 
L(A,, A;, 0;A;). 


Remarks 


(i) One can imagine an explicit dependence of on the point r and the time 7. 
We will not show that, to prevent overburdening the notation. 


(ii) The Lagrangian density that is used in electrodynamics contains spatial 
derivatives. Such a structure can easily be understood. Maxwell’s equations 
describe the motion of fields coupled from point to point in space, and the 
absence of spatial derivatives in the Lagrangian density would lead to a theory 
where the field evolves independently at each point in space. The fact that the 
Maxwell equations involve the spatial derivatives of the field requires taking a 
Lagrangian density that likewise depends on the spatial derivatives. This 
suggests studying the Lagrangian density in reciprocal space rather than in real 
space, since it has been seen in Chapter I that the Maxwell equations are 
strictly local in reciprocal space. We will return to this point in Part B of this 
chapter. 


c) LAGRANGE’S EQUATIONS 


In going from the discrete case to the continuous one, most of the 
equations written in §A.1 remain formally valid. However, certain opera- 
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tions (the derivative of the Lagrangian with respect to continuous vari- 
ables, for example) are not mathematically obvious, and it will be useful 
to explain certain points in more detail. 

Note first of all that the action S is, as in the discrete case, the time 
integral of the Lagrangian. By reason of the form postulated for the 
Lagrangian density, we can then write 


S - | di [ar ve, A,, 0,4). (A .38) 


The principle of least action is of course unchanged; S is an extremum 
when A (r, t) corresponds to the actual motion of the field between times 
t, and f,. 

To establish the equations of motion, one uses the principle of least 
action. The same steps can be followed as in the discrete case; one studies 
the modification of S when the field is varied by the quantity 6A ,(r, ¢) 
with respect to the path for which S is extremal [dA ,(r, ¢) being zero at 
the temporal limits ¢, and ¢, of the integral and likewise when |r| tends 
toward infinity]. By stating that S is extremal one then gets (see Comple- 
ment A,,) Lagrange’s equations, which can be written in the form 

A 
——=>- } i (A .39) 


jizxyz | O(G;A;) © 


Remark 


Equation (A.39) uses the Lagrangian density “, and not the Lagrangian L as 
in the discrete case (A.2). However, it is possible to write (A.39) in a form 
identical to (A.2). To do this, the notion of a “functional derivative” must be 
introduced (the extension of the idea of the partial derivative in the continuous 
case), and this is discussed in Complement A,,. The introduction of the 
Lagrangian density is mathematically convenient in the sense that, since & 
depends only on a finite set of variables, the use of the partial derivative is 
perfectly clear. 


The Lagrangian of a continuous system, like the Lagrangian of a 
discrete system, is not unique. One can add to the Lagrangian density the 
time derivative of a function and the divergence of an arbitrary field (but 
one which tends to 0 sufficiently quickly at infinity), possibly depending 
on the generalized coordinates A ,(r): 


LuL+ < f(A. 1) + YL af(Aw.nd). (A.40) 


To calculate the new Lagrangian L’, it is necessary to integrate “’ over 
space. The integral of V -f then transforms into a surface integral at 
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infinity, which vanishes by hypothesis, and L’ differs from Z only by the 
time derivative of some function. L’ is then equivalent to L. 


d) CONJUGATE MOMENTA AND THE HAMILTONIAN 


The conjugate momentum is defined in the continuous case by general- 
izing the equations gotten in the discrete case. For a Lagrangian of the 
type (A.37), the conjugate momentum associated with the variable A ,(r) 
has a simple form as a function of the Lagrangian density: 


0L 
aA jf) 


IT (r) = (A.41) 


Remark 


It is easy to understand why (A.41) is the generalization to the continuous case 
of (A.5) for the discrete case. To see this we transform the integral (A.37) 
defining the Lagrangian to a sum over small spatial elements of volume a? 
centered on the points r,,(%,,5 Yoo Zm): 


L,=\@ | 4 (t,). 4 fq), Aims Yor En) ~ Ast) | (A. 42) 


a 


The final argument in the bracket symbolizes the various quantities which, in 
the limit a — 0, tend to the partial derivatives 0,A,;. The conjugate momentum 
associated with the variable A ;,(r,,) can be found, for the Lagrangian L,,, as in 
the discrete case and is 


OL, MA 
T(r,,) = = @ d 
aA jn) OA (Tm) 
It appears then that the conjugate momentum JJ (r) defined in (A.41) is equal 
to the limiting value of a~* I(r, ) When a goes to zero. Now the limit of 
a? dL, /4A,(t,,) when a goes to zero is nothing but the functional derivative 


of the Lagrangian @L/ GA , {f) (see Complement Aj, for more details). Equation 
(A.41) can then be written in the equivalent form 


(A .43) 


CL 
aA Fey) 


T(r) = (A .44) 


A step analogous to that used in the discrete case allows one to go from 
the coordinate—velocity pairs of dynamical variables (A j{r), A j(r)) to 
another pair made up of the coordinate A ,(r) and its conjugate momen- 
tum IT ,(r) and then to introduce the Hamiltonian H and the Hamiltonian 


density #: 


H = [err a@ 4@ —~L= [are (A .45.a) 
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# => Uf) Afr) — &. (A.45.b) 


Remark . 


It is similarly possible to introduce the momentum and the momentum density 
of the field as well as the angular momentum and the angular momentum 
density (see Exercise 5). 


As in the discrete case, the introduction of the Hamiltonian formalism 
introduces new dynamical equations (Hamilton’s equations). These can be 
written simply using the Hamiltonian density # as 


Mises (A .46.a) 


aH OH 
hae 7 ol + Loa ay: 


J 


(A .46 .b) 


These equations can be written directly as a function of the Hamiltonian 
H with the aid of the functional derivative (see Complement A,,). They 
are then identical to Hamilton’s equations in the discrete case. 


€) QUANTIZATION 


As in the discrete case, the fundamental commutation relation is 
imposed between the operators associated with a coordinate and its 
conjugate momentum. In the case where the field is expressed as a 
function of its Cartesian coordinates and where the three coordinates are 
independent dynamical variables, the canonical commutation relations 
can be written 


[A,(r), A,,(0’)] = 0 (A .47.a) 
[11,(r), H,(t’)] = 0 (A.47.b) 
[ A,(r), 17,,(0')] = 14 6,,, 0 — ¥'). (A .47.c) 


Remarks 


(i) In the continuous case, the Dirac distribution 6(r — r’) has replaced the 
Kronecker symbol of the discrete case. This can be understood if one recalls the 
situation considered in the Remark of the preceding subsection (§A.2.d), where 
the space was divided into cells of dimension a’. In that case, the rules of the 
discrete case give 


[A,(r)> 760) ] = 10 bam On - (A . 48) 
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Since II, (r,) is the limit of a~?II4,(r,) when a goes to zero, it follows that 


0 
[A,(r,), 1,1) ] = if 6,,, lim a (A .49) 
a->0 


5,, is 1 if r, and r, belong to the same cell of volume a?, and 0 otherwise. It 
appears then that, given as a function of r, and r,, the limiting value of the 
second term of (A.49) is just the Dirac distribution 5(r, — r,). 


(ii) The commutation relations (A.47) are valid only if the three components of 
the field A,, A, and A, are independent dynamical variables. We will see that 
in electrodynamics there are situations where this is not the case. It is impor- 
tant then to identify the truly independent dynamical variables in order to write 
the commutation relations correctly. 


The state of a system is described by a vector in state space, and—as in 
the discrete case—one can treat the dynamics from the Heisenberg point 
of view or from the Schrédinger point of view. 


f) LAGRANGIAN FORMALISM WITH COMPLEX FIELDS 


The generalization of the foregoing results to the case of a complex 
field is particularly important, since in electrodynamics it is often most 
interesting to study the equations in reciprocal space. 

Consider now a Lagrangian L and a Lagrangian density Y dependent 
on the complex fields .»/; and their velocities t,. Since LZ must be real, # 
must then depend on »/* and »~,*, with the result that 


ce | dk L(A, A, 0,0, A*, A*, 0,c0,*) (A. 50) 


—the integration variable being now denoted as k in anticipation of later 
applications, and d, denoting 0/dk,. 


Remark 


The electrodynamic Lagrangian is simpler than (A.50). Since Maxwell’s equa- 
tions are strictly local in reciprocal space, so is the Lagrangian density. One 
then does not get the derivatives 0/0k, in the electrodynamic Lagrangian (on 
the other hand, one has an explicit dependence on k which arises from the 
Fourier transform of the spatial derivatives). However, we will retain the form 
of the Lagrangian (A.50) for the general considerations in this subsection, the 
results providing on one hand application to other physical situations (see 
Exercise 7, where the Schrodinger equation is derived from a variational 
principle) and allowing on the other hand a clearer comparison with the 
real-field case. 
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Consider the following linear combinations: 

sb {k) + of j*(k) 
We 

sb {k) — sf,*(k) 


i/2 
which allow the replacement in (A.50) of the complex variables with the 
real variables /,*(k) and .//(k). It is then possible to develop the 
Lagrangian and Hamiltonian formalism previously set forth using these 
real variables then to restate the equations one gets as a function of #, 
and »,*. Such a procedure has already been carried out in the discrete 
case (§A.1.f/), and we have seen that one gets the same result by 
considering at once the complex dynamical variables and their complex 
conjugates as independent dynamical variables. One establishes in this 
way two Lagrange equations relative to «%, and o*: 


A ®(k) = (A.51.a) 


A}(k) = (A.51.b) 


dd0f 6 0L 

eS A.52.a 
di 08, ae * 0; #;) 
ae ay OL (A .52.b) 


= i. 
dt ggx Od | O(6,00,*) 


As for the momentum conjugate with the variable ./;(k), it is defined in a 
fashion similar to the discrete case: 


T(k) = ( se y (A.53) 
acd (k) 


This choice assures one, as in the discrete case, that the real and imaginary 
parts of 7,(k) are clearly the momenta conjugate with AR and A! . It is 
for this reason (see the Remark below) that we have chosen the definition 
(A.53) in preference to the usual convention [where one does not have the 
complex conjugate in the right hand member of (A.53)]. 
The fact that Y is real shows that (A.53) can finally be written: 
T(k) = a (A .54) 
0.4;*(k) 


which shows that the momentum conjugate with .o/,* is 7. 


Remark 


The definition (A.53) of the conjugate momentum has another advantage when 
the fields .%,(k) are the Fourier transforms of the fields A;(r). The 70,(k) are 
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then the Fourier transforms of the momenta JJ jit) conjugate with the variables 
A ,(r). To understand this result, first consider going from the coordinates A ,(r) 
to the coordinates .%,(k) as a change of variables to which the results of §A.1.f 
can be applied. It has been stated there, for discrete variables, that the 
momenta transform like velocities if the transformation matrix is unitary. This 
property can be generalized to the continuous case and is clearly fulfilled by the 
Fourier transformation. In addition, the transformation being linear, the coor- 
dinates transform in the same way as the velocities and momenta. It is also 
possible to give a direct proof of this result by using the definition of the 
conjugate momentum in terms of the functional derivative (A.44). One can 


write 
ool | ope (A.55) 
cd ,(k) GA (1) b0(k) 


Now, by differentiating the relation connecting the fields in real space with that 
in reciprocal space [Chapter I, Equation (B.1)], one gets 


GAfr) elt 


A = —_. A .56 
ecdk) ny” et 

Since Equation (A.53) can also be written 

CL \* 
i(k) = ( ; (A .57) 
Cob (k) 
it follows that 
I —ik.r 

7U (k) = Qn? [er HT {r) € Mm (A . 58) 


which demonstrates that the conjugate momenta are transformed like the 
variables. 


g) HAMILTONIAN FORMALISM AND QUANTIZATION WITH COMPLEX FIELDS 


To find the relationships imvolving the Hamiltonian density and 
Hamiulton’s equations or the canonical commutation relations, it is neces- 
sary to start with the expressions found in §§A.2.d and A.2.e for the real 
fields A and Af} , and to combine them to get the corresponding 
expressions for the complex field. This has been done in the discrete case 
(§§A.1.f and A.l.g) and here the results will be given without the 
intermediate steps. 

For the Hamiltonian density one finds 


H=V (Nj Akt + T# A) (A .59) 
Jj 


which generalizes the expression (A.30) relative to the discrete case. 
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Hamilton’s equations are written 
_ 04 


j* A.60. 
; OW OK 
icy cs ete es 


The canonical commutation relations for the quantized fields are finally 


[/,(k), 7,,(k’)] = 0 (A.61.a) 
[.f.(k), 7,'(k’)] = ind, d(k — k’). (A.61.b) 


The other commutators between ~,(k) and .%,,(k’) or between 7(,(k) and 
7U,,(k’) are zero. As in the discrete case, the field operator and the adjoint 
of the operator associated with the momentum do not commute. 


Remarks 


(i) In the foregoing, quantization has been accomplished by associating with 
the dynamical variables and their conjugate momenta operators which satisfy 
the commutation relations (A.61). In fact, the fundamental requirement with 
respect to quantum theory involves the quantum equations governing the 
evolution of the variables ., and 7(,. These equations, written 


n 


: l 
A, ry iA [-f,, H) 
(A .62) 
; | 
1, = TA [7,,, H ] 
mean that the Hamiltonian is the generator of time translations. They must 
have a form analogous to that of the classical equations 
of, = CH/eT* 
: (A .63) 
Tl, = — CH/6%*. 


Such a condition is simply satisfied if one postulates the commutation relations 
(A.61) between %, and 7U,, since these relations imply 


[,, H] = ih éH/eT; 
(A .64) 


[1,, H] = — ih @H/esl,* . 


For certain quadratic Hamiltonians, it is equally possible to satisfy the same 
requirement by replacing the commutators [A, B] = AB — BA with the anti- 
commutators [A, B|, = AB + BA in (A461): 


[(k), Tk’) 
[A,(k), 7, (k’)] 4 


0 
ih 5,,, (k — k’) 


(A .65) 


I 
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the other anticommutators being zero. For example, we show in Exercise 8 that 
the quantization of the Schrédinger equation, considered as the equation of 
motion of a classical field y(r), can be effected in a coherent fashion either with 
commutators or with anticommutators. In both cases, the Heisenberg equation 
for the quantum field ¥(r) associated with the classical field y(r), 


P(r) = = [ P(r), H] (A 66) 


has the form of a Schrédinger equation 


on h? 
in (r) = i 77 4 + vin | Wir). (A .67) 


Note that the rules concerning the measurement of physical quantities are 
unchanged. For example, two physical quantities relative to the quantized field 
can be measured simultaneously only if the corresponding operators commute, 
whether the theory is quantized with the commutation relations (A.61) or with 
the anticommutation relations (A.65). However, it is necessary to mention here 
that the fields themselves are not necessarily physical variables. Thus, in the 
example of the quantization of the Schrédinger equation with anticommutators, 
one finds that it is not possible to give physical meaning to the operator Y¥(r) 
(which has real and imaginary parts) as one can to an electric or magnetic field. 
Only the quadratic Hermitian functions of Y represent physical quantities, to 
which one then applies the measurement postulates. For example, g¥* (r) ¥(r) 
is the operator associated with the charge density at point r. The fact that ¥(r) 
is not a physical variable renders less troublesome certain of its properties— for 
example, the fact that ¥(r) anticommutes with itself. 


(ii) Depending on whether the quantization of the field rests on commutators 
or anticommutators, the particles associated with the elementary excitations 
of the quantized field are bosons or fermions (see for example Exercise 8). 
When the field is relativistic, a link exists between the “spin” of the field and 
the statistics of the particles associated with it. Very general considerations 
(relativistic invariance, causality, positive energy) allow one to show that the 
quantization of a relativistic field of integer spin can only occur in a satisfac- 
tory way (that is, without violating the principles above) if it depends on 
commutators. In contrast, if the spin is half-integer, it 1s necessary to use 
anticommutators (*). Thus, the electromagnetic field, which is a vector field and 
has spin 1, must be quantized with commutators, with the result that the 
particles associated with it are bosons. In contrast, the Dirac field has spin 5, 
and the particles associated with it (electrons and positrons) are fermions. 
Complement A, of Chapter V gives an idea of the connection which exists in 
this case between the requirement for positive energy and the quantization by 
anticommutators. 


(*) This result is known as the “spin-—statistics” theorem; it is due to W. Pauli, Phys. 
Rev., 58, 716 (1940). 
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B— THE STANDARD LAGRANGIAN OF 
CLASSICAL ELECTRODYNAMICS 


In this part we begin (§B.1) by giving the expression for the Lagrangian 
most generally used in classical electrodynamics, and which we call “the 
standard Lagrangian”. We will show then (§B.2) that the Maxwell—Lorentz 
equations arise naturally as the Lagrange equations for one such 
Lagrangian. Finally (§B.3) we analyze general properties of the standard 
Lagrangian, namely, symmetry properties, gauge invariance, and redun- 
dancy of the dynamical field variables. 


1. The Expression for the Standard Lagrangian 
a) THE STANDARD LAGRANGIAN IN REAL SPACE 


The Lagrangian for the system made up of particles interacting with the 
electromagnetic field is given as a function of the dynamical variables 
relative to each of the subsystems. The dynamical variables of the particles 
form a discrete set involving the components of the position r, and of the 
velocity r, for the particles denoted by the index a. For the electromag- 
netic field, it is the potentials and not the fields which appear as “good” 
generalized coordinates in the Lagrangian formalism. This is not surpris- 
ing, since the equations of motion for the potentials are second order in 
time, as the Lagrange equations, while the Maxwell equations for the field 
are first order. At each point r, four generalized coordinates are required, 
these being the three components A ,(r) of the vector potential A(r) and 
the scalar potential U(r) and the four corresponding velocities A, j(t) and 

U(r), so that the field dynamical variables are 


{A(r), U(r); A(r), U(r)} for alll r. (B.1) 


The dynamics of the system particles + electromagnetic field can be 
derived from the standard Lagrangian 


b=). =m, r+ 2 exc — c* B(r)] + 
+ Dla t.* AC) — 4, Ute] — (B.2) 
the fields E and B being given as a function of the potentials A and U: 


E(r) = — VU(r) — AQ) (B.3.a) 
Bir) = V x A(r). (B.3.b) 
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We will show below that this Lagrangian gives back the Maxwell—Lorentz 
equations, which will justify a posteriori the choice (B.2). This Lagrangian 
has three terms: the Lagrangian for the particles, Lp [first term of (B.2)]; 
the Lagrangian of the electromagnetic field, Lz [second term of (B.2)], 
and the interaction Lagrangian L, [last term of (B.2)]: 


L=Lp+L, +L, (B.4.a) 
Lp = y5m, r? (B.4.b) 
= = | d°7[E7(r) — c? B(r)] (B.4.c) 

= ¥[q,t,° A(t.) — q. U(r,)] - (B.4.d) 


By using the charge density o(r) and the current j(r) introduced in Chapter 
I [see Equations (A.5.a) and (A.5.b)], one can then rewrite L; in the form 


= | d*7[j(r)- A(t) — p(r) U@)] (B.4.e) 


Finally, regrouping (B.4.c) and (B.4.e) leads to the introduction of the 
Lagrangian density #: 


2) = ZF — 2 BD] + i) AW — PH UM (B.5.a) 
and the following form for the standard Lagrangian: 
L=Y5m,i + [are (B.5.b) 


Note that the interaction term (B.4.e) is local; the current density (or 
the charge density) at point r is multiplied by the vector (or scalar) 
potential at the same point. In the field Lagrangian (B.4.c), spatial 
derivatives of the potentials arise through E and B, which expresses a 
coupling between the field variables from point to point. This coupling is 
the origin of the propagation of the free field. 


b) THE STANDARD LAGRANGIAN IN RECIPROCAL SPACE 


We have seen in Chapter I that the Maxwell equations are much 
simpler in reciprocal space. In the same way, it is interesting to express the 
standard Lagrangian as a function of the potentials in reciprocal space. 


102 Lagrangian and Hamiltonian Approach IT.B.1 
The Parseval—Plancherel equality allows one to rewrite (B.5) in the form 


C= 5M i + $ [eer &(k) |? — c? | B(k) 7] + 
= a%tjra * H(k) — p*(k)U(k)] = (B.6) 


Equation (B.6) suggests choosing as dynamical variables the compo- 
nents of the potentials in reciprocal space as well as their velocities. 
However, it is necessary to take several precautions: going from real space 
to reciprocal space corresponds to a change of variables which transforms 
real quantities into complex quantities. The new variables then have twice 
as many degrees of freedom as the old variables. But there are constraint 
relationships tied to the fact that A(r) and U(r) are real: 


A (k) = H*(— k) (B.7.a) 

U(k) = “U*(— k). (B.7.b) 

If the potentials are known in a “reciprocal half space”, they are known 

everywhere. One is then led to take as independent variables the potentials 

and their complex conjugates in only half of reciprocal space. The equali- 
ties 

&(— k)- &*(— k) = &*(k) - &(k) (B.8.a) 

J*(— k)+ f(— k) =/ (Kk) > A *(k) (B.8.b) 


which follow from (B.7), allow the rewriting of the Lagrangian (B.6) as a 
function of the field variables in a half space. Denoting by {dk the 
integral extended over a half volume of the reciprocal space and by ¥ the 
Lagrangian density in the reciprocal space, one gets 


L= 5m, i2 +fa%Z (B.9.a) 
L = [| &(k) 2 — c? | Bk) |7] + 

+ [f*(k) > of (k) +/(k) > of *(k) — p*(k) UK) — p(k) ¥*(K)] (B.9.b) 
or, again expressing & and & as functions of #W and %, 


&€ = — fb —ikY (B.10.a) 
Ba=ikx f (B.10.b) 
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L= soll A (k) + ik@(k) 2 — ce? |k x 2f(k) 7] + 
+ [j*(k) > (k) +/ (kK) > *(K) — p*(k) @(k) — p(k) Y*(K)].  (B.11) 


This new form, equivalent to the standard Lagrangian, presents certain 
advantages. First of all, the Lagrangian density is strictly local in k. The 
derivatives of # and @ with respect to k do not appear (there is no 
coupling between neighboring points as in real space). Additionally, in 
(B.9), the contribution of the various modes of the field appear explicitly. 
As we shall see below, it is then very easy to separate the contributions of 
the nonrelativistic modes, or those of the long-wavelength modes, for 
which an electric dipole approximation is possible. 


2. The Derivation of the Classical Electrodynamic Equations from the 
Standard Lagrangian 


a) LAGRANGE’S EQUATION FOR PARTICLES 


Since the particle variables are discrete, we apply Lagrange’s equation 
(A.2) to the standard Lagrangian (B.2). One calculates first dL/d(r,), and 
OL/O(T,);: 


CL 
ar); ar, re r,) 


Ut, + a5 7 - . [r,° AG, )]  (B.12) 


which, using the vector identity 
V(A - B) = (B- V)A4+(A+V)B+B x (V x A) +A x (V x B) 
(B.13) 


becomes 


OL 


ar): eo U(r, 1) + qults + V) Ai(t,, 1) + 


+ q[t, x (V x A(,,2)];. (B-14) 
In addition 
CL 
(r,); 
The Lagrange equation describing the motion of particle a is gotten by 
differentiating (B.15) with respect to time: 
d ob 
dt a(r,); 


= m,(I,); + Va Ar, t) : (B. 15) 


= mM, (r,); a 4 = AXr,, t) Sa Q(T, V) Ar,, t) (B. 16) 
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and by setting that expression equal to (B.14). One gets finally 


zi CA(r,, t : 
m,!, = a - ssi AL — VU(r,, a, + q,¥t, x (V x A (r,, 2)) (B.17.a) 
m,¥, = 4, E(r,) + qt, x B(r,) (B.17.b) 


which is the Lorentz equation. 


b) THE LAGRANGE EQUATION RELATIVE TO THE SCALAR POTENTIAL 


For the equations relative to the field, one can use the Lagrangian 
density in real space or in reciprocal space. Here we take the second 
option, since it gives the quickest result. Starting with (B.11), one gets 


of 


age =~ boik + [of + kW] — p. (B.18) 


In addition, since Y* does not appear in Y, 
Of 
ou 


= 0. (B.19) 


The Lagrange equation (A.52.b) is then written as 


— ik: [oJ + ik@] == (B.20) 
O 
which is finally 
ik-@ =f (B.21) 
Eo 


and is nothing but one of Maxwell’s equations written in reciprocal space 
[see (B.5.a) of Chapter []. 


c) THE LAGRANGE EQUATION RELATIVE TO THE VECTOR POTENTIAL 


Starting with (B.11) for # and using the identity 
(k x o)-(k x *) = [(k x #) x k]- w* (B.22) 
one can derive 


0L 


apa tt c[k x (k x )], +7,. (B.23.a) 
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In addition 
OL 
—— = @/, + ik, @). (B.23.b) 
Of * 


The Lagrange equation relative to ~,* is then 


el, + ik; @] = — & c*[ik x (ik x )],+ 4,  (B.24) 


which is finally, using (B.10), 


ik x @=5é+—5 we (B.25) 
ee oa 
One has here another of Maxwell’s equations in reciprocal space [see 
(B.5.d) of Chapter I]. 

In conclusion, the application of the principle of least action to the 
standard Lagrangian has given us on the one hand the Lorentz equation 
for a particle in an electromagnetic field, and on the other the second pair 
of Maxwell equations which relates the fields to their sources. [The first 
pair of Maxwell equations results directly from Equations (B.10) relating 
the fields & and @ to the potentials & and %.] 


3. General Properties of the Standard Lagrangian 
a) GLOBAL SYMMETRIES 


The form of the Lagrangian is invariant under certain geometric 
transformations: translation and rotation with respect to the system of 
axes to which the particles and the field are referred. The Lagrangian is 
also invariant under a change of the time origin. From these invariance 
properties it is possible to derive expressions for a certain number of 
conserved quantities, namely, the momentum, the angular momentum, 
and the total energy of the system field + particles. (This is done in 
Complement B,,, on the form which the standard Lagrangian takes in the 
Coulomb gauge.) 

The standard Lagrangian (B.2) does not transform simply under a 
Lorentz transformation. Indeed, it is clear that the standard Lagrangian 
does not treat the particles in a relativistic way, the Lagrangian of the 
particles, equal to Lm,i2/2, being purely Galilean. We are now going to 
show that the Lagrangian (B.2) can be gotten in the classical low-velocity 
limit (v/e < 1), starting from a relativistic Lagrangian, that is, one with a 
relativistically invariant action. 

We note initially that the Lagrangian density of the electromagnetic 
field is a relativistic scalar field. Indeed, it is a function of the electromag- 
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netic tensor field F"” [see Chapter I, Equation (B.28)] of the following 
form: 


2 
Gio ez) FF (B.26) 
uy 


which is manifestly invariant under a Lorentz transformation. The contri- 
bution to the action of the Lagrangian density of the free field is written 


Sp = {a [err Lp. (B.27) 


Now, &%, on one hand and the volume element dt d?r on the other are 
relativistic invariants. It is clear then that the action S, is a relativistic 
invariant. 

We will show now that the interaction Lagrangian between the particles 
and the field contributes equally to the action in a covariant fashion. For 
this it is sufficient to note that the infinitesimal variation of the action 
relative to the interaction of particle a with the field arises as the scalar 
product of the four-vector dxf with the four-potential A,;: 


dS, = L, dt = Yq,[dr,* A(r,, 1) — dt U(r, )] ~~ (B.28) 
dS; = — )\q, dxt A,. (B.29) 
ay 


Finally, it suffices to transform the Lagrangian of the particles, Lp, to get 
a relativistic Lagrangian. To this end, we replace Lp by 


3 
i 
pet = — }m,c? eee (B.30) 


The infinitesimal variation of the action corresponding to (B.30) is then 
written 


r 
dS = Ly'dt= —Yomc? /1—-Sdt=—-—) mc? dt, (B.31) 
c a 


where 


dt,= dt fi1—+ (B. 32) 


is the proper time of the particle a. Since dz, and dS are relativistic 
invariants, the Lagrangian (B.30) is also a relativistic Lagrangian. Addi- 
tionally, expansion of (B.30) in powers of ¥2/c* gives, to within a constant 
term —L,m,c*, the Lagrangian L, given in (B.4.b). 
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In conclusion, it appears possible to introduce a fully relativistic 
Lagrangian 


r2 
pa me 2 + # {arlEr@ — c? B(r)] + 


+> [at * A@,) — 4d, U(r,)] (B-33) 


which can serve as the basis for classical electrodynamics. However, if one 
proceeds in this fashion, difficulties arise in quantization of the theory, 
primarily as a result of the impossibility of constructing a relativistic 
quantum theory for a fixed number of particles. 


Remarks 


(i) It turns out that the correct procedure for constructing a relativistic quan- 
tum theory involves starting from a classical theory where the particles are 
described, like radiation, as a relativistic field (Klein—Gordon field, Dirac field, 
etc.) coupled to the Maxwell field. Then when such a theory is quantized, the 
particles, indeterminate in number, appear as elementary excitations of the 
quantum matter field and interact with the photons, which are the elementary 
excitations of the quantized Maxwell field (see Complement A, ). 


(ii) It is possible to justify the use of the standard nonrelativistic Lagrangian 
(B.2), and, as a result, of the Hamiltonian in the Coulomb gauge which we will 
derive below, by starting from relativistic quantum electrodynamics and exam- 
ining the low-energy limit of this theory. One finds to the lowest order in v/c 
the dynamics described by (B.2). One also gets the interaction terms tied to the 
spins of the particles (see Complement B, ). 


b) GAUGE INVARIANCE 


The Maxwell—Lorentz theory of electrodynamics is manifestly invariant 
under a change of gauge, since only the electric and magnetic fields appear 
in the basic equations. Gauge invariance is less evident for the Lagrangian 
theory, which uses the potentials as variables to describe the field. It is 
thus appropriate to examine the consequences of a gauge change in the 
Lagrangian formalism. 

Following Equations (A.12) from Chapter I, a gauge change is defined 
by 


A‘(r, t) = A(r, t) + VF(r, 0) (B .34.a) 


U'(r, t) = U(r, t) - £ Fe t) (B.34.b) 
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F can be an explicit function of r and ¢, but can also depend on the field 
variables, which are themselves functions of r and ¢. 

In the transformation (B.34), the Lagrangian of the particles is evi- 
dently not modified; nor is the Lagrangian of the field, which depends 
only on the electric and magnetic fields. Only the interaction Lagrangian 
is changed. The gauge change amounts to adding to the Lagrangian 
density ¥ of the field given by (B.5.a) the quantity 


Go =j-VF +S (B .35) 
which one can write in the form 
; 0 ap 
L, = V(jF) + a, (pF) —(V-j+— ay F (B. 36) 


The first two terms add to the Lagrangian density a divergence and a time 
derivative. According to (A.40) this transforms the Lagrangian into an 
equivalent Lagrangian (see however the Remark below). As for the last 
term of (B.36), it is zero as a result of charge conservation. It then appears 
clear that charge conservation is a necessary condition for gauge invari- 
ance. 


Remarks 


(1) There is not total equivalence between the changes in the Lagrangian and 
the gauge transformations. For example, in (B.34), F can depend on A, U, A, 
and U, which are themselves functions of r and ¢. All transformations which 
leave Maxwell’s equations and the fields E and B invariant are gauge transfor- 
mations. On the other hand, it is only when F does not depend on the velocities 
A and U that it also corresponds to a change in the Lagrangian, since otherwise 
the accelerations A and U would appear in the Lagrangian. Conversely, the 
changes in the Lagrangian density defined by (A.40) do not necessarily corre- 
spond to a gauge transformation. By comparing (A.40) and (B.36), one sees 
that for that it is necessary that a function F exist such that 


f = jF (B.37.a) 
fo = pF. (B.37.b) 


Now it is not possible in general to satisfy both these conditions. 


(ii) In the gauge field theories, gauge invariance plays a much more fundamen- 
tal role. Starting with the fields representing particles, one requires that the 
theory be invariant under a local change of phase of the fields. To realize this 
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invariance, it appears necessary to introduce a vector field (the electromagnetic 
field) coupled to the field of the particles in such a way that the phase changes 
in the matter field entail gauge transformations of the vector field (see Exercise 
9). One introduces in this way a fundamental relationship between the change 
of phase of the matter field and the gauge change of the electromagnetic field. 


c) REDUNDANCY OF THE DYNAMICAL VARIABLES 


In the description of electrodynamics through the standard Lagrangian, 
the field is described at each point r by the potentials A and U and the 
corresponding velocities (B.1). Thus, the dynamical variables are eight in 
number at each point in space. Now the approach to electrodynamics in 
Chapter I, resting on the Maxwell—Lorentz equations, introduces six 
degrees of freedom for each point [the three components of the electric 
and magnetic fields E(r) and B(r)]. Besides this, writing the Maxwell 
equations in reciprocal space allows one to show that the longitudinal 
components ¢,(k) and #,(k) are fixed by algebraic equations [Equations 
(B.5.a) and (B.5.b) from Chapter I]; the evolution of the four other 
dynamical variables (the transverse electric and magnetic fields) is de- 
scribed by differential equations which are first order in time [Equations 
(B.49.a) and (B.49.b) of Chapter I]. It is thus evident that in describing the 
electromagnetic field by the potentials s& and Y one has introduced an 
overabundance of degrees of freedom. Thus constraint relations must exist 
between the dynamical field variables. 

We now examine how these constraints appear. An analysis of the 
Lagrangian density Y in (B.11) shows that Y does not appear in this 
Lagrangian density. This implies, on one hand, that the conjugate momen- 
tum associated with the variable Y is identically zero, and on the other 
hand, that the Lagrange equation (B.20) associated with Y relates Y to 
the other dynamical variables by an algebraic equation. This type of 
problem has already been considered in §A.1.e. When the velocity associ- 
ated with a generalized coordinate does not appear in the Lagrangian, this 
coordinate can be eliminated by expressing it as a function of the other 
dynamical variables, giving a reduced Lagrangian. Here such a step allows 
the elimination of the scalar potential Y, and one gets a Lagrangian where 
only the three components of the vector potential »./ and their time 
derivatives appear. One can further reduce the number of degrees of 
freedom of the electromagnetic field through the choice of gauge. It 
follows from equations (B.8.a) and (B.26) of Chapter I that a choice of 
gauge amounts to fixing the longitudinal component of the vector poten- 
tial A, which is otherwise arbitrary. This then leads to a satisfactory 
physical situation where the field has at each point four independent 
physical variables which correspond to the two transverse orthogonal 
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components of the vector potential .7,(k) and .%,(k) and to their time 
derivatives 7 (k) and .%_(k). 


Remarks 
(i) .o,(k) 1s taken in a reciprocal half space and satisfies 


f,(k) = & + (kK) (B.38) 


where e is one of the two (real) transverse vectors. In the other half space we 
define 


fh(—k) = 8+ d(—k) (B.39) 


where e is the same vector for k and —k. 


(ii) Since the fields in reciprocal space are complex, one could imagine that the 
component .%,(k), for example, corresponds to two real degrees of freedom (the 
real and imaginary parts). In fact, since 


d(—k) =€+ A (—k)= e+ (kK) = AK) (B40) 


one has for the set of points k and —k two real degrees of freedom, i.e. one at 
each point. 


The step described above results in a reduced Lagrangian where the 
field is described only by four dynamical variables, and the symmetry 
between the four components of the four-potential in the standard La- 
grangian is now destroyed. It is of course tempting to try to quantize the 
theory without going through the reduced Lagrangian, keeping the four 
components of the four-potential as independent variables. However, such 
a procedure is impossible if one starts from the standard Lagrangian, since 
the conjugate momentum 7(, associated with Y is identically zero accord- 
ing to (B.19). It is thus impossible to impose upon the operators associated 
with &Y and 7, the canonical commutation relations (A.61.b). The conser- 
vation of symmetry between the four components of the four-potential is 
then possible only through the use of another Lagrangian (see Chapter V). 

The natural step to quantize the theory starting from the standard 
Lagrangian consists then in eliminating WY to get a reduced Lagrangian, 
and then choosing a gauge by fixing »/,. The simplest possible choice 
corresponds to the Coulomb gauge (see Chapter I, §A.3). One is then 
naturally led to study electrodynamics in the Coulomb gauge. Other 
choices of gauge corresponding to other values of , can of course be 
considered (examples of this are given in Chapter IV). 
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C— ELECTRODYNAMICS IN THE COULOMB GAUGE 


In this final part, we will show how one eliminates the redundant 
dynamical variables in the standard Lagrangian (§C.1). This will lead to 
the Lagrangian in the Coulomb gauge, the properties of which will be 
examined in §C.2. We will then pass to the Hamiltonian formalism (§C.3) 
and to the canonical quantization of the theory (§C.4). Finally we will 
discuss the important characteristics of this theory (§C.5). 


1. Elimination of the Redundant Dynamical Variables from the 
Standard Lagrangian 


a) ELIMINATION OF THE SCALAR POTENTIAL 


Following the route sketched in §B.3.c, we will use Lagrange’s equation 
relative to WY to express the scalar potential as a function of the other 
dynamical variables and thus get a Lagrangian depending on a smaller 
number of degrees of freedom. 

Lagrange’s equation (B.20) allows one to write 


| ae ers p 
where 


By replacing Y with (C.1) in the standard Lagrangian (B.11), one gets a 
Lagrangian depending on a reduced number of dynamical variables (the 
components of the vector potential and the associated velocities) which we 
still call L 


LS D5m, i? + &, {aH ss a an — c(k x @*)+(k x 4) 
32] - p*p 1 y ; 
+fe li "B+ yz f* — ee = z(P™ A — psit)| (C.3) 
In the same way, one eliminates @ from the expressions for all the 
physical variables which depend on it. Thus, the electric field in reciprocal 
space (B.10.a) is now written as 


k 


a (C.4) 


B(k) = — oh) - + p 


It depends on the field variables (. ,) and the positions of the particles 
(which appear in p). 
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Returning to the Lagrangian (C.3) and grouping the terms, one gets 


L=Y5m,i2 ~ fae SE + co fa Med -o  — ck? of *+ of) + 


— ¢(p* ft — pol} | (C.5) 


b) THE CHOICE OF THE LONGITUDINAL COMPONENT OF THE 
VECTOR POTENTIAL 


The longitudinal component ., of appears only in the density L 
arising in the last term of (C.5): 


Ly =Ft Ay +4) Li - 1 (p* ob — pl). (C.6) 


The Lagrange equation for »/, derived from (C.6) is written 
p a ee 1k (C.7) 


and is just the well-known equation for charge conservation (in reciprocal 
space). Clearly, this is not an equation of motion for .%,, so that ./, can 
take any value. 

This last point is even clearer if the equation of charge conservation 
(C.7) is used to express 7, as a function of 6. One then finds that (C.6) 
can be written 


— l |. ; : ‘ 
Z “ee + polit — p* xf — p* || 


=; © [psl}t =p SG | (C.8) 


which gives for the Lagrangian (C.5) 


L=T3zmit— fare <8 fae + Ah — ck? of * + + 


+ fara A +f b¥) +5 4k pleas ~ p* fy]. (C.9) 


Since two Lagrangians which differ only in a total time derivative of a 
function of the coordinates are equivalent, it appears that the evolution of 
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the system does not depend on the value of 7, which appears exclusively 
in such a total derivative. ./, is not a true dynamical variable, since its 
value can be arbitrarily chosen without changing the dynamics of the 
system. 


Remark 


The possibility of choosing #, arbitrarily is evidently related to gauge invari- 
ance. On changing the gauge, ./, does not change and »/, becomes [see 
(B.8), Chapter I} 

Ay = Ay +ikF. (C.10) 


On changing the gauge, only the last term of the Lagrangian (C.9) is changed, 
and this is a total derivative with respect to time. 
One can imagine various possible choices for the longitudinal compo- 
nent of the vector potential. The simplest choice obviously is 
ft =0 (C.11) 


which requires that V - A be zero in the entire real space and thus selects 
the Coulomb gauge. 


Starting from this point, unless otherwise stated we will work in the 
Coulomb gauge, where the vector potential is purely transverse: 


an (C.12) 


To simplify the notation, we will henceforth omit the index 1 . 


2. The Lagrangian in the Coulomb Gauge 


The Lagrangian in reciprocal space in the Coulomb gauge derives from 
(C.9): 


2 — 4 
L=L5mit~ fore + fan, (C.13.a) 


Eo 
Po = bf A* + A — 7K? A*- A+ g*+ A + f+ h*. (C.13.b) 


The dynamical variables of the particles, r, and r,, appear not only in the 
term Lm,f2/2 but also in the charge density p and in the current f The 
second term of (C.13.a) can be transformed into an integral over all space, 
thanks to the reality condition p(k) = p*(—k). One then finds precisely 
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the integral (B.32) from Chapter I, which is nothing but the Coulomb 
energy of a system of charges: 


Da Fp 


C.14 
ty = ig ( ) 


2 
] é, k? Coul » Ecoul + 2, 4 TE, 


ECoy being the energy of the Coulomb field of particle a, defined by (B.36) 
of Chapter I. 

The Lagrangian of the field and the interaction Lagrangian can also be 
expressed as functions of the fields in real space. After transforming the 
integrals on a reciprocal half space into integrals on a full space and 
applying the Parseval—Plancherel equality, one gets 


L= 5m, i - V coul + [ar (C.15.a) 
Go = ZA? — XV x A)? 4j-A. (C.15.b) 


One should remember now that the vector potential A has only two 
degrees of freedom at each point of space r. The constraint relations, 
which have a simple expression in reciprocal space (see C.11), are more 
cumbersome in real space, since they have a differential form: 


V:-A=0. (C. 16) 


As a result we will most often use the Lagrangian density in reciprocal 
space. For example, in Exercise 4 Lagrange’s equations are derived di- 
rectly from the Lagrangian (C.13). 


Remark 


None of the transformations which allow one to go from the standard 
Lagrangian (B.2) to Lagrangians (C.13) or (C.15) in the Coulomb gauge ever 
involve the Lagrangian of the particles &,m,t2/2. The same procedure could 
be applied to the relativistic Lagrangian (B.33). It follows that the Lagrangian 


ES cD me LE Vou + fare Z, (C.17) 


where Y&. has the same form as in (C.13.b), is relativistic for the particles as 
well as for the field. On the other hand, such a Lagrangian is not manifestly 
covariant; that property is tied to the choice of gauge (C.16), which is not 
invariant under Lorentz transformation. 
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3. Hamiltonian Formalism 
a) CONJUGATE PARTICLE MOMENTA 


To find the conjugate momentum associated with the variable r,, one 
uses (C.15) for the Lagrangian, where the current j is replaced by its 
expression in terms of r, and f£,: 


j=), 4,1, 6(r — r,(2)). (C.18) 
The only terms in the Lagrangian depending on the particle velocities are 
5m, ro +) q,t, ° A(r,)- 
It follows that the momentum associated with the discrete variable (r,), is 


OL 
a(r,); 


(P,); = = mAr,); a es AXr,) . (C. 19) 


The conjugate momentum associated with r, is different from the mechan- 
ical momentum m,i,. We shall return to this point. 


Remark 


One can also calculate the conjugate momentum starting with the relativistic 
Lagrangian (C.17). One gets 


m, ft, 
P, = —=== + gq, A(,) (C. 20) 


which agrees well with (C.19) in the limit v/c « 1. 


b) CONJUGATE MOMENTA FOR THE FIELD VARIABLES 


To calculate the conjugate momenta associated with the field variables, 
one uses the Lagrangian (C.13). At each point k, the field has two 
independent generalized coordinates ~, and »~.. The definition of the 
conjugate momentum in reciprocal space (A.53) leads to 


Tl (kK) = &) (kK). (C.21) 


The complex vector 7% whose two components are 7, and 7L,, : 


N= 1,8+ 7,8’ (C..22) 
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is the momentum conjugate with x and can then be written using (C.21) 
as 


7 (k) = & (k). (C..23) 


Remarks 


(i) Rigorously, we have calculated 7€(k) only in a half space, namely the one 
corresponding to the integration domain of (C.13.a). One can define :7T (k) for 
all k by extending the equality (C.23) to all space. The fact that A is real 
requires then that 


T(—k) = 7*(k) (C24) 


or equivalently, taking the derivative of (B.40) with respect to time and using 
(C.23), 


7,(—k) = TC*(k). (C.25) 
(i) The conjugate momentum in real space is gotten by Fourier transformation 
of (C.23) defined over all space [see (A.58)]. One then gets 

M(r) = ¢, A(r). (C..26) 


Note that this result could also be gotten directly by differentiating the 
Lagrangian density (C.15.b) with respect to A. However, such a step is not 
rigorously correct, since the three components of A are related by the constraint 
relation (C.16) and cannot be varied independently. 


c) THE HAMILTONIAN IN THE COULOMB GAUGE 


The procedure of §§A.2.d and A.2.g applied to the Lagrangian (C.13) 
leads to the following Hamiltonian: 


H=)p,:t,+ [aK m- of* +T*+ VS) —L. (C.27) 
Using (C.19) and (C.23) to eliminate the velocities, one gets 
I 
H = Lae Lp, — 4G, A(r,)]? cs V cout + 


x, 
+ & fa] + 2k? f*- | (C.28) 


0 


It is also possible to express the Hamiltonian as a function of the fields in 
real space: 


= > 2 - Lp, — qa A(r,)]? oe V cout ly 2 jal (2) Ae c7(V x a] 
a a 0 
(C.29) 
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Using (C.19) and (C.26), the Hamiltonian in the Coulomb gauge appears 
as the sum of the kinetic energy of the particles, their Coulomb energy, 
and the energy of the transverse fields. 


Remark 


Using (C.27) and the relativistic expression (C.20) for the conjugate momentum 
Pp,» one gets a Hamiltonian 


_ A(r 2 41/2 
H= ym, ef + [ P, ct a | He 


Eo | 3) fil ‘ 2 2 
+ Voou + > dr a + c*(V x A) (C. 30) 
0 


whose nonrelativistic limit is (C.29). 


d) THE PHYSICAL VARIABLES 


In this subsection, various physical variables related to the particles and 
to the field are expressed as functions of the variables and their conjugate 


momenta. 
The velocities of the particles derive easily from (C.19): 


t= fp, - a AG] (C.31) 


Expressing as a function of the conjugate momentum 7 in (C.4), we 
find 


E(k) = &(k) + &(k) (C.32..a) 

&,(k) = - 20a (C.32..b) 

6(k) = ~~ mh). (C.32.0) 
0 


In real space this same expression becomes, following Fourier transforma- 


tion, 


E(r) = E,(n) + E,() (C.33.a) 
] ae 
E(r) = tna, oe P (C.33.b) 


E (r) = - Nt). (C .33.c) 
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For the magnetic field, the equations do not depend on the conjugate 
momenta and it is sufficient to give (B.10.b) and (B.3.b): 


B=ikx Vf (C..34.a) 
B=VxA. (C.34.b) 


Finally, one can express the momentum P and the angular momentum 
J of the global system particles + radiation [defined in Chapter I by (A.8) 
and (A.9)] as functions of the variables and their conjugate momenta. One 
finds 


P=) p,- i fare x (k x SZ) — Rx (k x *)] (C.35.a) 


a 


P= Yp,— [aril x (W x Ay (C.35.b) 


d= 3x, x p,m [etre x [Mx (0 x Al]. (C. 36) 


Note also that the expressions (C.28), (C.29), (C.35), and (C.36) gotten 
above for H, P, and J can be derived directly from the symmetry 
properties of the Lagrangian in the Coulomb gauge (see Complement B,,). 


4. Canonical Quantization in the Coulomb Gauge 
a) FUNDAMENTAL COMMUTATION RELATIONS 


The general principles of canonical quantization have been examined in 
§§A.1.¢ and A.2.g for the cases of a discrete number and a continuum of 
degrees of freedom respectively. It suffices then to apply these results 
to the particular case of the variables and conjugate momenta introduced 
in the subsection above. 

For the particles, the fundamental quantization relations use the opera- 
tors associated with (r,); and (pg) ;: 


Li» (Dy); ] = ih Oi; Ong (C.37) 


For the electromagnetic field, we have shown that at every point k in a 
reciprocal half space there are two independent complex dynamical vari- 
ables .(k) and .%,(k), associated with which are two conjugate momenta 
7,(k) and 7t,(k). The commutation relations between the operators associ- 
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ated with these variables derive from (A.61) and are written 
[-%(k), 1(k’)] = 0 (C.38.a) 
[0,(k), 1(k’)] = if 5, 5(k — k’) (C.38.b) 


the other commutators being zero. 


Remark 


In (C.38), k and k’ belong to the same half space. It is possible to generalize 
(C.38) to all reciprocal space using the relationships between operators given by 


b(—k) = ,*(k) (C..39.a) 
T(—k) = Ti (k) (C.39.b) 


which follow from (B.40) and (C.25) between classical quantities. Equations 
(C.38) then become 


[.f(k), 71,(k’)] = if 6, (k +k’) (C.40.a) 
[.o(k), 70, (k’)] = if 6,,. 6(k — k’) (C.40.b) 


all other commutators being zero. 

To prove (C.40.a) it suffices to note that if k and k’ are in the same 
reciprocal half space, k + k’ can never be zero, so that (C.40.a) reduces to 
(C.38.a). On the other hand, if k and k’ are not in the same half space, it 
suffices, taking account of (C.39.b), to replace 7U_,(k’) by Tt, (-K’) and to use 
(C.38.b) (which then applies since k and —k’ are in the same half space) to 
prove (C.40.a). A similar procedure serves to prove (C.40.b). 


b) THE IMPORTANCE OF TRANSVERSALITY IN THE CASE OF THE 
ELECTROMAGNETIC FIELD 


The commutation relations (C.38) and (C.40) arise as a natural conse- 
quence of the steps leading to quantization. It is necessary to stress the 
fact that one of the most important stages in this procedure has been to 
isolate the truly independent dynamical field variables. In particular, the 
fact that the vector potential is transverse (zero divergence in real space) 
implies that the three components A,(r) (i = x, y, z) are not independent. 
This constraint also appears when the commutation relation between 
A (x) and IT,(1’) is considered. We will see indeed that 


[A(r), 1,0)] 4 ih 6,, dr — r’/). (C.41) 


So one must not crudely apply the commutation relations (A.47) when the 
independent dynamical field variables have not been clearly identified. 
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To determine the commutator between A,(r) and IJ,(r), one begins 
with the commutator between the corresponding quantities in reciprocal 
space. The Cartesian component .%,(k) as a function of the transverse 
components 1s 


ALK) = &, S(k) + & A,Ak) (C.42.a) 
with 
=e. (C.42.b) 


The Cartesian component 7 (k’) is defined by equations analogous to 
(C.42). Using (C.40.b) one gets 


[.W(k), 70,*(k’)] = ifi(e, ¢; + ef 6) (k — k’). (C43) 


Since { e, e’, x} forms a basis for the space, (C.43) can be replaced by 


[.(k), 70*(k)] = il 6, = el 5(k — k’). (C..44) 


We have seen above that (C.40.b) is true for all values of k and of k’. The 
same result holds for (C.44). Multiplying both sides of (C.44) by 
eik-reik'r’ (297)? and integrating twice over all reciprocal space, one gets 
by Fourier transformation, on the left, [ A,(r), IT; (r’)] and on the right the 
function 6,; (r — r’) introduced in Chapter I [see (B.17) in Chapter I and 
Complement Aj]. Finally, using the fact that [7 ,(r) is Hermitian one finds 
[A(n), T(r] = ih 6(r — vr’). (C.45) 


J 


c) CREATION AND ANNIHILATION OPERATORS 


In Chapter I, the classical normal variables a(k) were introduced as 
linear combinations of (k) and of &, (k) [see (C.30) of Chapter I]. 
Using (C.32.c), one can express &, (k) as a function of the conjugate 
momentum 7(k) and then get the following expression for a,(k) = € - a(k): 


a(kK) = | — fost +> mth) | (C. 46) 


As has already been seen in Chapter I, the interest in the normal variables 
is that they evolve independently in the absence of sources. Additionally, 
one does not have a relationship between a(—k) and a*(k) analogous to 
the constraint relations (B.7.a) and (C.24) (which arise because A and II 
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are real), with the result that the normal variables at each point k are 
independent of the normal variables at point —k. 

After quantization .o7,(k) and 7(k) become operators. The same linear 
combination of these operators, analogous to (C.46), allows one to define 
the operators a@,(k), which are the quantum analogues of the normal 
variables a,(k) (the operators a; being associated with o>): 


a,(k) = — Ee rs 4 m0) | (C.47.a) 
0 
a*(k) = > jos." = + mh) | (C.47.) 


To find the commutation relations for the operators a,(k) and a (k), it is 
necessary to use their definition (C.47) and the commutation relations 
(C.40) (which remain valid whatever k and k’ may be). Such a procedure 
gives 


La,(k), a, (k') | = 0 (C.48 .a) 
[a;"(k), a," (k’)] = 0 (C.48.b) 
[a,(k), a; (k’)] = 6,. 6(k — k’). (C..48 .c) 


These relations are identical to those (D.4) postulated in Chapter I. They 
show that the operators a,(k) and a? (k) are the annihilation and creation 
operators for the harmonic oscillator associated with the mode ke. We will 
see in Chapter III that a,(k) and a; (k) destroy and create a photon ke. 

Finally, it is possible to give all the observables of the field as a 
function of the operators a and a™ and to prove that one then gets the 
same expressions as those given in Chapter I (§C.4). 


5. Conclusion: Some Important Characteristics of Electrodynamics in the 
Coulomb Gauge 


To conclude this section devoted to electrodynamics in the Coulomb 
gauge we now review a few important characteristics of the theory which 
has been elaborated above. 


a) THE DYNAMICAL VARIABLES ARE INDEPENDENT 


A great advantage of the theory developed above is that one has 
eliminated the redundant variables of the field to get a simple situation 
where the number of dynamical variables is the minimum necessary to 
describe the field dynamics. As a result, the field can be quantized with a 
great economy in the formalism. 
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b) THE ELECTRIC FIELD IS SPLIT INTO A COULOMB FIELD AND A 
TRANSVERSE FIELD 


Equations (C.4) and (C.33) clearly show that the electric field appears 
as the sum of two terms; the first, depending on the particle coordinates, is 
the Coulomb field, and the other is the transverse field. Similarly, in the 
expressions for other physical quantities, such as the Hamiltonian, 
the terms arising from the Coulomb field are separated from those from 
the transverse field. This separation seems at first glance to raise a 
problem, since the Coulomb interaction is instantaneous (it depends only 
on the positions of particles a and f at f). It is clear, however, that the 
real interaction between particles a and 8 takes place with a retardation 
associated with the propagation of the field with velocity c. In fact, the 
retarded character of the electromagnetic interactions results from an 
exact compensation between two instantaneous parts coming from the 
Coulomb field and the transverse field respectively. This point has already 
been discussed in Chapter I (see §B.6 and Exercise 3). Globally the 
retarded character of the interactions is retained, but it is not obvious. 

On the other hand, this separation has an immense advantage for 
atomic and molecular physics in easily isolating the Coulomb interaction. 
For particles moving with low velocities (v/c < 1), this is an excellent 
approximation to the interaction between particles and allows, in particu- 
lar, a simple treatment of bound states. The terms corresponding to the 
transverse field then appear as corrections, in general of the order v*/c? 
with respect to the Coulomb interaction, and describing the effects of the 
retardation or magnetism. This separation is thus truly advantageous for 
physics at low energies. 


c) THE FORMALISM Is Not MANIFESTLY COVARIANT 


In a manifestly covariant formalism the three components of the vector 
potential and the scalar potential form a four-vector. By eliminating U 
from the Lagrangian and by taking A, = 0 we have deliberately aban- 
doned such a point of view. However, it is necessary to be aware that 
abandonment of the manifest covariance does not mean loss of relativistic 
invariance. The predictions for the electromagnetic field are in agreement 
with the theory of relativity even within the framework of the Coulomb 
gauge. 

There are however situations where it is necessary to retain covariance 
in the expressions, for example, to unambiguously eliminate the infinities 
in renormalization. Under those conditions U must be retained. However, 
since the momentum conjugate with U is zero in the standard Lagrangian, 
it is necessary to modify the standard Lagrangian to preserve the symme- 
try between U and A (see Chapter V). Quantization of radiation is then 
carried out in a space where the field has more degrees of freedom than 
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are physically necessary. This leads to the imposition of constraint condi- 
tions on the possible states in this overly large space. Furthermore, if one 
wants to treat the particles properly, it is necessary to think of them as 
excitations of a relativistic matter field (Dirac field, Klein—Gordon field, 
etc.). 

Finally, for physical problems at low energies such as are discussed in 
this book, such an approach would introduce several formal complications 
without improving our understanding of the physical processes. 


d) THE INTERACTION OF THE PARTICLES WITH RELATIVISTIC MODEs Is 
Not CORRECTLY DESCRIBED 


In the Coulomb-gauge Lagrangian (C.13), the particles can interact 
with arbitrarily high-frequency modes. Analogously, the Coulomb interac- 
tion is assumed exact at arbitrarily small distances. Now it is well known 
that in relativistic quantum theory the interaction with modes with fre- 
quency v such that Av > mc’ involves effects (creation of electron— 
positron pairs, vacuum polarization, relativistic recoil) which are not 
included in the theory developed here. These same effects (vacuum polar- 
ization) introduce a modification of the Coulomb interaction for small 
distances of the order h/me. 

To recapitulate, resonant interaction with the optical or rf modes of the 
field (hv < mc?) is correctly described by the theory described in this 
chapter. For processes involving virtual emission or absorption of photons 
by an isolated atom, only the contribution of low-frequency modes is 
correctly evaluated. In contrast, the Lagrangian (C.13) cannot satisfacto- 
rily treat the effects associated with high-frequency modes. 


Remark 


Rather than retain the interaction terms with the high-frequency modes in 
(C.13), which would lead to erroneous results, it is possible to decouple the 
particles from these modes by making a “cutoff in order to annul these 
interactions. We thus give up all couplings with high-frequency modes. To 
account correctly for these 1t would be necessary to develop a more elaborate 
theory, relativistic quantum electrodynamics, which is beyond the scope of this 
book. 

To cut off the interaction with the high-frequency modes, we multiply the 
current ¥ and the charge density p of the standard Lagrangian (B.11) by a 
function g(k) whose behavior is shown in Figure 2. Thus through the introduc- 
tion of the function g(x), the integrals of the interaction Lagrangian over k are 
limited to values less than k., which is chosen of the order of mc/h. The 
particles then cannot interact with relativistic modes. It is also possible to 
visualize the effect of this cutoff in real space; the Fourier transform of 
p(k)g(k), for example, arises as a function whose contours are diluted on a 
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g(k) 


0 k k 


¢ 


Figure 2. The cutoff function g(k) introduced into the standard Lagrangian to 
eliminate the interaction with high-frequency modes. 


distance of the order of 1/k,.. A point particle then appears with this cutoff 
with a charge distributed over dimensions of the order of 1/k,. This is not 
physically real, but is only an expedient for disregarding the effects taking place 
at distances smaller than 1/k.. 

We now look at how the derivation leading from the standard Lagrangian to 
the Lagrangian in the Coulomb gauge is modified by the introduction of the 
cutoff. To eliminate Y it is necessary to write Lagrange’s equation relative to 
this variable. Starting with the Lagrangian following from (B.11), 


L= v5m, i? + jeez (C.49.a) 


FY = e[| vf +ik¥)? — ce? |k x @ [7] + 
+ (jt oh + + of* — p* U ~ pU*) glk). (C.49.b) 


one deduces 
— ik: [od + ik®) = ~ pg) (C50) 
0 


which differs from (B.20) by a factor g(k). Eliminating &% and going to the 
Coulomb gauge, one gets finally 


2 « e 
L= y5m, r? — fark “ [g(k)]* + & fared -S—ck*? J*> Gf] 


+ {eats of +g: f*\g(k). (C.51) 


Thus we find that in the term describing the interaction with the transverse 
field [last term of (C.51)] the cutoff function g(k) decouples the particles from 
the high-frequency transverse modes. The function g(k) arises also in the 
Coulomb interaction terms [second term of (C.51)], which can be written 


V ecg = Veh DV (C.52.a) 


a>p 
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qt” qi 
oul = Zo o dk ~ 3 5): 
Ce ee OR p] (C.52.c) 


where O(x) is a function which goes to zero when x goes to infinity. The 
results in (C.52) conform to the picture which we give for the effect of 
the cutoff in real space. For distances large with respect to 1/k, = h/mc, the 
interaction between charged particles is the Coulomb interaction with excellent 
precision. This clearly justifies the use of the Coulomb interaction in the 
treatment of a system like the hydrogen atom, where the Bohr radius is large 
with respect to the Compton wavelength. The contribution of the low-frequency 
modes to the Coulomb self-energy is given by (C.52.b). Its order of magnitude 
is that of the Coulomb energy of a charged sphere with charge g, and radius 
h/mce. 
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— For the Lagrangian description of systems with a finite number of 
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COMPLEMENT A, 


FUNCTIONAL DERIVATIVE. 
INTRODUCTION AND A FEW APPLICATIONS 


The functional derivative generalizes the partial derivative for functions 
depending on a continuous infinity of variables (§§A,,.1 and A,.2). This 
tool is most useful when a physical law can be derived from a variational 
principle. For example, the principle of least action is expressed mathe- 
matically by the vanishing of the functional derivatives of the action. The 
explicit evaluation of these functional derivatives gives back the Lagrange 
equations (§A,,.3). Another source of interest in the functional derivative 
is that it allows one to write the equations of motion of a continuous 
system (such as a field) in a form analogous to that of a discrete system in 
the Lagrangian formalism (§A,,.4) as well as in the Hamiltonian one 


(§A 1-9). 


1. From a Discrete to a Continuous System. The Limit of 
Partial Derivatives 


Consider a chain of N point particles with mass m separated by a 
distance a from one another along the x-axis and moving in the same 
direction y. Let uv, be the velocity of the nth particle. Its kinetic energy is 

l 2 


i = alae: (1) 


and the total kinetic energy is equal to 


pa Se (2) 


n= 1 
E. appears then as a function of N real variables v, (the velocities of the 
particles). We now calculate the differential of E. with respect to the v,. It 
can be given in various forms: 


\ OE dT 
dE, = dp. = n 
: >> Ov, n=1 dv, do, 
; 3) 
= >) mv, dp,. 


Let us examine what occurs when the number of particles increases but 
their mass and separation decreases in such a fashion that the mass per 
unit length 4 = m/a and the length / = Na remains constant. Schemati- 
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cally, one goes from a chain to a string moving in the y-direction. In going 
to the continuous limit, Equations (2) and (1) become respectively 


E, = | dx T(x) (4) 


T(x) = 5 10%(x).. (5) 


The discrete index n has been replaced by a continuous index x 
characterizing the position of the length element under consideration. The 
kinetic energy J, is replaced by the kinetic energy density 7(x)}, and the 
total kinetic energy becomes a function of a continuous set of variables 
{ v(x)}. 

We will now examine what happens to Equation (3), giving the differ- 
ential of E.., in the continuous limit. For the independent variations dv, of 
the N velocities (Figure 1a) we now substitute a function év(x) describ- 
ing the small variations of v which can take on arbitrary values at the 
different points x (Figure 10). 


4° 


dv, ‘ 
epee aE Tae, 
Ade, 


Figure la Figure Ib 


The generalization of (3) is then 


_{ ,. &, _ ff , aT) 
bE, = | dx 5 Ox) = [ dx Fy Ov) 


= | dx pv(x) dv(x). 


0 


The notation ¢E,/ év(x) represents the functional derivative of E,, with 
respect to v(x). This functional derivative describes how F.. varies when v 
varies by the amount dv(x) on the interval [x, x + dx]. More precisely, 
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GE ./ dv(x) is the coefficient of proportionality between the increase SE. 
and the cause év(x)dx of this increase. Such a functional derivative, 
which generalizes the entire set of partial derivatives JE./dv, when n 
becomes infinitly large, is thus a function of x which is equal to u(x) in 
this particular example. Note, finally, that in (6), d7(x)/dvu(x) is a 
derivative in the usual sense, since from (5) the kinetic energy density 
T(x) appears as a function of the real variable v(x). 


2. Functional Derivative 


The ideas above can be generalized in an elementary way. We will 
consider an application which associates a real number ¢(u) with every 
function u(x) of the real variable x. Such an application ¢ is called a 
functional. It is called differentiable if, for all infinitesimal variations 
du(x) of u(x), the corresponding variation 5¢ of can be expressed as a 
linear functional of 5u(x) in the form 


dp = G(u + du) — lu) 


(7) 
| dx D(x) du{x) + O(du)? . 


If one assumes that the variations du(x) at the different points can be 
chosen independently, the functional derivative of @ with respect to u(x) 
is 

Cp 

Intuitively, ¢¢/ du(x) is the coefficient of proportionality between the 

increase dq and the variation 6u(x)dx which gives rise to it. 


Remarks 


(i) The definition of the functional derivative through Equation (8) assumes 
that the space of the functions u(x) is sufficiently large that one can vary u(x) 
independently at the different points. A precise analogue exists in the definition 
of partial derivatives of a function of several variables $(x,, x,,..., X\), where 
the variations dx,,dx,,...,dx,, must be independent. 


(11) The ideas above can be easily generalized to functions u of several real 
variables x, y, z and to the case where u is a vector in R,, or C,,. In the latter 
case, D(x) is a vector of the same dimension. 


3. Functional Derivative of the Action and the Lagrange Equations 


The functional derivative is particularly useful when a physical law is 
described in terms of a variational principle—in particular, in the frame- 
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work of the Lagrangian formulation of mechanics, where the true motion 
appears as an extremum of the action 


S-= | di L{x,(t), x,(t), t). (9) 


ty 


(We adopt here the same notation as in §A.1). The functional S here 
depends on N independent functions x,(t). In effect, giving the x,(¢), 
with ¢ varying from ¢, to f,, automatically determines the values of the 
velocities x ,(t) on the same domain of variation of ¢. The principle of 
least action states that the increase 5S of S, which can be written 
following §A,,.2 above as 


6S = 3 [ FY eae (t) (10) 
j=l Ji, Oxf{t) 7 


must be zero no matter how the variations 6x ,(t) about the true path are 
chosen. This is simply stated by the equation 


és 


BD = 0. (11) 


We will show that this equation is just Lagrange’s equation relative to 
x. To this end one restates dS as a function of L. Using (9) one finds 


5S -[ dt b> e 5x, + = si, | (12) 
ty J 


The variations dx, and 6x; = d(éx,)/dr are not independent in (12). To 
reexpress the 6x, as functions of 6x,, one integrates the second term in 
the brackets by parts. This yields 


s=[ au | oe | x(t) + E -bx¢0 | (13) 


In the framework of the least-action principle, the endpoints of the 
trajectory are assumed fixed. It follows that one must be restricted to 
variations such that 5x,(t,) = 6x,(t,) = 0. The second term of (13) then 
vanishes. Comparison of (10) and (11) then yields 


as [aL d OL 
wats ~ [Be ao ]-° “ 


The condition (11) on the functional derivative of the action thus gives 
back Lagrange’s equations for mechanics. 
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4. Functional Derivative of the Lagrangian for a Continuous System 


In the case of a dynamical system depending on a continuous set of 
degrees of freedom, the Lagrangian itself appears as a functional. More 
precisely, using the notation of §A.2, L appears as a functional of A ,(r) 
and A j(t) which can be written 


= [ar 2,4 j» OA)). (15) 


Note that even if the Lagrangian density depends on spatial derivatives 
d,A,, these must not be considered as independent variables of A, in the 
functional L. Actually, giving A,(r) automatically specifies 0;A “(r). In 
contrast, at a given instant, A At, t) and A jt, t) are independent varl- 


ables. We will evaluate the differential of L, 


5L = fers s, 6A (r) + vies jr) + aaa (04,0) |. (16) 


To reexpress 5( 0,A j(r)) as a en of 5A ,, integrate the last term in 
the brackets by parts and use the fact that the A,(r) correspond, in 
practice, to fields which vanish at infinity. We get 


Cf A OF .° 
5L = | ery EB = “(aaa ) | 5A) += 34/0 \ (17) 


By using the functional derivatives of Z one can also write the differential 
of Z in the form 


; aL aL 
6L = {a r d laa? A,r) + —— wage . 5A 0}. (18) 
Equating (17) and (18) shows that 
aL ae aL 
EA() OA, » 0 a6,4)) (19) 
a Eee (20) 
A(t) 0A, 


We will now derive the Lagrange equations for a continuous system, 
starting from the principle of least action. The action 


S = | er L(t) = | di [ar 21466 t), Ar, t), Afr, t)) (21) 
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is a functional of A,(r, 1). In effect, giving A,(r,¢) between 7, and 1, 
automatically fixes the values of A,(r, t) on the same time interval. Even 
though the Lagrangian L defined at each instant by (15) is a functional of 
A, and A j the action S defined in (21) is a functional of A, only. Its 
differential 5S is equal to 


os 
— 3 A cememenen z 
6S I dt | d?; TAD) 5A (1, £) (22) 


and the principle of least action is expressed by 


cS 


CA (r, ¢) = (23) 


To find these derivatives, substitute in 6S the functional derivatives of the 
Lagrangian 


ss= | aroe= | ar [ary] ao o4 (0 + 4440 | 


ty J 


(24) 


and restate 8A, = d(6A4,)/dr as a function of 5A; by integrating the last 
term by parts with respect to time. Using the fact that the principle of 
least action is used with zero variations of 6A, at times ¢, and f,, one 
finds 


2 : éL od «(GL 
s= | at |r| say - a a |e (25) 


The differential of the action being zero along a true trajectory, one gets 
the Lagrange equations 


és CL d @6L 
= ~~ — — ——_ = 0. (26) 
GAlr,t) GA dt 
1) CA) dt a4 


Using functional derivatives thus leads to equations formally identical 
to those gotten in the discrete case (14). To get the Lagrange equations 
using the Lagrangian density (A.39) it is necessary to replace 0L/ GA ,(r) 
and éL/ 6A, (1) by their expressions (19) and (20). It is however advanta- 
geous within the framework of formal calculations to keep the functional 
derivative of the Lagrangian, since the equations (and the proofs) are then 
very similar to those developed in the discrete case. The following para- 
graph shows how this method is used with the Hamiltonian. 
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5. Functional Derivative of the Hamiltonian for a Continuous System 


In the case where the Lagrangian depends on a discrete set of variables, 
the momentum associated with the variable x, is the partial derivative of 
the Lagrangian with respect to x, [cf. (A.5)]. The natural extension of this 
to the case of a continuum of variables is 


I(x) = (27) 


GA j@) ) 


Note that in the example of §A,,.1 such a definition leads to a momentum 
equal to v(x), which is just the limiting value of the momentum per unit 
length, a~*mv,, of the discrete system when a tends to zero. Note also 
that this definition is identical to (A.41) as a result of (20). 

The Hamiltonian is introduced by an expression identical to that of the 
discrete case, 


H = [err ae Afr) — L. (28) 


This expression can be transformed [see (A.45.a) and (A.45.b)] in order to 
introduce a Hamiltonian density #. It is easy now to directly derive 
Hamilton’s dynamical equations with the form (28) of the Hamiltonian. 
To this end, one finds the differential of H, with H considered as a 
function of A ,(r) and IJ,(r). On one hand we have 


CH 6H 
Se de Sie —— oJ]. 
6H = | d°r , Fac 6A(r) + BIT (@) an1,0 | (29) 
and on the other hand, using (28), 


6H = | d°r > [a ©) 5A jr) + A {@) 6 {r) — 


— 6L Oli. 
= 6A (tr) — ——— 0A (9 |. (30) 
CAT)  "  BAft) 
The definition (27) for I ,(r) implies that the linear terms in 5A j of (30) 
vanish. In addition, by virtue of (26) and (27), one can replace ¢L/ @A ,(r) 
by IZ,(r). Comparing the forms (29) and (30) of the differential 6H, one 
finds then 


ele 
CA (1) 
CH 
CH (x) 


Ir) = (31 .a) 


Ar) = (31.b) 
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These equations can be rewritten using the Hamiltonian density #7 
[just as Lagrange’s equation (26) can be rewritten with the aid of the 
Lagrangian density thanks to (19) and (20)]. By proceeding in that 
fashion, one gets Equations (A.46.a) and (A.46.b). Here again, the use of 
functional derivatives of H allows one to write the Hamilton—Jacobi 
equations of a continuous system in a form analogous to that of the 
discrete case. 
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COMPLEMENT B,, 


SYMMETRIES OF THE LAGRANGIAN IN THE COULOMB 
GAUGE AND THE CONSTANTS OF THE MOTION 


In this complement we will show that it 1s possible to derive from the 
Lagrangian in the Coulomb gauge the expression for the conserved 
quantities relative to the system particles + field. To find the expression 
for these constants of the motion, we will calculate the action along the 
actual path and relate the infinitesimal variations of the action to 
the Hamiltonian and to the momentum. We will then use the invariance of 
the Lagrangian (and thus that of the action) under certain transformations 
(time translation, spatial translation, spatial rotation) to find the constants 
of the motion (energy, total momentum, total angular momentum). 


1. The Variation of the Action between Two Infinitesimally Close 
Real Motions 


The principle of least action requires that the integral of the Lagrangian 
between two times ¢, and ¢, be an extremum when x(t) corresponds to 
the real evolution of the generalized coordinate x between 7, and 1,, the 
values at the endpoints x(t,) and x(#,) being initially fixed. From such a 
point of view, one evaluates the action S on many virtual paths in the 
(x,t) plane and seeks that which minimizes S. A second possibility is to 
consider all the possible rea/ paths starting from x(t,) = x, and to study 
the variation S’ — S of the action when one varies the other extremity 
from (x,, t,) to (x4, 14) (Figure 1). It is this procedure which we will 
follow here. 

We will calculate S’ — S: 


s-s=| ux.tdr— | Uaira (1) 
S'-S= | [Lix', x’) — L(x, )] dt + | L(x’, x’) dt. (2) 


Consider two infinitesimally close paths, and take 


dS=S'-S G.a) 
dt, = ts — t, (3.b) 
dx, = x4 = X4 = x(t, Se dt,) = x(t>) (3 .C) 


ox(t) = x(t) — x(t). (3.d) 
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Figure 1. Two real motions of the system, both starting from (x,, t,) and ending 
respectively at (x, ¢,) and (x, t}). The difference S’ — S$ is the variation of the 
action from one path to the other. 


Up to second-order terms, the last integral of (2) is 
L(x(t2), x(t,)) dt, = L(2) dt, . (4) 


The first integral of (2) can be transformed using Equation (13) of 
Complement Aj, with the result that 


? aL d OL éL. |? 
dS= | df= - = fox) +] 2)dz,. (5 
| Ee di | mA Fe «| +40 ol 


1 


Since the path x(t) corresponds to an actual motion, the Lagrange 
equations are satisfied and the first term of (5) 1s identically zero, so that 
dS can be simply given in the form 

dS = p(t) Ox(t,) + L(2) dt, . (6) 


We have used the definition (A.5) of the momentum and the fact that 
5x(t,) = 0. Finally, we will relate 6x(t,) to dx,. Taking (3.d) and (3.c) 
into account, we have 
5x(t,) = x'(t) — x(t) 
~ x'(t, + dt.) — x'(t2) dt, — x(t,) (7) 
— dx, ae x(t>) dt, . 
Finally, combining (6) and (7), we get 
dS = p(t,) dx, — [plt,) x(t.) — L2)] dt 


(8) 
= P(t,) dx, — H(2) dt, 
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where H is the Hamiltonian. 
More generally, if one varies not only x, and ¢, but also x, and ¢,, and 
if there are many generalized coordinates x,, then dS is given by 


N N 
dS = )) pft.)dx,,-— ¥ pt.) dx,,; — H(2) dt, + H(i) dt,. (9) 
j=1 j=1 


We will now show how in a simple case the preceding equations can be 
applied to find the conservation laws. 


2. Constants of the Motion in a Simple Case 


We will consider here an ensemble of interacting particles having as 
their Lagrangian 


L=Y5m,2— Y V(r, ry). (10) 
a a<f 

Such a Lagrangian is clearly invariant under the transformation f > ¢ + € 

(translation by e in the time dimension). The action will be unchanged if 

the times ¢, and ¢, are displaced by the same amount ge, the initial and 

final coordinates of the path being fixed. For an infinitesimal translation 

dt, = dr, = e we then get on one hand 


dS = 0 (11) 
and on the other from (9) 


dS = [H(1) — H(2)]e. (12) 


Thus H(1) = H(2). H is conserved for a time-independent Lagrangian. 
The Hamiltonian in this circumstance corresponds to the total energy, 
which is thereby a constant of the motion. 

The Lagrangian (10) is also invariant under all spatial translations 
(r, > Fr, + 4). Such a transformation changes neither the velocities of the 
particles (and therefore their kinetic energy) nor their relative positions 
(and thus their potential energy). For an infinitesimal spatial translation 
dr,, = dr,, = n (for all a), dt, = dt, = 0, the infinitesimal variation of S 
is given [using (9)] by 


ds = b Pato) — » Pats) 1. (13) 


Now since dS is zero as a result of the invariance of L with respect to 
translation, it follows that the total momentum »,p, is a constant of the 
motion. 
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Finally, the Lagrangian (10) is invariant under all rotations. If one 
considers an infinitesimal rotation dg about an axis n (r, > Ir, + 
dgn Xr, for all «), an argument analogous to that above leads to 


dS = b P.(t2) * (Mx 4,(t)) — D P(t,) *(m x nO) | dp = 0. (14) 


The axis n being arbitrary, one concludes that the angular momentum 
LF, X P, is a constant of the motion. 

Thus we have been able to associate a constant of the motion with each 
continuous symmetry transformation group of the Lagrangian L. 


3. Conservation of Energy for the System Charges + Field 


The procedure which we will follow in this section and those following 
is conceptually identical to those introduced above in the discrete case. 
Equation (9) when extended to the case of electrodynamics in the Coulomb 
gauge becomes 


dS = ))p,(t,).dr2, + [arene t2).d.of,(k) + 7(k, t2).d.of3*(k)] — 


— > p,(t,).dr,, — ae *(k, t,).d.¥,(k) + 72(k, t,).d.7,*(k)] 


— H(2) dt, + HQ) dt, (15) 


where H is the Hamiltonian of the system particles + field, r, and p, the 
coordinates and conjugate momenta of the particles a, and 7(k) the 
conjugate momenta associated with the dynamical variables »/(k) of the 
transverse field. dS is the variation of the action between two “real 
motions” whose initial and final positions differ respectively by 
dr,,,, d,(k), dz, and by dr,,, d.o7,(k), dé. 

Now the Lagrangian in the Coulomb gauge was introduced in Part C 
and 1s given by 
yim a fale + fare z, 16 
= a a4 k2 c ( a) 


Eo 


L 


G = 6[b*+ fd — Ck A*+ Al oft> BD +f> f* (16.b) 


It is obviously invariant under time translation. Reasoning analogous to 
that above allows one to show that dS = 0 if dt, = dt, and if all of the 
other variations dr,,, dr,,, d.&,(k), and d.o,(k) are zero, which gives 
[using (15)] H(1) = H(2). Thus the invariance of the Lagrangian (16) 
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under time translation implies that the Hamiltonian of the system parti- 
cles + field is a constant of the motion. One will recall that such a 
Hamiltonian is written [see (C.28)] 


= I 2 
H = L5 mM, Lp, — Qy A(r,) | sa 
x. 
+ Vou + & fa = + ck? g*- | (17) 
£6 
and represents the sum of the kinetic energies of the particles, their 
Coulomb energies, and the energy of the transverse field. 


4. Conservation of the Total Momentum 


The electrodynamic Lagrangian is also invariant under spatial transla- 
tions. We will verify this using its expression (16.b) in reciprocal space. 
Assume that one translates the particles and the field simultaneously by 
the same amount y. The new coordinates of the particles are 


r=rt+y (18) 
while the translated field A’(r, 7) is equal to 
A(t) = A(r— 40 (19) 
so that in reciprocal space 
(Kk, t) = J(k, the ™". (20) 


(Note that .o’ is transverse just like ».) The Lagrangian of the particles 
[similar to (10)] is unchanged under the transformation (18). The 
Lagrangian of the field, which involves quantities of the type »/’* - 2/’, is 
also unchanged on account of (20). The interaction Lagrangian is not 
modified for the same reason, the terms 7’* - «/’ being unaltered because 
the law of transformation for 7’ has the same form as (20). The invariance 
of £ under translation implies then that S does not vary under a 
translation. 

We will now find dS using (15). To this end, it is necessary first to 
relate de to y using (20) for infinitesimal 7»: 


dw = — i(k: 1) (21) 


By substituting this value in (15), replacing 2 by —e,@, , and extending 
the integral over k to all reciprocal space, one gets the following conserved 
quantity: 


P= Yop, + & | Pk(E* + of)ik. (22) 
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Thanks to the transversality of &, , the last term of (22) can be rewritten 
as a double vector product, and we get finally 


P=Yp, + & er E* x (ik x A). (23) 


This expression, giving the total momentum, coincides with that given in 
Chapter I [(B.45) and (B.39.b)]. The translational invariance of the La- 
grangian then implies the conservation of the total momentum of the 
system particles + field. 


5. Conservation of the Total Angular Momentum 


Consider a rotation #@ of the ensemble particles + field through an 
angle dg about the axis n. The new coordinates of the particles are 


r,=r, +dgnxr,. (24) 
The field A’ after rotation is equal to 
A(r, t) = AA(A' 4,2) (25) 
so that in reciprocal space 


Ak, t) = Rob (R~'k, t). (26) 


[To go from (25) to (26) it is sufficient to note that the scalar product k - r 
appearing in the Fourier transformation is unchanged under a simultane- 
ous rotation of k and r. Note also that (26) insures the transversality of 
&'.] Finally, for an infinitesimal rotation, (26) becomes 


SB '(k, t) = S(k —dgon x k,t)+ don x P(k—dgnxk,t) (27) 
so that to first order in dq, 
do (k, t)= do { -[nx k)-V] +n x w} (28) 


where V is the gradient operator in reciprocal space. 

Under the rotation, the Lagrangian of the particles is invariant, since 
the relative positions of the particles are unaltered (Coulomb interaction). 
The Lagrangian of the transverse field involves integrals over reciprocal 
space of the type ./’*(k, ¢) - ’(k, +), which with (26) are also equal to 
Sf*( Rk, t)- P(A 'k, t). Taking k’ = @'k as the variable of inte- 
gration shows the invariance of this term. Finally, the interaction 
Lagrangian between the particles and field contains the scalar product 
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Z *(k, t) - '(k, t). The current j transforms under rotation like A, and 
the invariance of this term is seen in an identical fashion. Finally, the total 
Lagrangian (16) is invariant under a rotation by angle dp around n. It 
follows that the differential of the action corresponding to this coordinate 
transformation is zero. 

We will now evaluate dS using (15). To this end, we will replace dr, 
and do by their values given as functions of dg. Additionally, expressing 
7 as a function of &, and extending the integral to all reciprocal space, 
one sees that the quantity 


> Pp, -(n x r,) + ak ele “{@nx k)-V} G-EF-x VH)| 
(29) 
is conserved. Equation (29) can then be written 


n- be x p, + & fare y &*(k xV) A, + 6% x a}). (30) 
a A>~X,y.z 

This quantity being conserved for any direction of the vector n, one finds 

a new constant of the motion, 


J=Sr, xp, +e [are] Faint XV), + &* x a}. (31) 


One recognizes in (31) the total angular momentum, which is the angular 
momentum of the particles and of the longitudinal field [first term as in 
(8), Complement B,] plus the angular momentum of the transverse field 
[see (11) of Complement B;]. 


GENERAL REFERENCES AND ADDITIONAL READING 


The results derived in this complement constitute an example of the 
application of Noether’s theorem, which relates the symmetries of the 
Lagrangian to the constants of the motion. The reader interested in this 
theorem can refer to more advanced works on field theory such as 
Bogoliubov and Shirkov (Chapter I) or Itzykson and Zuber (Chapter I). 
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COMPLEMENT C,, 


ELECTRODYNAMICS IN THE PRESENCE OF 
AN EXTERNAL FIELD 


In Chapter II the particles and the electromagnetic field have been 
treated as forming an isolated system. Now it is often necessary to 
describe the dynamics of the system particles + electromagnetic field in 
the presence of an externally applied field. We will first show (§C,,.1) how 
to distinguish the external field in this formalism. We will then give 
(§C,,.2) the Lagrangian and then (§C,,.3) the Hamiltonian of the system 
made up of the particles and the electromagnetic field in the presence of 
an externally applied field. 


1. Separation of the External Field 


In the electrodynamic theory developed earlier, the electromagnetic 
field is a dynamical variable whose value can not be fixed a priori. If one 
wishes to study the evolution of the system particles + electromagnetic 
field in an externally applied field, one proceeds in the theory as in 
practice and lays out around the system external sources which are 
determined experimentally to give the desired field. The particles then 
evolve under the simultaneous action of the external field and the rest of 
the electromagnetic field—ain particular, the field created by their own 
dynamics. On the other hand, we assume that the sources of the external 
field are not part of the dynamical system. The charge and current 
densities of these sources, p,(r, ¢) and j.(r, £), will be considered as given 
functions of time, fixed independently of the field of the particles. We thus 
assume either that the reaction of the field back on the external sources is 
negligible or that it is compensated for by the experimental arrangement. 

The external field can be described by the potentials A,(r, ¢) and 
U,(r, 7), which are solutions of the equations [analogous to (A.11) of 
Chapter [] 


AU, +V-A,=— (1.a) 
Eo 
A,- AA, +2 V(V-A) + VU, = =. (1.b) 


0 


(Note that it is not necessary to choose the Coulomb gauge to describe the 
field of the sources.) 
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Let A, and U, be the potentials corresponding to the total electromag- 
netic field. It is useful to introduce new dynamical field variables A and U 
such that 


A, t) = A.(r, 5) + AG, 2) (2 .a) 
U(r, t) = Ur, t) + UG, t). (2.b) 


The structure of Equations (1) and (2) clearly shows that A and U are the 
potentials corresponding to the sum of the free field and the field created 
by the particles. As a result of the linearity of Maxwell’s equations, A and 
U will satisfy equations analogous to (1) but where the charge and current 
densities correspond to the particles of the system only. As for the 
dynamics of the particles, it is fixed by the Lorentz equations, where the 
field is the total field corresponding to the potentials A, and U.. 

We will introduce in the following section a Lagrangian whose Lagrange 
equations correspond precisely to these specifications. 


2. The Lagrangian in the Presence of an External Field 
a) INTRODUCTION OF A LAGRANGIAN 
We will consider the following Lagrangian, where the dynamical vari- 
ables of the field are {A(r), U(r), A(r), U(r)}: 
L= D5m, r? + Fal VU — A)? — c2(V x A)?] + 


2 | eG. c (A, a5 A) _ pp(U, As U)| . (3) 


In this Lagrangian p,(r, ¢) and jp(r, ¢) are the charge and current densities 
of the particles of the system only. Calculations analogous to those of §B.2 
give the following Lagrange equations for the particles and the field 
respectively: 


m,¥, = q,[E,(r,,t) + E@,,0] + 4,1, x [BAr,, 0) + Bir, t)] (4-4) 


Pp 
£9 


AU+V:A=— (4.b) 


KAA + VV A) + VU ==. 


0 


(4.c) 


The dynamics of the particles is thus determined by the total electromag- 
netic field (E, = E, + E, B, = B, + B), while the dynamical variables of 
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the field A and U are only related to the charge and current densities of 
the particles. 


5) THE LAGRANGIAN IN THE COULOMB GAUGE 


The elimination of U and the choice of the Coulomb gauge for the 
dynamical field variables is made in the same way as in Part C. We then 
get a Lagrangian similar to that given by (C.13), 


L= S5mi2 — Vom + fa Ze (5.a) 


Go= el + A* — 2k? oh» fh *| + jt + (oh + fh) + 
+ fp (A* + A) — pp UF — ppu,. (5.d) 
In this Lagrangian the potential 7 is transverse (from the Coulomb 
gauge choice): 
By =0. (6) 


On the other hand, we have not necessarily chosen the same gauge for the 
external field. That is why Y, and ,, can appear in (5.b). In the same 
way, Equations (2), giving the potentials of the total electromagnetic field, 
now take in the reciprocal space the following form: 


Sh, | = H,, + &H, (7 .a) 
Pp 
=U, + a (7.c) 


3. The Hamiltonian in the Presence of an External Field 


a) CONJUGATE MOMENTA 


To find the conjugate momenta, one follows the procedure of §C.3. We 
then get immediately the generalization of (C.19) for the particles, 


P, = m,t, + q,[AC,) + A.C, 0] (8) 
and the expression (C.21) for the field, 
T (Kk) = & (Kk) (9) 


where 1, = 0Y-/d.¢,* is the momentum associated with the dynamical 
variable ¥.. 
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b) THE HAMILTONIAN 


The Hamiltonian of the system in the Coulomb gauge is found as in 
§C.3. Using (C.27), we find 


H = Ve (ie ~ gal AE) + Atty D1}? + 


+ V cout + a U, + Pp U,* | 


TT. TU* 
+ 6 fae] 5 +t ot ot] 
E9 


(10) 
It is possible to decompose H into three terms 
H=H,+4H, +H, (11) 


which are described below. These terms correspond respectively to the 
Hamiltonian H, of the particles evolving in the Coulomb field and in 
the external field, to the Hamiltonian H, of the free field, and to the 
interaction Hamiltonian H, describing the coupling between the radiation 
field and the particles evolving in the external field: 


(9 
H, = Sat Voou + | dr pp(r) U.C, 2) (12) 
where 
P = Pp, — 4, AAr,, t) , (13) 


We emphasize that the momentum conjugate with r, is p, and not pf, 
which is a useful physical variable to which it 1s related. 
Hp and H, are equal to 


> * 
Hy = & fare) a +07 k? of - a (14) 
0 
H, = ~ 22> pe + A(r,) + qa A*(r,) (15) 
I mM, - a a 2m, a 


where p€ has been introduced in (13). 


C) QUANTIZATION 


The quantization of the theory is carried out like that of §C.4 and 
results in the following commutation relations for the particles and the 
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field: 
[(r,);. (Bp)j] = 1 0,, yp (16.a) 
[,(k), 7,(k’)] = id, 5(k +k’) (16.b) 
[.W(k), 2(k)] = if 6, d(k — k’). (16 .c) 


It is important to note that the commutation relations for the particles are 
given in terms of p, and not pé. Note further that the Cartesian compo- 
nents of p§ do not commute among themselves: 


L(p2):> (Pp); |] = 14 dn¢ Gad 6,1 Be(r.: ¢), - (17) 


Finally, we want to emphasize that in the absence of particles, the total 
field does not reduce to that which we call the external field. Actually, we 
will show in Chapter III that the quantum field associated with the vector 
potential .< , appearing in (7.a), whose dynamics is described by (14), is 
zero only in its mean value. The fluctuations of 7, constitute what one 
calls the vacuum fluctuations. In the absence of particles, the total field is 
thus the superposition of the external field and the vacuum fluctuations. 
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Exercises D,.-1 


COMPLEMENT D,, 
EXERCISES 


An example of a Hamiltonian different from the energy. 
From a discrete to a continuous system: Introduction of 
the Lagrangian and Hamiltonian densities. 

Lagrange’s equations for the components of the electro- 
magnetic field in real space. 

Lagrange’s equations for the standard Lagrangian in the 
Coulomb gauge. 

Momentum and angular momentum of an arbitrary field. 
A Lagrangian using complex variables and linear in ve- 
locity. 

Lagrangian and Hamiltonian descriptions of the 
Schrodinger matter field. 

Quantization of the Schrédinger field. 


Schrédinger equation of a particle in an electromagnetic 
field: Arbitrariness of phase and gauge invariance. 


. AN EXAMPLE OF A HAMILTONIAN DIFFERENT FROM THE ENERGY 


Consider the Lagrangian 


(1) 


L = my — mag xy. 


a) Write the Lagrange equations associated with L. With what physi- 


cal system is L 
system? 


associated? What is a priori the energy E for such a 


b) Find the Hamiltonian H associated with L. Compare E and #H. 


Solution 


a) From (1) one gets 


The Lagrange equations 


AL 

(2.a) = = — mo? y (2.b) 

CS = mi 2.0) oF = — md x (2.4) 
cy 

my = — mo y (3.a) mx = — mw¢ x (3.b) 


are those of two harmonic oscillators with the same frequency w). The total energy E for 
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these two oscillators is a priori 
E a l 2 ] +2 1 2 2 ] 2 2 
= = Mmx* + 5 my a 5 Mmadg x i egy (4) 


b) The conjugate momenta associated with x and y are gotten from (2.a) and (2.c) and 
lead to the following Hamiltonian: 
H = mxy + moe xy (5) 
which is different from the energy (4). 


2. FROM A DISCRETE TO A CONTINUOUS SYSTEM: INTRODUCTION OF THE 
LAGRANGIAN AND HAMILTONIAN DENSITIES 


The purpose of this exercise is to introduce intuitively the concept of 
the Lagrangian and Hamiltonian densities of a continuous system by 
studying how a discrete mechanical system can be transformed into a 
continuous one. 


(i) The discrete system. Consider an infinite set of point particles with 
mass m aligned along the x-axis with equilibrium spacing a. The displace- 
ment along the x-axis of the nth particle (whose equilibrium position is 
na) is called g,. The state of the system at ¢ is fixed by giving the 
dynamical variables g,(t) and q,(1). The potential energy of the system of 
n particles depends on their separations and is equal to 


V = 4 mo? F.(duer — ay)?- (1) 


bo 


a) Write the Lagrangian of this system. Derive the equations of motion 
(Lagrange’s equations). 
b) Look for a solution of the form 


q,(t) = 5 eilkna— ot) (2) 


What relationship is there between w and k? Denote by v the phase 
velocity v = w/k. Give the value uv, of v in the long-wavelength limit 
(k > OQ). 

c) Calculate the conjugate momentum p, for the coordinate g,, and 
find the Hamiltonian. Give the canonical commutation relation between 
g, and p.. 


(ii) The continuous system gotten by passing to the limit. Let the 
distance a between two adjacent particles and the mass m of each particle 
go to zero in such a way that the mass per unit length, » = m/a, is kept 
constant. Similarly, let w, vary in such a way that when a goes to 0, up 
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remains constant. One gets then in this limit a continuous string with mass 
per unit length » and where the velocity of sound is Uo. 

The discrete dynamical variable g,(t) which represents the displace- 
ment of the point na becomes a continuous variable g(x, ¢) giving the 
displacement of a point on the string whose equilibrium position is x. 
Similarly, g,(¢) becomes dq(x, t)/d(t) in the continuous limit. One then 
moves from a discrete index 7 to a continuous index x. 


a) Show that at the continuous limit, the Lagrangian can be put in the 
form L = {dx #, where # is a function to be determined. 

b) What is the continuous limit of the equations of motion gotten from 
the discrete case? Is this result identical to that gotten using the La- 
grangian density and Lagrange’s equations for a continuous system? 

c) The momentum I[T(x) conjugate with the continuous variable g(x) 
is defined by II(x) = 0d¥/dq(x). Show that I(x) corresponds to the 
limit of p,/a when a goes to zero. Write the Hamiltonian of the 
continuous system in the form H = {dx #, and give the expression for 
the Hamiltonian density #7. 

d) Show how the commutator [q,, p,’] = 146,,, from the discrete case 
becomes [g(x), [I(x’)] = 146(x — x’) in the continuous case. 


Solution 
(i) 
a) The Lagrangian of this system of point particles is 
bs ] 
L= 5 man — Lis morass — In) - (3) 
The relations 
ae = mq, (4.a) 
OFn 
CL 
5 = MOi(n+1 — In) — MO{Gn — In~1) (4.b) 


lead to the equations of motion 
In = O7(Gn+1 — Gn) a O(n ~~ Gn—1) (5) 


b) Equation (2) for q,, is the solution of (5) if 
2 20 aika —ika 2 2 ka 6 
—- ow’ = wife —-1)-(l-e )] = — 4a; sin’ =. (6) 


We calculate the phase velocity and its limit when k — 0: 


=e 


i aE 


Uy = 0,4. (8) 


2m, .. ka (7) 
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c) Using the results of §A.1 of Chapter II, one gets immediately 
Pn = 4, (9.a) 


H = Y Pr Y, = 
bs 1 
=V5man + V5 mot dns, — 40)” (9.b) 
[Gas Pa) = 1 Say - (9.c) 


(ii) 


a) The Lagrangian (3) can be written 


o 2 2 a 2 
) Da # = # feet q,) | (10) 


since p = m/a and up = w,a. When a goes to zero, (4,41; — %,)/a@ tends to dqg(x)/dx and 


Equation (10) becomes 
2 
b= [ac] doo _ 0e( 22) ik (11 .a) 


The Lagrangian density # is then given by 
tpoe 2 
¢ = 5 | Goo? ss 03( 22) (11.b) 


b) The equation of motion (5) can be rewritten in the form 


Gr = «w? a [(Qn+1 7 q,)/a] = [(4n a Qn-1)/a] (12) 
When a — 0, 
C aja + 2) (13.a) 
Cq{x — a) 
(Qn — In- 1/8 + ———— (13.b) 


and thus Equation (12) tends to 


a2 
ee oO 
q(x) = 3 (14) 


which can also be gotten by using (11.b) and Lagrange’s equation (A.39). 
c) Using (11), one gets 


(x) = pq(x) (15) 
which corresponds to the limit of p,/a when a tends to 0. The Hamiltonian H of the 
discrete system 


H=Ypa,-L=02y 4, -L (16.a) 
has as its limit when a > 0 
H= [ax (16.b) 


KH = I(x) q(x) — £ (16.c) 
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so that, using (11.b), 


_ 11*(x) ve (4 2 
KH = Th tus “2 (17) 


d) The commutation relation (9.c) divided by a becomes 
[4n> Pr'/@] = 1h 6,y/a. (18) 
The function on the right is zero for n ¥ n’ and has, in the limit a — 0, an infinite value for 


n =n’. Furthermore, one has 


Talat = | (19) 


which corresponds in the continuous limit to fdx’6(x — x’) = 1. One concludes that the 
continuous limit of (18) is 

[a(x), I(x’)] = if 6x - x’) (20) 
which is effectively the quantum canonical commutation relation (A.47.c) for a continuous 
system. 


3. LAGRANGE’S EQUATIONS FOR THE COMPONENTS OF THE 
ELECTROMAGNETIC FIELD IN REAL SPACE 


Starting from the expression for the standard Lagrangian 
a y 5 mi? + = | arCE — ¢? B(r)] + 
+ | d*7[j). AW) — p(t) UWL (1) 


find the Lagrange equations for the field and show that they agree with 
Maxwell’s equations. Use the field components in real space (not in 
reciprocal space, since that has been done in §B.2 of this chapter). The 
dynamical variables of the fields are the potentials U(r) and A(r), and their 
time derivatives are U(r) and A(r). 


Solution 
Replace E and B in (1) by 
E(r) = — A(r) — VU(r) (2.a) Bir) =V x Ar). (2.b) 


The Lagrange equation relative to U is found by evaluating 0.4/9U, 0Y/AU, d¥/3(4,U), 
where ¥ is the Lagrangian density 


CL CL OL Of GE, 
ap oy) aU Pee?) (2,0) E, a2,U) fo Ei 
from which one gets Lagrange’s equation 
— p+ &) GE; = 0 (4) 
: _ ?p 
that is, V:-E=—. (5) 


7) 
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The Lagrange equation relative to A, requires knowing 0-£/04,, 0L/0A,, 0£/8(9 Ax): 


Ce Oe Ek 
GA, CE, 0A, = 7 Eo E, (6.a) 
OF... 2 
oA, 7 (6.b) 
Uz CL OB, ; 
O(¢ ;A,) 7 » 3B, a(e,A,) = £08 Dei B; (6.c) 


Hence Lagrange’s equation is 


—& FE =f tec yy E54; O,B; (7) 
t,J 


which is the projection on e, of the equation 


Ll = ] 
B= —~ jj. 8 
Vv x gn pes (8) 


4. LAGRANGE’S EQUATIONS FOR THE STANDARD LAGRANGIAN IN THE 
COULOMB GAUGE 


Consider the standard Lagrangian in Coulomb gauge, 


L =D 5m — Det — 0 gee toe] the (1) 
with 
L- = {eZ = far. (2 .a) 
G. = bl * > A-OK? A*+ AL +i*+ A + f+ A* (2.b) 
L, = = [A ~ eV x AP] 45° A. (2.c) 


Write Lagrange’s equations and find the equations of motion for the 
dynamical variables (r,,),; of the particles and .%,(k) of the electromagnetic 
field. Show, in particular, that the source term of the equation of evolution 
of A(r) is the transverse component of the current, j, (r). 


Solution 
Consider first the particle variables, and calculate dL/d(r,), and dL/d(f,),. Using (1), (2.a), 
and (2.c), one gets 


cL da dp (x — ¥p)i é .. 
= ta ip Noe Bi . 
O(r,); pHa 4 NEo | eae 3 + Gy a(r,); [r, A(r,, t) | (3.a) 
oL F 
— = m,(r,); + 4, Adr,, 0) (3.b) 
O(r,,); 


The last terms of (3) arise from replacement of j by its explicit form. One gets the Lagrange 
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equation associated with r, using a procedure analogous to that of §B.2.a. Rearranging the 
terms (as in §B.2.a), one finds the following equation of motion: 


= ie ND ei ; 
mM, r, af 4 NE | r, =; i, | Gt : + qa i. x B(r,, t) (4) 


Consider now the field variables »/,(k) and .,(k). Calculate 0FY-/d.0* and 0L%./aad* 
using, (2.b): 


oaf* = — 690° k* ot, + 4, (5.a) 
a, 

— = & &,. (5.b) 
C,* 


The Lagrange equation (A.52.b) then gives the equation describing the dynamics of 7: 


Brera =#. (6) 
€ € Ey 


Combining this equation and that associated with »#,, one gets, in real space, 
a 
aS zh: (7) 
The source term in the equation of evolution of A is j, , which depends on j in a nonlocal 
fashion [see (B.16) of Chapter I]. 
5. MOMENTUM AND ANGULAR MOMENTUM OF AN ARBITRARY FIELD 


Let a field be defined by its components A AO Ag = ees 1): Os 
sumed independent. Its dynamics is described by a Lagrangian density 
L |... Afn)...3 .. Afn)...;--- GA] (0; = 6/0x, 0/0y, 6/02). 


a) Consider a real motion going from the field state defined by A™(r) 
at time ¢, to that defined by A\(r) at ¢,. Let the corresponding action 
integral be 


t2 : 
S -| at | o'r 20. Aichi Mina As.) (1) 
ti 


with Ar) =1, = Af) and Ar) |,-,, = 4f°). (2) 


Another real, infinitesimally close motion goes in the same time interval 
ie : state A%(r) to A4(r). S’ is the corresponding action integral. 
ake 


dS=S’-S (3) 
d AS (r) = AO (r) — AM (r); similarly for d AY (r). (4) 


Using the method of Complement B,,, find dS as a function of dA (r) 
and dA (r). 


D,5 Exercises 153 


b) Find the variation dA, of A; corresponding to an infinitesimal 
translation of the field by an amount 7. Show that, if # is invariant with 
respect to spatial translation, 


--| d*r d rie ) (5) 


is a constant of the motion. By definition, the physical quantity P is called 
the field momentum (even if # is no longer invariant with respect to 
spatial translation). Here also look to Complement B,, for direction. 


c) In an analogous fashion show that the angular momentum of the 
field is 


j= - fare She x 9) 4) (6) 
i OA, 


Solution 


a) Let 
dA (r,t) = Aj(r, t) — A,r, £) 


as=y | afe ae dA(e) += ddan +¥ x5 
a 0A; i 


ats 


5 a dase, 0 : (7) 


Aj) 


2 


i od,, 


Integrate by parts the second term with respect to ¢ and the last term with respect to x;. 
Since the field vanishes at infinity, this becomes 


" ae d(lag OL 
is =| dt ar ‘Sa 5(= a ¥a(saay) f die + 
OL 


2 
go jar ace ‘)},- (8) 
Jos 0A; 


The integrand of the remaining integral is the product of dA ,(r, t) by a term identically zero 
for a real motion obeying the Lagrange equations. Only the last term of (8) remains: 


a) t2 
ds=¥ jer aay t) 


j. CA; 
a d jar {2 dAi?) — ee aay t. (9) 
: aA, t=t2 aA, 1=t1 
b) Under an infinitesimal translation 4, the field A j becomes 
Aj(t) = Afr — w) (10) 
so that 
dA, = Aj(r) — Afr) = — q° VA{x). (11) 
In particular 


dA) = —y_-VAPMr) dai) = — qe Vir). (12) 
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If the form of & is invariant under translation, dS is identically zero for such a transforma- 
tion. Equation (9) then implies that 


; A 
ad jar | e VA} (nr) — << 


vain f 2-0). (13) 
CA; t2 CA; ty 


The quantity defined by (5) has thus the same value at ¢, and ¢,. It is a constant of the 
motion. 
c) The variation of the field in a rotation dg about the axis u is 
d4, = — [dg x rr): V] Afr) 
= —udg-(r x V) A,r). 
The same type of proof as in 5) shows that if & is invariant under rotation, the angular 
momentum of the field given in (6) is a constant of the motion. 


We note that the angular momentum of the field is expressed by an angular momentum 
density ¥ just as the momentum is the sum of a momentum density F: 


(14) 


Pi) = - = way (15.2) 
j 0A, 

gy =y - “fe x yA) (15.b) 
j 0A, 


Pir) and Y(r) are given as functions of the field, its gradient, and its conjugate momentum 
at the same point r. 


6. A LAGRANGIAN USING COMPLEX VARIABLES AND LINEAR IN VELOCITY 


This exercise examines a Lagrangian L dependent on one complex 
variable z. Since the structure of ZL is analogous to that of the Lagrangian 
density used to describe the dynamics of the Dirac and Schrédinger 
matter fields, the results established here will be useful for the following 
three exercises as well as Exercises 5 and 6 of Chapter V. 

Consider the following Lagrangian L which depends on the complex 
variable z: 


[ Ce z) — f(z, z*) (1) 
where f is a real function of z and z*. 


a) Write the Lagrange equations relative to L and show that by giving 
z(t) the evolution of the system is completely determined. 


b) Find ¢@L/dz and 0L/dz* as well as 
oL OL 


+ z*—— — L. (2) 


Hark y eS 
OZ oz* 


c) Using the results above, show that there are redundant dynamical 
variables in the Lagrangian (1). 
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d) Set z = x + iy. Write the Lagrangian as a function of x, y, x, and 
y. [Take f(z, 2*) = g(x, y).] 

e) Show that by adding to L the total derivative with respect to time of 
a function of x and y, one can eliminate y from the Lagrangian. Call the 
new Lagrangian L’. 

f) Show, without going into detailed calculations, that it is possible to 
find a Lagrangian L’ depending only on x and x. (One will eliminate y 
from L’ using the Lagrange equation relative to y.) Show that 


OL. 6L’ 
= =—. (3) 
Ox Ox 


What is the momentum conjugate with x in L’? Find the Hamiltonian H’ 
associated with L’. 

g) Proceed to the quantization of the theory based on L’. Find the 
commutator [x, y]. 

h) Express the preceding results as a function of the initial complex 
variables z and z*. First show that H’ coincides with H. Next find the 
value of the commutator [z, z*] resulting from quantization. Show that 
the result obtained differs from that which would have been gotten by 
quantizing the theory hastily, taking 0L/d2z* as the momentum conjugate 
with z. 


Solution 
a) Find d¢L/dz* and 0L/d2*: 
a BL if 
oL _ih. of (4.a) ae Palang (4.b) 


az* 2” az* 
From Lagrange’s equation one gets the following equation of motion: 


of (5) 


which is first order in time. Giving z(¢)) then fixes the subsequent behavior of the system. 


b) OL/dz* is given in (4.b) and coincides to within a multiplicative factor with z. 
Likewise, 0L/0zZ is proportional to z*. Using these expressions, we get 


, OL + z* OL. I Mt ees —~— zt z) (6) 
e: ae 8 
H = f(z, z*). (7) 


c) In the Lagrangian formalism the evolution of a system is determined by giving the 
coordinates and velocities at the initial time. The fact that giving z(t)) suffices to determine 
the evolution of the system proves that one cannot consider z, 2*, 7, and 2* as independent 
variables. Likewise, the conjugate momenta of z and z* coincide (to within a multiplicative 
factor) with these variables and cannot be considered as independent variables, which 
prevents basing a Hamiltonian theory on H. 
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d) Replacing z by x + iy, one finds 


z*z— Z*z= — 2i(yx — xy) (8) 
L = Alyx — xy) — g(x,y). (9) 
e) Consider L’ = L + du(x, y)/dt with 
u(x, y) = Axy (10) 
One gets immediately 
L' = 2 hyx — g(x,y). (11) 


f) The Lagrange equation relative to y is written 
—=0 (12) 


that is to say 


2 AX — —9(x, y) = O. 
at — 5 g(x, 3) = 0 (13) 


Solution of this equation fixes y as a function of x and x. If this is now substituted in L’, 
one gets a new Lagrangian L’ which is a function of x and x only. Calculate dL’ /dx: 


a7 ay: Pe as 
of ab ak oy 3 


ax 6x ay ex 
The equality (3) derives directly from (14) and (12). This equality gives with (11) 


ieee (15) 


where y is the function of x and x fixed by (13). The Hamiltonian H’ associated with L’ is 
equal to 


H'=xp,—- L 
= 2 hxy — (2 hxy — g(x, y)) 
= g(x, y) = 9, p,/2 h). (16) 


g) Knowing that [x, p,] = ih, we get using (15) 


[x,y] = 5 (17) 
h) Comparison of (16) and (7) shows that H and H’ are equal. We find the commutator 
[z, z*] using (17): 


[z, z7] = [x + iy, x — iy] = ify, x] — if[x, y] (18) 


so that eres eae (19) 


If we had taken 0L/dz* as the momentum conjugate with z, we would have gotten by 
applying (A.35.c) a commutator [z, z*] equal to 2 rather than 1. This shows that one must be 
careful in quantizing a theory where there is an overabundance of dynamical variables. In 
summary, for a Lagrangian having the structure given in (1), it is possible to find the 
Hamiltonian using (2) providing that one remembers that z* and z satisfy (19). 
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7. LAGRANGIAN AND HAMILTONIAN DESCRIPTIONS OF THE SCHRODINGER 
MATTER FIELD 


Consider the Lagrangian L = [arr £ with 
Wi ies jk h? xx * 
$= FW - PD - WW - Vy. 


In this Lagrangian y(r) is considered as a complex classical field called the 
Schrédinger matter field. The purpose of the exercise is first to derive 
the Schrédinger equation from the Lagrangian (1), and then to show that 
the physical quantities associated with the field (energy, momentum) arise 
as the mean values in the state W(r) of the usual quantum-mechanical 
operators. 


a) Show that the Lagrange equations associated with (1) coincide with 
the Schrédinger equation. 

b) Since the Schrddinger equation is a first-order equation in time, 
giving y(r, ¢)) 1s sufficient to fix the future evolution of the system. It 
follows that the Lagrangian L taken as a function of ¥(r) and y*(r) and 
their time derivatives contains an excess of dynamical variables. In order 
to find the conjugate momenta and to pass to the Hamiltonian formalism, 
it is necessary then to eliminate from (1) the redundant dynamic variables. 
The procedure here is close to that introduced in Exercise 6 for the 
discrete case, and the reader should have previously studied that exercise. 


i) Let f, and y, be the real and imaginary parts of y: 
w(r) = w(r) + 1). (2) 


Give # as a function of y,(r), ,(r), and their temporal derivatives. 

ii) Show that by adding to Z the time derivative of a function (to be 
found) of ,(r) and y,(r), one gets a new Lagrangian L’ equivalent to L 
and no longer containing W(r). 

iii) Without detailing the calculations, show that it is possible to use 
the Lagrange equation relative to w,(r) to eliminate y,(r) from the 
Lagrangian L’. The new Lagrangian which is obtained is a function only 
of ,(r) and w,(r) and is denoted L’. 

iv) Show that, for a real motion 

EO oe (3) 
oy,(r) dy, (r) 
and derive the conjugate momentum II,(r) of y,(r). Give P(r) as a 
function of W,(r) and IT,(r). 
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c) Show that the Hamiltonian H associated with L’ can be written 
2 
H= [ar y*(r)  - an A+ v0 | wir). (4) 


d) One recalls (see Exercise 5) that the total momentum of a field ¥,(r) 
is equal to 


P = — | d?r IT,(r) V(r) - (5) 


Show that the total momentum of the Schrdédinger matter field can be 
written 


P = [av W*(r) ” ywr). (6) 


One will note that the expressions (4) and (6) coincide with the mean 
values of the Hamiltonian and momentum operators in quantum mechan- 
ics. 

e) To proceed to the canonical quantization of the theory one replaces 
the classical fields y(r) and *(r) by operators W(r) and ¥*(r). Calculate, 
using the canonical commutation relations between the operators associ- 
ated with w(r) and IT ,(r), the commutators [ V(r), ¥* (r’)] and [ ¥(r), ¥O’)]. 


Solution 


a) We calculate the partial derivatives of the Lagrangian density appearing in the 
Lagrange equation (A.52.b) 


S=- Fy ay Gab OY (7.b) 
Cy* 
OL h? 
aay mo wo 


Substituting these expressions in (A.52.b), we get 
ca h? 
hy — Vir) +57 Av = 0 (8) 


which is just the Schrédinger equation of a particle of mass m in a potential V(r). 


b) To solve the Lagrange equations, it is necessary to know the coordinates and their 
velocities at the initial time. The fact that giving only y(r, fg) suffices to fix the subsequent 
development of the system shows that one has an excess of dynamical variables. 


i) Taking account of (2), the Lagrangian density (1) becomes 


° ° 2 
L = Wb, — be) — UU? + (PUN?) — VO? + WP). (9) 
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ii) Consider the following Lagrangian L’: 


d 
V=L+e | dr Aly (0) Wn). (10) 
It is clear that L’ and L are equivalent Lagrangians, since their difference is the derivative 
with respect to time of a function of the coordinates. Starting from (9) and (10), one gets for 
the Lagrangian density Y’ associated with L’ 


° h2 
£ = 2h b, — 51,” + WH)? ] — VN? + WI) (it) 


which does not depend on ¥,. 
iti) The Lagrange equation relative to y;,, 


0 (12) 


CWA) 
. h2 
hy, — Vir) ye, + rad = 0 (13) 


allows one to express y;(r) at each instant as a function of ,(r). Substituting this expression 
for ¥;(r) in L’, one gets a Lagrangian L’ which depends only on y,(r) and ¥,(r). 
iv) We calculate 3L’ / d,(w) as a function of the functional derivatives of L’: 


tr Ay? Fa ; 
OL éL ii CL’ = é,(r) (14) 


« 


air) thr) BH (er) FY,(r) 


which, taking into account the Lagrange equation (12), leads to Equation (3). The conjugate 
momentum [1,(r) of ,(r) is then equal to 


rob él’ 


LS (15) 
CW (r) ap, (r) 
—that is, following (11), 
I(r) = 2 hp (r). (16) 
Equations (2) and (16) then yield 
YO) = V0) + 5 T(0). (17) 


c) The Hamiltonian density 3 is given by (A.45.b), which, taking into account (11) and 
(16), gives 


H = Tb) — 2 b,. V)] 


= 5— [(Wy,)? + (Vd)? ] + VO) [WP + W7I. 
The expression for H can be transformed using integration by parts: 
fanvo? = fer Vv, Ay, (19) 


since the fields y are equal to zero at infinity. One then gets 


2 
H = Jer - Wy, Aw, + ¥ Ap) + VIN (he + alt (20) 
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Noting that 
jer, Ay; — ; A,) = 0 (21) 


(which can be demonstrated with two integrations by parts) one can reexpress (20) as a 
function of y and y*, and then one gets (4) as stated. 


d) Replace IT,(r) in (5) by its value (16). One then gets 
P= —- err 2 hw (r) Vu,(r) . (22) 
By expressing y,(r) and ¥,(r) as functions of ¥(r) and ¥*(r), one then finds 


p= 2 [arvevy = [ery vos = [ery ve + [are ve | (23) 


One integration by parts allows one to show that the second integral is the negative of the 
first. As for the last two integrals, they lead to a zero result, since the term to integrate is of 
the form y¥7/2. Finally one finds 


P = { ar y*(r) VUE) (24) 


which agrees with (6). 


e) One starts with the canonical commutation relation 


[VP (r), 1.(r')] = ik dr — r’) (25) 
In the commutator [¥(r), ¥*(r’)], one expresses the operators ¥(r) and ¥* (7) as functions 


of ¥,(r) and IT,(r) using (17). This yields 


(HO), (0) = [%,0), #7] + aos U0, (0)] - 
— SLY, H)] + $5 LO), ¥,09]. (26) 


The first two commutators are zero. The last two give, using (25), 
[Yr), P(r] = Or — Pr’). (27) 


The commutator [¥(r), ¥(r’)] can be found in an analogous fashion, the result being 
[ P(r), M(r')] = 0. (28) 


The properties of the quantized Schrédinger field are studied in Exercise 8. In the first 
part of this exercise, we start from the commutator (27) and show that the elementary 
excitations of the quantized field thus gotten correspond to bosons. In the second part we 
substitute for the canonical commutation relation (25) an anticommutation relation, which 
leads to replacing (27) and (28) by 


yn, Yt], = or — Fr) (29.a) 
[vn Mr], = 0. (29.b) 


We then show that the particles obtained after quantization of the theory are fermions. 
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8. QUANTIZATION OF THE SCHRODINGER FIELD 


Consider now the Schrédinger matter field whose classical properties 
were examined in Exercise 7. After quantization of the theory, the classical 
expression for the energy and momentum become operators given by 


H = [err w *(r) (- Fs + vn) P(r) (1) 


p= | dr W *(r) “ Vw(r) (2) 


where Y(r) is the field operator at point r. The main purpose of this 
exercise is to show that the quantization of the field can be accomplished 
starting either from the commutation relations between the operators and 
the conjugate momenta [part (i)] or from the anticommutation relations 
[part (11)]. A second purpose is to show that the particles associated with 
the field are bosons in the first case and fermions in the second. (*) 

(i) We postulate here that the fields ¥ and ¥* obey the following 
relations: 


[P(n, ¥ *(r)] = 6 — Fr) (3.a) 

[P(n), ¥(r)] = 0 (3.b) 
a) The Heisenberg equation for the operator ¥ is written 

iA (r) = [P(r), H]. (4) 


Find the commutator appearing in (4) using (1) for H and Equations (3), 
and show that Equation (4) coincides with the Schrédinger equation for 
the operator WV. 


b) Show that the commutator | ¥(r), P], where P is defined by (2), is 
equal to —i1hV ¥(r). What are the time and space translation operators 
for the field W(r)? 


c) Take p(r) = ¥*(r)¥(r). Show that p(r) satisfies an equation of the 
form 


d ® 
= Pl) + V+ ir) = 0 (5) 
where j(r) is an operator which is to be found. 


d) Denote by q,(r) the eigenfunctions of [—(A7/2m)A + V(r)}: 


2 
— Ag, (r) 3 V(r) ~,(r) = En P,(t) : (6) 


(*) See also Schiff, Chapter XIIL 
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The spectrum of eigenvalues E, is assumed discrete. Let c, and ct be 
operators defined by 


Cy = [arr on(r) P(r) (7) 


and the adjoint relation. Find the commutators [c,, c,,] and [c,, ¢;.]. 
e) Show that the operator H defined in (1) can be put in the form 


1g ia ae ee ge oe (8) 


f) Assume that in the state space of the quantum field where the 
operators V(r), W*(r), c,, and c, act, there is a state |05, called the 
vacuum, which satisfies 


for all m and which is normalizable ((0|0) = 1). Show that (c,')?|0), 
where p is a positive integer, is an eigenstate of H with eigenvalue pE,. 
Give a particle interpretation for the elementary excitations of the quan- 
tum field. 


g) Let the operator N be defined by 


N= [arr w+ (r) P(r). (10) 


Show that N is equal to L,,N,,, where N,, = cic,,. Find N. How do you 
interpret this result? 


(ii) Assume now that the fields ¥ and ¥* obey the anticommutation 
relations 


[vn Pt(r)], = or — r’) (11.a) 
[Wr), Yr) ], = 0. (11.b) 


a) Starting from the Heisenberg equation (4) for the operator ¥ and 
Equations (11), show that W(r) is always a solution of the Schrddinger 
equation. Derive the commutator [¥(r), P] and show that it has the same 
value as in the preceding section. What can one conclude from this? 

b) Show that Equation (5) remains valid. Derive the commutator 
[e(r), p(7’)]. What can one conclude about the compatibility of the mea- 
surements of these variables? Do these results depend on the commutation 
or anticommutation relations between ¥(r) and W*(r’) postulated to 
quantize the field? 
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c) Using (6) and the definition (7) of the operators c,, find the 
anticommutators [c,, c,,|, and [c,, c,,],. Show that Equation (8) for H as 


m> “=m 


a function of the operators cc, remains valid. 
d) Take [as in part (i)] N,, = c;.c,,. Show that this operator satisfies the 


relationship 
N? = N,,. (12) 


m 


Show that the eigenvalues of N,, can only be 0 or 1. 


e) Show that c,,|0) [the vacuum |0) being defined as in part (i)] is a 
state with one particle with energy E,,. Can one have states with more 
than one particle in state E,,? What can one conclude about the nature 
(boson or fermion) of the particles associated with the field? 


Solution 
(i) Field of bosons. 
a) To find the commutator [¥(r), H], we use the identity 
[A, BC] = [A, B] C + BIA, C] (13) 
which gives 


[Ym), 4] = | d?[P(n), ¥ *(r')] ( _ F 4, + ve) Yr’) + 
+ fer WY *(r’) | v0, ( = a A. + vir) vr) |. (14) 


Equation (3.b) implies that the second term of (14) is zero. The first term is found with the 
aid of (3.a), and so 


2 
[W(r), H] = (- a + vin) P(r) (15) 


Finally, using (4), one gets 


: 2 
iAY(r) = (- a + ve) Pir). (16) 


The equation of evolution of the field operator ¥(r) has the same form as the equation of 
evolution of the classical field ¥(r), that is, the Schrédinger equation. Note that here ¥(r) is 
a field operator and not a wave function. For this reason the procedure we are following here 
is sometimes called “second quantization’”’. 


b) The derivation of [¥(r), P] is analogous to that of [W(r), 77]: 
[ ¥(r), P] = [arte Y T(r’) | 1 y, Yr’) + fer Y *(r’) co Ay, vr). (17) 


The second term of (17) is zero from (3.b), and the first term is, using (3.a), 


[wn P] = — iA VY). (18) 
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This equation shows that P is the spatial translation generator for the field operator ¥, just 
as H is the time translation operator. It follows that 


Wir +a,t) =e 1P-9" W(r, fy) iP 8" (19.a) 
Wr, t +t) = el@8 wey ft) ere (19.b) 

c) We calculate (r): 
£ oie) = P(r) P(r) + FM). (20) 


Using (16) and the adjoint equation, we get 


dA : ‘ 
7 Plt) = 5 [AY TO) Hi) — FO) AMD] (21) 
since the term depending on V(r) vanishes. One transforms the right-hand side of (21) by 
introducing 


i) = Le very — (VE) YO]. (22) 


This becomes 0p/0t = — V -j, which coincides with Equation (5) as stated and which 
generalizes the continuity relation (conservation of probability) to quantum operators. 


d) The commutator [c,, c,,] is equal to 


len» Cn) = [a r d°r’ p*(r) OX’) [¥@), Yr')] (23) 
and thus vanishes on account of (3.b): 
lec. O. (24) 
The commutator [c,,, ¢;,] is found in an analogous fashion: 
[ons Om] = {er d?r’ oF(r) 9, (0) (PO), ¥ “ry ] (25) 
which according to (3.a) is 
ese. |= fer d?r’ p*(r) ¢,,(t’) Or — rv’) (26) 
= [ar Pal) ,,(1) - 


Since the {,(r)} are orthonormal, one has 
[c. CZ] = On (27) 


e) Multiply both sides of (7) by 9,,(r) and sum on n. Using the closure relation, one then 
gets 


P(r) = + 9,(r) ¢, (28) 


which is analogous to the expansion of a wave function ¥(r) in the orthonormal basis 
{ 9, (r)}. Note now that in (28), ¥(r) and c, are operators. Substituting this expression in (1) 
and using (6), one finds 


H = ¥ | d’r o¥(r) E, 9,(r) cf c, (29) 


so that using the orthonormalization of the wave functions 9, (r), 
H =) Ete Cys (30) 
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f) The form (8) for H and the commutation relations (24) and (27) are those of a set of 
independent harmonic oscillators. If we postulate the existence of the vacuum |0), the 
mathematical operations are identical to those used in the case of the harmonic oscillator. 
We know then that [(c,;)?/ vp! ]|0} is a normalized eigenstate of H with eigenvalue pE,,. 
By making the creation operator c, act p times on |0) it is possible to obtain a state of the 
system whose energy is p times the energy E,. This leads to the interpretation of this state of 
the field as a state with p particles in state E,. The fact that p can be any integer, positive or 
zero, is characteristic of a system of bosons. 


g) Using (28), one transforms (10) into 
N= ¥ | d’r pX(r) 9,(0) cf c, - (31) 
Orthonormalization of the wave functions then gives 


N =Victc, = Nq- (32) 


To find N,,, start with the Schrédinger equation (16) and express V(r) as in (28). One finds 


2 
iY O_(0) Sy = © ( - sad + v0) Pn8) Cn (33) 
so that, using (6) and the fact that the {q,,(r)} form a basis, 
ifc,, = E,, Cy. (34) 
The derivative of N,, with respect to time gives 
N, = cic, + ct ¢, (35) 
so that finally, using (34), 
N,, = 0. (36) 


We have seen in f) that N,, can be interpreted as the particle number operator for the 
energy State E,, [since the action of N,, on (c;,)?|0) gives p times this same state]. It follows 
that N =2,,N,, can be interpreted as the operator for the total number of particles. 
Equation (36) shows that for the quantized Schrédinger field, the number of particles in the 
energy state E,, remains constant. Note then that N can be written 


N = | d?r p(r) 
and the conservation of N can be gotten directly from the equation of continuity (5). 


(ii) Field of fermions. 
a) To calculate [¥(r), H], one uses the following equations relating the commutator 
{A, BC] to the anticommutators [A, B], and [A,C],: 
[A, BC] = [4, B], C — BLA, C], . (37) 


We get then 
iAP(r) = [Y(n), 1] 


= | dr [¥(n, ¥ t(r)], ( = a A, + vi) 4 


aa { d3/’ vee) wee ( = ca + ve) ¥)| _ (38) 


2m 2 
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The second term of the right-hand side of (38) is zero from (11-b), and the first one can be 
found using (11.a), so that 


iAP(r) = [W(r), H] = (- xa + vi) Wir). (39) 


It appears then that just as in part (i), the operator ¥(r) obeys the Schrédinger equation. The 
calculation of [¥(r), P] is analogous: 


[ ¥(r), P] = [ercee. Yr’) |, 2¥, P(r’) — 


— [er Y T(r’) | vc 2y, vr) | (40) 

The second term on the right-hand side is zero as a result of (11.b); the first one is found 
using, (11.a): 

[W(r), P] = — iA VY(r). (41) 

One finds then an expression identical to that in part (i). It is clear then that the quantization 


of the theory by means of anticommutators is compatible with the fact that the operators H 
and P introduced in (1) and (2) must be generators for the time and space translations. 


b) The proof of (5) only requires Schrédinger’s equation (39). It is identical to that in 
part (i). Now find the commutator [(r), p(1’)): 


[P *(r) Pr), P(r) Pr)] 
P *(r) (PO), Y*(r') P(r] + (YO), YO) POD] PO. (42) 


[e(r), ptr) ] 


Using (37), one rewrites (42): 


[o), pr)] = FF (PO), FTO)], 20) — FTO YT OLYO, POO]. + 
+[¥t), ¥t@], FO) YO — Yr) [YT YOO]. YOO (43) 


which simplifies using the anticommutation relations (11): 


[e(r), p(r’)] = ¥ *(r) P(r) or — r') — FT) YO) or — rr’) = 0. (44) 
One sees then that p(r) and p(r’) commute even if Y(r) and ¥(r’) anticommute. This result 
about the operator associated with the particle density has a clear physical meaning. It is 
satisfying that two operators associated with local physical quantities taken at the same time 
but at different points commute (see the remark (i) at the end of §A.2. g). An identical result 
for [p(r), o(r’)] will be gotten if one postulates the commutation relations (3) rather than 
Equations (11). 

c) The anticommutator [c,, c,,]4. 1S equal to 


(ee Pe [er d°r’ o*(r) p(r') [M(n), P(r')], = 0. (45) 


as a result of (11.b). For the anticommutator [c,, c,,],, an analogous calculation using (11.a) 
gives 
[c,> Gils Opies (46) 
The proof of (8) in e) of part (2) does not rely on the commutation relations and thus remains 
valid. 
d) From the definition of N,,,, one has 


Nae) @ ee) (47) 
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Using the anticommutator [c,,, c,,], = 1, one gets 
No Se oe ee ce (48) 
Now the fact that the anticommutator [c,,,, c,,], must be zero shows that c,,c,, = 0, which 
demonstrates the identity between (48) and (12). The eigenvalues of the Hermitian operator 
N,,, then must satisfy wag (49) 
and can only have values 0 or 1. 
e) One finds the action of N,, on c;, |0): 


N,c7 |0>=ctc,ct|0>. (50) 


By using the anticommutation relation [c,,, c,,],.= 1 and the fact that c,,|0) = 0 one gets 


N,, of 10> = c% 10> (51) 


c}|0) is thus an eigenstate of N,, with eigenvalue 1. Furthermore, it is clear that c,, |0) is 
nonzero. Its norm (0|c,,¢,, |0) can be found using [c,,, c;,], = 1 and is 1. In contrast, since 
the c,{ anticommute with themselves, we have (cj)? = 0, and more generally (cj)? = 0 if 
p > 1. It is then impossible to construct, as was done in part (i), a state with more than one 
particle in the same state £,. Actually we have already shown that the eigenvalues of N,,, are 
restricted to 0 and 1. Thus the particles associated with the quantized field are fermions. 


9, SCHRODINGER EQUATION FOR A PARTICLE IN AN ELECTROMAGNETIC 
FIELD: ARBITRARINESS OF PHASE AND GAUGE INVARIANCE 


Consider the Lagrangian LL = | d?r Y where ¥ is the real Lagran- 
gian density 


L = Crd — wy - il ny es iA) wh \(Fr- aay |- 


— (Vi) + qu) wy. O) 


In this Lagrangian, ~(r) is a classical complex field. The purpose of this 
exercise is to show first that the Lagrange equations associated with Z are 
the Schrédinger equation of a particle in an electromagnetic field defined 
by the potentials A(r, 7) and U(r, t). One will see then that any phase 
modification of the matter field y(r) is equivalent to a gauge transforma- 
tion for the electromagnetic field. 


a) Find the Lagrange equations associated with (1). 
b) Make the change of variable 


Wr, ft) = wir tje en” (2) 


where Fir, ¢) is an arbitrary function of r and ¢t. Give ¥ as a function of 
Ww’ and F, and show that a change in phase of ¥ is mathematically 
equivalent to a change of gauge. 


168 Exercises D,,-9 


Solution 


a) To get the Lagrange equation (A.52.b) one must take the following partial derivatives: 


ay (3.a) 

ay* 

CL ith C 

ee a hae 4.(4 A= 44))¥-Y + add¥ (3.b) 
ag a (h é 

Reg = Fmi(t oy 4) oe 


One then gets the Lagrange equation 


ind -—v + quyw — ("0 - aa) vy = 0 (4) 


which is also the Schrédinger equation for a particle in an external electromagnetic field. 
b) In the transformation (2), the time and space derivatives become 


wy = y eT iaF in ig Fw e7 grin (5.a) 
Ow = (ej) e7 arin ig oF ye am (5.b) 
OX; 


Putting these in the Lagrangian density (1) gives 


2m 


a= Zw Ww) ial (- ay — aA + vF)) vel (E9 — (A + vF)) v'| 


—~(V+qU-F)]v*y. © 


The same Lagrangian density could have been gotten by keeping the same field y and 
making a gauge change on the potentials A and U: 


A'=A+VF (7.a) Ue SF: (7.b) 


CHAPTER III 


Quantum Electrodynamics in the 
Coulomb Gauge 


This chapter is devoted to a general presentation of quantum electrody- 
namics in the Coulomb gauge. Its purpose is to establish the basic 
elements of a quantum description of the interactions between nonrela- 
tivistic charged particles and photons and to emphasize several important 
physical aspects of this theory. 

We begin in Part A by introducing the general framework for such a 
quantum theory. We review the fundamental commutation relations intro- 
duced in an elementary fashion at the end of Chapter I and derived in a 
more rigorous way in Chapter II. We make explicit the quantum operators 
associated with the various physical variables of the system and analyze 
the structure of the state space in which these operators act. 

The problem of temporal evolution is then approached in Part B. 
In the Schrédinger picture the state vector of the global system obeys a 
Schrédinger equation and the matrix elements of the evolution operator 
between two states of the system are the transition amplitudes between 
these two states. The Heisenberg picture leads to equations of motion for 
the various variables of the system which are closely analogous to the 
classical equations. In particular, the Maxwell—Lorentz equations remain 
valid between operators. An additional advantage of this viewpoint is that 
it is well suited to the introduction of important statistical functions like 
the symmetric correlation functions or the linear susceptibilities. 

Part C is devoted to a discussion of some important physical aspects of 
the quantized free field. Different types of measurements and various 
quantum states are reviewed and analyzed. We will see in particular that 
the elementary excitations of the quantum field can be analyzed in terms 
of particles having a well-defined energy and momentum, viz., the pho- 
tons. A particularly important state is the ground state of the field, called 
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the vacuum (of photons). We also introduce the coherent or quasi-classical 
states, which are the quantum states of the field which correspond most 
closely to a given classical state. Let us mention here that the discussion of 
Part C is extended in Complement A,,, with an analysis of interference 
phenomena (with one or more photons) and of the wave—particle duality 
in the framework of the quantum theory of radiation. 

We consider finally, in Part D, the Hamiltonian describing the interac- 
tion between radiation and matter. The various terms of this Hamiltonian 
are written down and their orders of magnitude evaluated. The selection 
rules which the matrix elements obey are also examined. 

We note finally that the global Hamiltonian of the system particles + 
field can be transformed and put into a more convenient form in the 
long-wavelength limit. Complements A,, and B,, of the next chapter 
introduce in an elementary way the unitary transformation which allows 
one to pass from the usual Hamiltonian (“in A - p’”) to the electric dipole 
Hamiltonian (“in E-r’). This is an example of a transformation for 
passing from electrodynamics in the Coulomb gauge to an equivalent 
formulation, a problem treated with more detail in Chapter IV. 
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A— THE GENERAL FRAMEWORK 


1. Fundamental Dynamical Variables. Commutation Relations 


The fundamental dynamical variables for each particle a are the 
position r, and the momentum p, of the particle, which satisfy the 
commutation relations 


Po rg il = [Pap Ppjl = 0 
[7,1 Ppjl = 1A ug OF (A. 1) 


Lj =Xy,Z. 


As was indicated at the end of Chapter I and justified in Chapter II, the 
normal variables a; and a*, which characterize the state of the classical 
transverse field, become, following quantization, the destruction and cre- 
ation operators a, and a; for fictitious harmonic oscillators associated 
with the various modes of the field and satisfying the commutation 
relations 


[aa] = [a;', a7] = 0 
[a; a; — 0i;- (A .2) 


mod 


Remark 


We have explicitly used above the Schrédinger point of view where the 
operators are time independent. The commutation relations (A.1) and (A.2) 
remain valid in the Heisenberg formulation, provided that the two operators in 
the commutation relation are taken at the same instant. 


2. The Operators Associated with the Various Physical Variables 
of the System 


We begin with the various field observables. The operators associated 
with the transverse fields E , (r), B(r), and A , (r) at each point r of space 
are gotten by replacing a; with a; and a* with a; in the expansions of 
the corresponding classical variables [see Equations (C.38), (C.39), and 
(C.37) in Chapter I]: 


E(t) = Dié,,,[a; &, e" — aj ee) (A .3) 
Bir) = ) iB, law; x ¢) ee" — as (Kk; x e)e ™"] (A.4) 


A (r) = > A, [a, ee" + as &,e7 Ke] (A .5) 
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with 


ho, |'/? é, é, 
6 = a Bi=-% Gg =" (A.6) 
2 & L Q; 


The total electric field E(r) is given by 


E(r) = E,(r) + E,(r) (A.7) 


where 
r—Tr, 


E,(r) = = ree a (A .8) 


—r[P 


The position r, of particle a in (A.8) is now an operator. 

Since we have respected the ordering of a; and a* in the calculations 
leading to Equations (C.16) and (C.17) in Chapter I for the Hamiltonian 
A ane aNd the momentum P,,,,, of the transverse field, it is not necessary 
to redo these calculations in the quantum case, and we can write the 
operator H,.,,,, in the form 


] 
= -~> Slat a; +a;a "= Erol at a, +2] (A .9) 
[where we have used (A.2) to replace a,a; by a;'a, + 1]. Similarly, 


ner = & [a*rEW@ x B(r) 
= = Pea aS aa a; (A.10) 


(using the relationship © ,Ak,/2 = 0). 
Finally, since we are in the Coulomb gauge (*) we have 


| qa 
U(r) Age Ore (A. 12) 
U is simply the electrostatic potential of the charge distribution. 


(*) As in Chapter II (see §C.1), we will omit hereafter the index 1 in A, , since in the 
Coulomb gauge A and A, are the same. 
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Remarks 


(i) Starting from the expansions (A.3) to (A.5) for the transverse fields in a; 
and a,” and the commutation relations (A.2), one can establish the following 
expressions for the commutators between two components of the fields taken at 
two different points r and r’ (see Exercise 1): 


[A(r), Afr’)] = 0 (A 13) 
[ A,(r), E,«e)) = = 554 (r — 1’) (A . 14) 


where i, j = x, y,z and where 6; is the “transverse delta function” defined 
by (B.17.b) of Chapter I. One gets also: 
[E..7), Bry) = — 2 Lae - 1. (A.15 
x Ey OZ 

Since the derivative of 5(r — r’) vanishes at r = r’ as a result of d(r — r’) 
being even, it clearly appears in (A.15) that E , (r) and Br) commute when they 
are taken at the same point. It is this property which makes the symmetrization 
of E, (r) X B@) in the expressions for P,,,,, and Jia, useless. 

Since E,(r) can be reexpressed as a function of r, [see (A.8)], which 
commutes with a; and a; , Equations (A.14) and (A.15) remain valid if E, is 
replaced by the total field E. 

(ii) All the commutators (A.13) to (A.15) are evaluated from the Schrédinger 
point of view. They remain valid in the Heisenberg picture if the two fields in 
the commutator are taken at the same time. 

(iii) In fact, the commutators (A.13) and (A.14) were derived directly in 
Chapter II before the commutation relations (A.2). The relations (A.2) are then 
a consequence of (A.13) and (A.14) (see §C.4, Chapter IT). The reason for this 
is that in the Lagrangian formulation of electrodynamics in the Coulomb 
gauge, A(r) and —¢,E, (r) appear as canonically conjugate variables, with the 
result that canonical quantization of the theory leads directly to (A.13) and 
(A.14) [the fact that it is 6; (r —r’) and not 6,,8(r — r’) which appears in 
(A.14) is related to the transverse character of the fields (see §C.4.6, Chapter 
IT)}. 


The Hamiltonian is a particularly important operator in this theory. We 
recall its expression in the Coulomb gauge: 


l 
H = oat [p, — 9, A(r,)]* + 


qe dp 


ate 
8 ME azp Ih. — Fe 


+ 2 four + TT 


| 
+ pa her a} a; + 5): (A. 16) 


Physically, the operator (A.16) is associated with the total energy of the 
system, the first line of (A.16) giving the kinetic energy of the particles, the 
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second line their Coulomb interaction energy [e¢,,, being the Coulomb 
self-energy of particle a given by (B.36) of Chapter I], and the third line 
the energy of the transverse field. 


Remarks 


(i) The expression (A.16) for the Hamiltonian in the Coulomb gauge, which 
was postulated at the end of Chapter I, has its justification in the Lagrangian 
and Hamiltonian approaches presented in Chapter II (see §C.3, Chapter II). 
For those who have not read Chapter II, the fact that the Hamiltonian (A.16), 
taking into account (A.1) and (A.2), leads to the quantized Maxwell—Lorentz 
equations (as will be shown in Part B below) will be considered as an 
a posteriori justification of (A.1), (A.2), and (A.16). 


(ii) It will be useful for subsequent developments to give the expression for the 
Hamiltonian H in the presence of external fields—that is, static or time-depen- 
dent fields whose motion is imposed externally. Let A,(r, ¢) and U,(r, t) be the 
vector and scalar potentials describing such external fields (the Coulomb gauge 
need not be used for A, and U,). We have shown in Complement C,, that the 
expression for H is then 


| 
H= >: 2m Lp, — da A(r,) — Way AT, t)]? a 


, ! qa Ap 
+ 2 %ou + Fae, 2, Ir, — Fy +4 U At, t) + 


a ¥ feo a; + 5): (A.i7) 


We will show subsequently (see the remarks at the ends of §§B.2.a and B.2.b) 
that the Hamiltonian (A.17) with the commutation relations (A.1) and (A.2) 
leads to “good” equations of motion for the particles and for the fields. 


We complete this review of the various quantum operators by giving 
the expression for the total momentum P, 


P= dip, + Ak; a;" a, (A. 18) 


and that for the total angular momentum J, 


J= Dt, x Ps + Sirans (A. 19) 


where J,ans 18 given by (C.18) of Chapter I (with a and a* replaced by a 
and a*). 
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3. State Space 


The state space & of the system is the tensor product of the state space 
of the particles, &>, in which r,,p,,... act, with the state space &, of the 
radiation field, in which a,, a;,... act: 


€=E@E&. (A .20) 


The space &, is itself the product of the state spaces &, of the various 
oscillators i associated with the modes of the field: 


Ep =E,@6,.° @E O° (A. 21) 
One possible orthonormal basis of &, is {|”,;)}, where n, = 0,1, 2,3,... 


labels the energy levels of oscillator i. If {|s)} is an orthonormal basis of 
&>, we can take in the total space & the following basis: 


bs > ly > 15 ee Was Pt Seiten thasS “(45 20) 


and the most general state vector of & is a linear superposition of the 
basis vectors (A.22). 
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B—TIME EVOLUTION 


1. The Schrodinger Picture 


In this picture the various observables of the system particles + fields 
are fixed, and it is the state vector |¥(t)) which evolves according to the 
Schrédinger equation: 


it |W) = HV) (B.1) 


where H is the global Hamiltonian given in (A.16). 
If |¥(¢)) is expanded in the orthonormal basis (A.22), 


LWOO> = Dd Congna. D155 My, M2. > (B.2) 
and if the expansion (B.2) is substituted in (B.1), one gets a linear system 
of differential equations for the coefficients Csaiijeilt): 

The Schrédinger point of view is convenient for introducing the transi- 
tion amplitudes 


Cw, |UD |¥,> (B . 3) 
where 
U(t) = e tHe (B.4) 


is the evolution operator. Physically, (B.3) represents the probability 
amplitude that the system starting from the initial state |,) will end up in 
the final state |,> after a time interval 7. These amplitudes allow one to 
describe various manifestations of the interaction between matter and 
radiation (absorption, emission or scattering of photons by atoms, pho- 
toionization, radiative corrections, etc.). One of the important objectives 
of the theory will be to calculate these transition amplitudes, either by 
perturbation theory or by some more complex approach. (*) 

In the present chapter, which is devoted to more general considerations, 
we will stress the advantage of the Heisenberg point of view, which is 
more appropriate for comparisons between the classical and quantum 
theories. 


2. The Heisenberg Picture. The Quantized Maxwell—Lorentz Equations 


In the Heisenberg picture, it is the state vector |) of the global system 
which remains fixed, whereas the observables G(t) of the system evolve 
according to the Heisenberg equation 


d ] 


(*) These problems are treated for example in Cohen-Tannoudji, Dupont-Roc, and 
Grynberg (Chapters I and III). 
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where H is the Hamiltonian (A.16) in which all of the operators are taken 
at time f¢. 


a) THE HEISENBERG EQUATIONS FOR PARTICLES 


The Heisenberg equation for r,, 


- | _ 1 l 2 
| ay a> H] = i Tm, (Pa — Gy AG? 


- =O. _ q, A(t) (B.6) 


is just the well-known relation between the mechanical momentum my, of 
particle a and its canonical momentum p,: 


Pp, ars mM, Vy F dy A(r,) (B.7) 


(v, =f, is the velocity of particle a). Equation (B.44) of Chapter I thus 
appears here as an equation of motion. 


For the following calculations, it will be useful to evaluate the commu- 
tator between the two components v,, and u,, of v, (j, / = x, y, Z): 


mzlv,;. Uy] Fs Fal Poj> A((r,) | — q,LA (1); Pat] 
=e ihq,|0;A,(t,) - 0A ((7,)] 


= ih, >, Ej. Bt.) - (B.8) 
k 


Consider now the Heisenberg equation for mv, ,, 


aha = MF = Yay, A] (B.9) 


and calculate the contributions of the three terms appearing in the 


expression (A.16) for H. The first term of H (kinetic energy) gives, using 
(B.8), 


m 
=| v,;, ¥m, v2,/2 | = 
“i j » 


2 
mM, é 
if » { Dy [v,; » Val ai [U,;5 Vat] Vy] j 


No 


N= 


2 2 Ein { Va Blt.) + Bry) Vat } (B. 10) 
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and can be considered as the j-axis component of the magnetic part of the 
symmetrized Lorentz force, 


% ty, x BO) — Br.) x ¥,}. (B.11) 
The second term of H (Coulomb energy) gives 


mM, l 4) 
ih [v, 5 Veou] = GF [Pai Voou! i Gr. V cout (B. 12) 


aJ 


which is just the j-axis component of the longitudinal electric force 
qi. (r,)- Finally, the third term of H (the energy of the transverse field) 
gives 


I 
= > hora} a; + 5) = 1q, >», [A (1), as a; | ; (B 13) 


By using on one hand the commutator [a;, a;a;] = a; and on the other 
hand the expansions (A.3) and (A.5) for E, and A, one can show that 
(B.13) is nothing more than the component of the transverse electric force 
qu , (¥,) on the j-axis. 

By regrouping all the preceding results one gets finally 


m,t, = q,E(r,) + [vq x Blr,) — BG.) xv] B.14 


where E= E, +E, is the total electric field. Equation (B.14) is the 
quantum form of the Newton—Lorentz equation 


Remark 


In the presence of external fields, it is necessary to use the Hamiltonian (A.17). 
Equation (B.6) then becomes 


mM, I, =mMm,V, = Pa 4a A(r,) — Gy A.(t,, t) (B : 15) 


and contains the external vector potential A,. With this new expression for 
m.N,, the calculation of the commutator (B.8) involves the curl of A + A,, that 
is to say, the total magnetic field 


B,=B +B, (B. 16) 


which is the sum of the quantized magnetic field B and the external magnetic 
field B,: 


m[v,;5 Va) = ihq, > E ink B,,(t,) : (B . 17) 
k 


Additionally, since the new expression (B.15) for m,v, contains a term explicitly 
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dependent on time, —q4,A,(r,, 1), the Heisenberg equation (B.9) for m,y, is 
modified and becomes 


‘ cv, mM, 
mV, = Ma + = [V.. H] 


0 mM, 
= — 9a 5; Alt» 4) 4 ay LVa> ff]. (B. 18) 


Finding the commutator of (B.18) is a similar procedure. Since it is necessary to 
use (B.17) in place of (B.8), it is the total field B, which now appears in the 
Lorentz magnetic force (B.11). The other new term which arises in this 
calculation comes from the coupling of the charges with the external scalar 
potential [the term ),q¢,U,(r,, ¢) of (A.17)]. It is written 


ela Ge Ulta. )] = ~ 4, VUE,» 1)- (B.19) 
Regrouping (B.19) with the first term of (B.18), one gets 


do] — GAG) ~ Vue | = 4, Elo (B. 20) 


that is to say, the force due to the external electric field. Equations (B.12) and 
(B.13) remain unchanged and give rise to the force due to the quantum electric 
field FE, q,E(r,, t), which is added to (B.20) to yield the total electric field 


E,=E+E,. (B.21) 


Finally, by regrouping the preceding results, one gets the new Newton—Lorentz 
equation 


m,¥, = 4, E(t.) + 3 Lv. x B(t,) — Br) x ¥,] (B.22) 


which now contains the total fields B, and E,. 


b) THE HEISENBERG EQUATIONS FOR FIELDS 


The same linear relationships exist between the classical transverse 
fields and {a;,a*} on one hand and the quantum transverse fields and 
{a,, a; } on the other. If we show that a, and a, obey similar equations, 
we will have at the same time shown that the equations of motion of the 
fields are the same in the classical and quantum theories. Instead of 
writing the Heisenberg equations for E , , B, and A, it is therefore easier to 
consider one such equation for a;: 


: l 
a, = = |a;, H]. (B.23) 


As with m_y., we will now calculate the contributions of the three terms of 


a a? 
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H. The last term gives —iw,a;. The second commutes with a, and gives 
zero. Finally, the first term gives 


] m, ve M, Ov, Ov, 
ih ja. | 7 d 2ih 1. eat” Gas vf 7 
1d, ~ikjr —ikjer 
or %,.&,°[v,e "= +e “ley ]. (B.24) 


We have used [a,, f(a;)] = 0f/da;, which follows from (A.2). If one 
introduces the symmetrized current 


i(e) = 5 Daalvy dtr — r,) + dle — r,)¥,] (B.25) 


one can then transform (B.24) into 


———— j, (B. 26) 
2 & ho; 
where 
A, = dere '** g + j(r) (B.27) 
/J3 


is the Fourier component of j on mode /. Finally, the equation of motion 
for a, is written 


as: (B.28) 


a, + 10,4, = jj; 
s/ 2 Eg ho; 


and has exactly the same form as the equation of motion for a, [Equation 
(C.41) of Chapter I]. The argument given at the beginning of this subsec- 
tion then shows that Maxwell equations remain valid between operators. 

Finally, all the basic equations of classical electrodynamics can be 
generalized into the quantum domain (provided however that one sym- 
metrizes the products of noncommuting Hermitian operators such as the 
Lorentz magnetic force or the charged-particle current). 


Remarks 


(i) In the presence of external fields, the evolution equation for a, keeps the 
same form (B.28). The third line of (A.17) always gives —iw,a;, the contribu- 
tion of the second is zero, and that of the first is the same as above. [It must be 
noted however that the velocities y, appearing in (B.25) for the current are now 
related to the momenta p, by Equation (B.15) and no longer by (B.7).] Actually, 
the equation of motion of a; only concerns the evolution of the quantized 
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transverse field. This is expected, since the evolution of A, and U, is assumed 
to be externally imposed. Since the source term of (B.28) depends only on the 
particle current, the external field can only influence the evolution of the 
quantized transverse field through the current. More precisely, the presence of 
the external field modifies the motion of the particles [see (B.22)], and thus the 
current associated with them, and thus the field which they radiate. 


(11) In the absence of particles (7, = 0), the solution of Equation (B.28) is quite 
simple: 


a(t) = a,Q) e7'?# (B.29) 


The expressions for the free fields in the Heisenberg picture are then gotten by 
replacing, in the expansions (A.3), (A.4), and (A.5) for E, , B, and A, the 
quantity a, by (B.29) and a;’ by the adjoint expression. For example, 


Efee(r, 1) = Yi 6,.[a,(0) 5 "OP — a0) e, 7-9], (B30) 


One thus gets an expansion of the free field in traveling plane waves whose 
coefficients a,(0) and a;*(0) are now operators satisfying the commutation 
relations (A.2). Starting from (B.30) and the analogous equation for B'°¢(r, 1), 
one can find the commutators between components of the free fields taken at 
two different space-time points r,¢ and r’,t’ (see Complement C,,,). In 
particular, one finds that the commutators of the electric and magnetic fields 
are always zero when r,t and r’, t’ are separated by a spacelike interval. This 
result means that two measurements of the fields at r,¢ and r’,?¢’ cannot 
perturb each other when the two events at r, ¢ and r’, ¢’ cannot be connected by 
a physical signal. 


c) THE ADVANTAGES OF THE HEISENBERG POINT OF VIEW 


A first advantage of this point of view is that it allows one to discuss 
easily the analogies and differences between the classical and quantum 
theories. As seen above, this leads to analogous equations of motion, but 
these equations now involve operators and not the classical variables. 

A second advantage of the Heisenberg point of view is that it allows 
one to define “two-time averages”, that is to say, mean values in the state 
|) of the system (remember that |) is time independent) of a product of 
two operators F(?) and G(t’) taken at two different times ¢ and t’: 


CWI FO GH)I|Y>. (B. 31) 


Important examples of two-time averages are the symmetric correlation 
functions and the linear response functions. They describe respectively the 
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dynamics of the fluctuations occurring in the system and the linear 
response of the system to a small external perturbation. We will return 
below (§C.3.c and Complement C,,,) to the symmetric correlation func- 
tions and the linear susceptibilities of the quantized free field (see also 
Exercise 6, Chapter IV). 
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C— OBSERVABLES AND STATES OF THE QUANTIZED 
FREE FIELD 


To discuss the physical properties of a quantum system, it is necessary 
to know the observables G associated with the various physical variables 
of the system and at the same time the state vector |W) (or the density 
operator p) describing the state of the system at the time the measurement 
is being effected. It is by using these two distinct mathematical quantities 
G and |¥) (or G and p) that predictions can be made about the results of 
measurements performed on that system. 

For instance, if |) coincides with one of the eigenstates of G, the 
result of the measurement of G is certain; it is the corresponding eigen- 
value of G. If |x) is not an eigenstate of G, the result of the measurement 
can a priori be any eigenvalue of G with well-defined probabilities, the 
mean value of the results gotten from a large number of identical measure- 
ments (repeated on the same state |y)) being (Y|G|y). If two physical 
variables are not compatible, that is, if the corresponding observables F 
and G do not commute, it is not possible to find a common basis of 
eigenvectors for F and G. There is no state |y) which is well adapted to 
both F and G. One can seek a compromise in this case, for example by 
looking for a state |) such that the mean values of F and G in this state 
are equal to the corresponding classical values of these variables. 

This general approach can be applied to the electromagnetic field and 
will be followed in this section to study the important properties of the 
quantized field. In order to concentrate the discussion on the field vani- 
ables, we will consider only the free field, that is to say the field in the 
absence of sources. 


1. Review of Various Observables of the Free Field 


a) TOTAL ENERGY AND TOTAL MOMENTUM OF THE FIELD 


In the absence of particles, H and P reduce to H,,,,,, and Piano) Whose 
expressions have been given above in (A.9) and (A.10). Note that these 
variables are global variables in the sense that they are given as integrals 
over all space (free space or quantization volume) of functions of the fields 


E and B. 


5) THE FIELDS aT A GIVEN POINT r OF SPACE 


Unlike H,,,,, and P.,an;, these variables are /ocal. The measurement of 


the field at a point requires placing a fest charge at that point. The 
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expressions for E , (r) [which is equal to E(r) in the absence of particles, 
since E,, is then zero], B(r), and A(r) are given above by (A.3), (A.4), and 
(A.5). 

Let us examine the electric field more precisely and consider the 
contribution of one mode to E(r). Rather than using the operators a and 
a*, one can introduce their linear combinations ap = (a + a*)/2 and 
Ag = (a —a™)/2i, analogous to the position x and momentum p of a 
harmonic oscillator. It is easy to see that ap and ag correspond to two 
quadrature components of the electric field (see Exercise 6). One can then 
use the analogy with the harmonic oscillator to establish results for the 
quantum radiation field. For example, the Heisenberg relation for Ax Ap 
here becomes Aap Aag > 4 and means that measurements of two quadra- 
ture components of the field are not compatible. If one wishes to measure 
one component with great precision, this will introduce an increase in the 
uncertainty in the quadrature component. Another interesting result con- 
cerns the distribution of possible values of each component ap and ag 
when the mode is in the ground state (no photon in the mode). This 
distribution is a Gaussian just like the distribution of possible values of x 
and p in the ground state of a harmonic oscillator. 


c) OBSERVABLES CORRESPONDING TO PHOTOELECTRIC MEASUREMENTS 


In the optical domain, one most often uses detectors based on the 
photoelectric effect to make /oca/ field measurements. Schematically one 
puts an atom in the radiation field at point r and observes the photoelec- 
trons produced by photoionization of this atom. Such measurements are 
destructive in the sense that the photons responsible for the photoelectric 
signal disappear. 

We will use below the results of photodetection theory to relate the 
signals obtained to the local field observables (see the references at the end 
of the chapter). These results will be useful for the physical discussions of 
this chapter and Complement A yy. 


1) Single Counting Signals 


Suppose that a broad-band detector is placed at point r in a free 
radiation field described by the state |). One can show that the probabil- 
ity of observing a photoionization in this detector between times ¢ and 
t + dt is proportional to w,(r, t) dt, where 


wr, =< /EOGn)- EG d|W> (C.1) 


Er, 1) and E‘~r, r) are the positive- and negative-frequency compo- 
nents of the free field (B.30), containing respectively only the destruction 
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operators a, and the creation operators a: 


EM(r, ) = Yi&, a, ¢, eter 
i 


Er, ) = (Er, d]* = — Vig, av se), (C..2) 


[For simplification we omit the index “free” and write a, and a; for 
a,(0) and a;(0).] 

The “single counting rate” w, is the mean value in the state |y) of the 
field of the observable 


I(r, t) = Er, )- EO, a (C..3) 


taken in the Heisenberg picture. I(r, f) is a Hermitian operator arranged 
in the normal order (that is, with all the destruction operators on the right 
and all the creation operators on the left), which one can call the “light 
intensity” at point r at time ¢. 


Remark 


It is also possible to give a semiclassical treatment of the photoelectric effect 
where only the detector is quantized and not the field (see the references at the 
end of the chapter). For the single counting rate one finds in place of (C.1) 


wir t) = ES0G f° EGP, Oo = 40, 0 (C.4) 


where E‘*) and E‘,? are the positive- and negative-frequency components of 
the classical electric field and where J,, = |E‘*)|* is the classical intensity. 


il) Double Counting Signals 


Consider now two photodetectors at r and r’. The probability of 
observing one photoionization at point r’ between ¢’ and ¢’ + dé’, and 
another one at r between ¢ and ¢ + d¢ is found to be proportional to 
Wy (r, t3 1, t’) dt dz’, where 


w(t, £59, t’) = 
= DCL EOOR GOA OGIO OLY (CS 
with m,n = x, y, z. The “double counting rate” w,, is equal to the mean 
value of the observable arranged in normal order: 
Y LEO 1) BO’, DBO, 0 BO, 0°). (C.6) 


Since E‘(r, t) and E“(r, t) do not commute, it is not possible to write 
such an observable in the form /(r, t)/(1’, t’), that is to say, as the product 
of two light intensities at r, ¢ and r’, ¢’. 
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Remark 


The semiclassical expression for the double counting rate is 
wer tsr, 0’) = 1,0, 9 Tart’). (C.7) 


For a fluctuating classical field it is necessary to take the average of (C.7) over 
all possible realizations of the field. The double counting rate is then equal to 
the correlation function of the light intensity. 


2. Elementary Excitations of the Quantized Free Field. Photons 


a) EIGENSTATES OF THE TOTAL ENERGY AND THE TOTAL MOMENTUM 
Consider first of all the oscillator i (mode i). The eigenvalues of a;'a, 


are the integers n, = 0,1,2,..., 


a; a;|n,;>=n,|n,> n, = 0,1, 2,... (C.8) 


and the eigenvectors |”,;) obey the well-known relations 
a; |n; > = /n, +1[n,+1> 
a;|n, > =./n,|n, — 1> 
a,|0,> =0 (C.9) 
(a;" )" 


n; ! 


[nz > = [0.>: (C.10) 


Since a;'a; commutes with a; a,, the eigenstates of Hyon, and Pian, are 
the tensor products of the eigenstates |n,) of a;'a;,: 


AE Nw > = E(x + x) ho, | ny ...n,..>  (C.11.a) 
Pr | m,... np. >= Yin, Ak, | ny on, ..>. (C.11.b) 


The ground state of the field corresponds to all n, equal to zero and is 
denoted |0): 


0: SH105 cee Ones Ds (C.12) 
From (C.10) it is clear that all the eigenstates |n,,n,,...,n,;...) can be 
gotten by applying a certain number of creation operators to the ground 
state |0): 
iy (ay 


n,! n,; | 


Nisin Ne ) 


10>. (C. 13) 
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b) THE INTERPRETATION IN TERMS OF PHOTONS 


With respect to the ground state |0), the state |m,...”,;...) has an 
energy Ljn,hw, and a momentum 1 ,n,hk,. The situation appears as if this 
state represented a set of n, particles with energy Aw, and momentum 
hk,,... ,; particles with energy Aw, and momentum Ak,,.... These 
particles are called photons. They describe the elementary excitations of 
the various modes of the quantized field. 

The ground state, which has no photon (all n, are zero), is called the 
vacuum. From (C.9) it appears that a; creates a photon i whereas a, 
destroys a photon i. The total number of photons is described by the 


operator 
N=). a; G: (C.14) 


Finally, since the field has been quantized with commutators, the 
photons are bosons. Thus, the total number of photons ij, n,, can be 
greater than 1. 


Remarks 


(i) The energies of the states have been evaluated with respect to the vacuum. 
However, the absolute energy of the vacuum, equal to L,Aw,/2, is infinite. We 
return to this point below when we study vacuum fluctuations. 


(ii) Instead of using the transverse plane-wave expansion, one can expand 
the field in multipole waves (see Complement B,). In that case one gets, 
after quantization, elementary excitations, or photons, characterized by well- 
defined values of the energy [Aw], of the square of the angular momentum, 
J? [J(J + 1)h*)], of J, [Mh], and of the parity [+ or —]. 


(i) A relativistic wave equation like the Maxwell equations, the Klein-Gordon 
equation, or the Dirac equation has solutions in e'*’ and e'“’, which one can 
interpret as solutions with positive or negative energies. After second quantiza- 
tion of such a theory, the coefficients of the field expansion in the negative- 
energy solutions become the destruction operators of a particle of negative 
energy, which one reinterprets as the creation operators of an antiparticle of 
positive energy. The field operator appears then as a linear superposition of a 
(the destruction operator of a particle) and b* (the creation operator of an 
antiparticle). For the Maxwell field only a and a™ arise. This is due to the fact 
that the Maxwell field is real and the photon coincides with its antiparticle 
(b= a"). 


c) SINGLE-PHOTON STATES. PROPAGATION 


The creation operator aj, acting on the vacuum |0), gives a state with 
one photon k. Such states can be linearly superposed to give 


Wea 10D (C.15) 
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One such linear combination is an eigenstate of the operator N given in 
(C.14), 


N\|W>=|¥%> (C. 16) 


but not of H,,,,, and P..an; [since multiple values of k appear in (C.15)]. It 
follows that in general |y) describes a single photon nonstationary state. 

To discuss the propagation of such a state, consider a simple one- 
dimensional model. All modes appearing in the expansion (C.15) are 
assumed to have their wave vectors parallel to the Ox axis and the same 


polarization, so that E‘*(r, ¢) will be denoted simply as E‘*(x, t): 


Ex, t) = > YVkay eke ar) | (C.17) 
0 


The single counting rate w,(x, ¢) in the state (C.15) is then given by 


2 


w(x, -) = (C.18) 


i(kx — wt) 
yy /key e 
k 


hc 
2e0L> 
It clearly appears in (C.18) that w,(x, t) depends only on x — ct and thus 
propagates without distortion at velocity c. 


Remarks 


(3) A measurement of P,,,,, on the field in the state (C.15) gives (for the 
x-component) the value Ak with probability |c,|°. (We assume that (P|) = 
L,|¢,|7 = 1.) The quantity |c,|* can then be considered as a probability 
distribution for P,,.,- 


(ii) The single counting rate w,(x, 1?) is proportional to the probability of 
observing a photoelectron at point x. It is tempting to think of w,(x, ¢) in the 
one-photon subspace, as the probability for a photon to be at point x. This 
would introduce the idea of a “position” for the photon. To confirm such an 
interpretation, it would be necessary to show that it is possible to construct a 
complete set of localized states for the photon, that is to say, a complete set of 
states for which w,(x, ¢) is everywhere zero except at one point. In fact, this is 
impossible owing to the transverse character of the field. Assume, for example, 
that one wants to localize a photon with a polarization parallel to the z-axis. 
The transverse nature of the field requires that one use only plane waves having 
their wave vectors in the (x, y) plane, which implies that w,(7, £) is completely 
delocalized along Oz. In fact, it is impossible to define a position operator for 
the photon, as has already been indicated in §C.5 of Chapter I. 


W.C.3 Observables and States 189 


3. Some Properties of the Vacuum 


a) QUALITATIVE DISCUSSION 


For a real harmonic oscillator, it is well known that the fundamental 
commutation relation [x, p] = ih prevents the simultaneous vanishing of 
the potential energy (proportional to x*) and the kinetic energy (propor- 
tional to p”). The lowest energy state results from a “compromise” 
between these two energies, which vary oppositely as functions of the 
width of the wave function. One understands then why the ground state 
has an absolute energy which is not zero (“the zero-point energy”, Aw/2), 
and why in this state the variances Ax* and Ap? of x and p are not zero. 

The same phenomenon arises for the quantized field. The fundamental 
commutation relations (A.2) between a, and a; [see also (A.15)] prevent 
simultaneous vanishing of the electric and magnetic energies. It follows 
then that the ground state of the quantum field, that is, the vacuum |0), 
has a nonzero absolute energy, and that the variances of E and B in this 
state are nonzero. This is a purely quantum effect. 


b) MEAN VALUES AND VARIANCES OF THE VACUUM FIELD 


Starting with the expansion (A.3) for E in a, and a; and with 
a;|0> = 0 {O|a,a7|0> = 6, (C.19) 


one sees that 
<0|Eq)|0> =0 (C. 20) 


ho. 
(0|[EW? 10> =h62 =, (C.21) 


ea ae oo 


and finally, by replacing the discrete sum with an integral [see (C.34) of 
Chapter I]. 


k 


AE2(r) = —. | k3 dk. (C.22) 
i@) 


0 


The variance of the electric field at a given point r is then, in the vacuum, 
proportional to A (quantum effect) and diverges as k4, as the upper limit 
ky, of the integral (C.22) tends to infinity. An analogous result can be 
gotten for cB(r), which has in the vacuum the same mean value and the 
same variance as E(r). 

Thus the quantum theory of radiation predicts that even in the vacuum 
there is at every point in space an electromagnetic field with zero mean 
value and infinite variance. 
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Remark 


Rather than considering the fields at a point r, we can average the field over a 
finite volume surrounding the point r and with linear dimension 7%. More 
precisely, we introduce the mean field 


E(r) = [erro E(r + p) (C.23) 


where f(p) is a real function (Figure 1a), depending only on |p| and of width 
7%, such that 


[ee f(p) = 1. (C.24) 


Using the expansion (A.3) for E, one then transforms (C.23) into 
E(r) = i ps E.,, 4; g(k;) £, e" + herm. conj. (C..25) 
where g(k) is the Fourier transform of f(9): 
g(k) = | d°p el? f(p) (C. 26) 
g(k) depends only on |k| and tends to zero when |k| > 1/7. Additionally, 


from (C.24) and (C.26) 
g(0) = 1. (C .27) 


g(k) 


0 ro 0 l/r 


Figure 1. The shapes of the function f(p) defining the mean field and its 
Fourier transform g(k). 


The shape of g(k) is shown in Figure 1b. One sees then that averaging the field 
over a finite volume of linear extent 7 about r is equivalent to introducing a 
“cutoff function” g(k) in the mode expansion of the field. This cutoff sup- 
presses the contributions of the modes with wave vectors greater than 1/7). The 
same calculation as above then gives 

<0/E(r)|0> =0 (C. 28) 


AF?(r) = 


hi 7 3 2 
pe | k g(| k |) dk . (C.29) 
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The integral of (C.29) converges if g(|k|) tends sufficiently rapidly toward zero 
when |k| — oo. Thus, the variance of the mean field E in the vacuum can 


remain finite. 


c) VACUUM FLUCTUATIONS 


In the subsection above we have calculated the mean values of the 
fields and of the squares of the fields at a given instant. To study the 
dynamics of the vacuum field, it is necessary to further use the Heisenberg 
point of view and to calculate the symmetric correlation functions 


Cant; t+, 0 = 
z aa Ol E(t + DE) +E, )E(nt+10> (C.30) 


where m,n = x, y, Z. 
By using the expansion (B.30) for the free field E(r, ¢) in the Heisenberg 
picture, one finds (see Complement C,,) 


he +km 
Ci(tit+t,H0=6 | | k [Pet dk. (C.31) 


mn 2 
12 é 9%" Jy, 


The correlation function C,,, is real and depends only on 1, because the 
vacuum is a Stationary state whose properties are invariant under time 
translation. The magnitude of 7 in C,,,,(7) is of the order of 1/ck,, and is 
thus quite small (recall that one should in principle let k,, go to infinity 
unless one averages the field over a finite volume of dimension 7%, which 
amounts to taking k,, of the order of 1/7)). It appears then that the 
vacuum fluctuations have a very short correlation time. It also appears 
from (C.31) that C,,,(7) is the Fourier transform of a spectral density 
proportional to |w|°. In Complement C,,, we will discuss more precisely 
the shape of the variations of C_,,,(7) with 7 for short + (of the order of or 
less than 1/ck,,) and for + long with respect to 1/ck,, [in which case 
C,,,(7) decreases as 7 *]. 

The presence of a field fluctuating very rapidly about zero in the 
vacuum suggests interesting physical pictures for the interpretation of the 
spontaneous emission of radiation by an excited atom and of radiative 
corrections such as the Lamb shift. (*) 


(*) See for example J. Dalibard, J. Dupont-Roc, and C. Cohen-Tannoudji, J. Physique, 
43, 1617 (1982) and the references therein. 
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4. Quasi-classical States 


a) INTRODUCING THE QUASI-CLASSICAL STATES 


Consider the classical free field. Following the results of Chapter I, the 
state of this field is characterized by a set of normal variables {a,}. Once 
the set {a,} is known, all the quantities relative to the field are known. 
For example: 


Avans( { ae ha, % i (C : 32) 


Pas iavbied a; (C. 33) 
E,, ( { a; be >%, t) = iy (6.,, Qa; €j eve) =. C.C) (C. 34) 


and so on. 

For the quantized free field, the situation is more complex. Since the 
various observables of the field do not commute among themselves, it is 
impossible to find common eigenstates for these variables with eigenvalues 
equal to the values of the corresponding classical variables. 

In this subsection, we try to find the quantum state |{a,;}) which 
reproduces in the best possible fashion the properties of the classical state 
{a,;}. The general idea is to seek a quantum state |{a,}) such that, for all 
the important observables, the mean values of these observables in the 
state |{a;}) coincide with the corresponding classical variables. More 
precisely we wish to have 


({0;}|Hirans|{%:}) — Evac = Hens ({;}) (C.35) 


(we have subtracted the vacuum energy £,,., since all the energies are 
taken with respect to the vacuum). Then 


C {aj} | Prrans | {%}> = Pirans( {% }) (C.. 36) 
(fa } [EGO] {a}> = Eg({a}502) (C. 37) 


for all r and all ¢, with analogous equations for B and A. 


b) CHARACTERIZATION OF THE QUASI-CLASSICAL STATES 


If the expansions (A.9), (A.10), and (B.30) for A,.55> Pirans» and Kr, ¢) 
in a, and a; are substituted in the left-hand side of (C.35), (C.36), and 
(C.37) and compared with the expressions (C.32), (C.33), and (C.34) for 
Ho ., Pol. and E,({«;};4r, ¢), one finds that the conditions (C.35) to 


trans? trans? 
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(C.37) are equivalent to 

{a} |a,|{o,}> = a, Vi (C. 38) 

{a} |ay a] {a} > = ak a, Vi. (C.. 39) 


We then introduce the operator 
b, =a,— a; 4 (C. 40) 


where 1 is the unit operator. Equations (C.38) and (C.39) can be written 
¢{a;,}]5,|{a,}> =0 Vi (C.41) 
Co} [bib |{a}>=0 Wi. (C42) 


Equation (C.42) shows that the norm of 6,|{a,}) is zero, so that the 
solution of (C.41) and (C.42) is 


6, | {a,}> =0 (C. 43) 
that is to say, finally, 
a,|{a;}> = a | {a} >. (C.44) 
It follows that the state |{a;}) is a product 
iad | Wa Oe ee in, (C45) 
with 
a;{a%,> = a;|a,;>. (C. 46) 


The quasi-classical state |{a,}), also called a coherent state, is thus the 
tensor product of the eigenstates of the various annihilation operators a, 
with eigenvalues a, which are precisely the corresponding classical normal 
variables. 

From (C.46) it follows that 


< a; | a; = ax < a; | (C.47) 

as well as 
EMG, | {4} > = EYP({ a }sn0) | {a}> (C.48) 
{a} (EOC) = ED (Ladin d< fa} | (C. 49) 


where E‘*)(r, t) and E‘”(r, ¢) are the positive- and negative-frequency 
components of the free field in the Heisenberg picture, given in (C.2). 
More generally, all the observables arranged in the normal order have a 
mean value in the state |{a,}) equal to the value of the corresponding 
classical variable in the classical state {a,; }. 
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c) SOME PROPERTIES OF THE QUASI-CLASSICAL STATES 


We examine now several important properties of the states |{a;}) and 
more specifically of the eigenstate |a,;) of the operator a,. To simplify the 
notation, we will omit the index i. If additional detail is required, the 
reader is referred to the references at the end of the chapter. 

By projecting (C.46) on the bra (nm —1|, one gets the recurrence 
relation 


J/nin|a>=a¢n—1la) (C..50) 
from which one can get 

aes yas. C.5] 

| «> aml” (C.51) 


The probability §(n) of having n photons in a quasi-classical state |a) is 
then given by a Poisson distribution 


Cr —|a|? | a im 
with mean 
Nye] e (C.53) 
and variance 
An? =<(n>=|a|*. (C. 54) 


The orthonormalization and closure relations for the coherent states can 
be deduced from (C.51): 


\<Bla>P ee bow (C..55) 
z[@alar<al=4 (C. 56) 


where d2a = d&(a) dIn(a). 

Finally, it is possible to show that in the x-representation, a quasi- 
classical state is represented by a Gaussian wave packet which oscillates 
without deformation. 


Remark 


The quasi-classical states |a) form a basis (overcomplete) in which it is possible 
to expand the operator density p of the mode. In many cases, p can be written 
in the form 


= | da Pa. aryl a >< a| (C.57) 
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where P(a, a*) is a function of a and a* which is real and normalized: 
[ore P(e, a*) = | (C58) 


(this results from p = p” and Trp = 1). The function P(a, a*) is called the 
P-representation of the density operator (see the references at the end of the 
chapter as well as Exercise 5). The main interest in the P-representation is that 
it leads to simple expressions for the mean values of operators arranged in 
normal order, like (a* )"(a)'. Thus the use of (C.57) in 


¢(a*" (a)! > = Tr { p(a*)" (a)! } (C.59) 
leads, taking account of (C.46) and (C.47), to 


<(a*)" (a) > = [es P(o, a*) Tr {| a> < «| (a*)"(a)' } 
= [aa P(a, a*) < «| (a*)"(a)' | a> 
7 | 82a Pla, a) (a*¥"(2)!. (C.60) 


Through Equations (C.58) and (C.60), P(a,a*) appears as a probability 
density giving the distribution of possible values of a and a*. Such an analogy 
is however misleading. First of all, simple results like (C.60) can only be gotten 
for operators arranged in normal order. They are not valid for ((a)'(a*)”). 
Also, one can show that there are states p for which P(a,a*) can take on 
negative values. For this reason P(a, a*) is occasionally called a “guasi-prob- 
ability density”. 

The P-representation allows a simple discussion of purely quantum effects. 
A true probability density is actually a positive definite function. As a conse- 
quence, some inequalities can be established. For some quantum states of the 
field, the negative values taken by P(a,a*) can lead to violations of these 
inequalities. Let us note finally that the master equation describing the damp- 
ing of p under a relaxation process often takes the form of a Fokker—Planck 
equation for P(a, a*). 


d) THE TRANSLATION OPERATOR FOR @ AND a* 


Consider the operator 7(a) defined by 


T (a) = e472" (C.61) 
where a is a complex number. This operator is unitary, since 
T t(a) = ee "2 = T*(a). (C.62) 


A first interest in the operators T(a) and T*(a) is that they allow one to 
relate the coherent state |a) to the vacuum |0): 
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|ao>= T*(«)|0> (C.63.a) 
|O> = T(a)| a>. (C.63.b) 

To prove (C.63.a) it suffices to use the identity 
e4tB — oA cP e214 (C.. 64) 


valid if A and B commute with [A, B]. By taking A = aa*+ and B= 
—a*a, and therefore [A, B] = —|a|*[a*, a] = |a|?, which indeed com- 
mutes with a and a‘, we can transform (C.62) into 


T *(a) = et eo eo lal?/2 (C..65) 


We then let (C.65) act on the vacuum after having expanded the first two 
exponentials of (C.65) in power series. By using a|0) = 0 and 
(a*)"|0) = yn! |n) we again get the expansion (C.51), which then proves 
(C.63). 

Another interest of the unitary transformation T is that it leads to very 
simple results for the transforms of a and a*: 


T(a)aT*(a) =ata (C.66.a) 
T(a)a* T*(a) = at + a. (C.66.b) 
To prove (C.66.a), one starts from 

aT *(«) = T*(a)a + [a T *(a)] (C.67) 


and uses (C.65) as well as [a, f(a~)] = df/da™ to calculate the commu- 
tator of (C.67). We get 


aT *(«) = T*(a)a + aT ‘(a). (C.68) 
It suffices then to multiply both sides of (C.68) on the left by 7 and to use 


TT*= 1 to get (C.66.a). In what follows we will often use the equalities 
(C.66), which show that T is a translation operator for a and a”. 
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D— THE HAMILTONIAN FOR THE INTERACTION 
BETWEEN PARTICLES AND FIELDS 


1. Particle Hamiltonian, Radiation Field Hamiltonian, 
Interaction Hamiltonian 


For what follows, it is useful to separate the Hamiltonian of the global 
system into three parts, 


H=H,p+H, +H, (D.1) 


where H, depends only on the variables r, and p, of the particles (the 
particle Hamiltonian), H, depends only on the variables a, and a; of the 
field (the radiation field Hamiltonian), and H, depends simultaneously on 
r., P,» @;, and a; (the interaction Hamiltonian). Starting with (A.16) for 
H, one gets 


P; 
Hp = aoe + Veou (D.2) 
l 
Ap = trans — » hen a; a 5] (D .3) 
A, = Ay, + H,> (D .4) 


where H,, is linear with respect to the fields: 


= Da Pa A(r,) (D.5) 


[we have used the transversality of A in the Coulomb gauge, which implies 
p,- A(t.) = A(r,) * p,)h and H;, quadratic: 


2 
Hy = Lye AG) 0.6) 


Thus far, we have only considered charged particles without internal 
degrees of freedom. It is possible to remove this restriction and to add to 
the particle observables r, and p, the spin operators S,. Because of the 
magnetic moment associated with such a spin, that is, 


= Da 
~ 923 


where g, is the Lande factor of particle a, a new term must be added 
to A, 


M> S 


(D.7) 


ax 


H?, = — ),M,- Bar,) (D.8) 


representing the coupling of the magnetic spin moments of the various 
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particles with the radiation magnetic field B evaluated at the points where 
the particles are located. 


Remarks 


(i) In the presence of external fields, it is necessary on one hand to start with 
the expression (A.17) for H and on the other to add the coupling of the spin 
magnetic moments with the external magnetic field. Since A,(r, t), U(r, t), and 
B.(r, t) are classical variables with a prescribed time dependence, the operators 
gotten by replacing r with the operator r, in these variables are atomic 
operators. One then gets for Hp and H, the following new expressions: 


Hp me > (ps) /2 mM, ZF V cout + > qx U Ar, t) = ys M>- B.(t,. t) (D.9) 


where 
Po = P, — 9, At, £) (D.10) 
H, = AA, + H3, + H,, (D.11) 
with 
Gan 
Hy = — pe AG) (D. 12) 


H>, and H,, are given by the same expressions as in (D.8) and (D.6). 


(ii) All of the spin-dependent terms introduced in this section have been 
introduced heuristically. For electrons they can be justified by examining the 
nonrelativistic limit of the Dirac equation (see also Complement B, ). One then 
finds that the g-factor for an electron is equal to 2. 


2. Orders of Magnitude of the Various Interaction Terms for Systems of 
Bound Particles 


Consider first of all the ratio H,,/H,,. The orders of magnitude of A 
and p are taken equal to their root mean square values in the state 
considered: 

sca q’ A*/m qApim = Ay 
Hy, qApim ~ p?im A,” ee) 
i P 
For low-intensity radiation, the ratio H,,/Hp> is small, which implies that 
H,,/H, is also small. On the other hand, at very high intensity, where the 
incident radiation field becomes of the order of the atomic field, H,, can 
become of the same order as or larger than H),. 

Note however that in certain scattering processes such as Rayleigh, 
Thomson, or Compton scattering, H,, can arise in the first-order pertur- 
bation theory (since a single matrix element of H,, is sufficient to describe 
the two-photon process corresponding to the destruction of the incident 
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photon and the creation of the scattered photon), whereas H,, only plays 
a role in second order (the matrix elements of H,, correspond to one-pho- 
ton processes, and two of them are necessary to describe a scattering 
process). Even if H,, is much smaller than H,,, the contribution of H,, in 
first order can be of the same order of magnitude as that of H,, in second 
order or even greater. 


Remark 


For a free particle or a weakly bound particle, H,, (more precisely, the 
diagonal matrix elements of H,,) can be interpreted as being the vibrational 
kinetic energy of the particle in the radiation field. For a field of frequency w, 
we have A = E/w, and 


Hy, = Se (D.14) 
One recognizes in (D.14) the kinetic energy of a particle vibrating in a field E 
of frequency w with an amplitude gE/mw” and a velocity gE/mw. Note that 
such a picture remains valid when the particle interacts with the vacuum field. 
It is necessary in that case to replace E by &,, and H,, then represents the 
vibrational kinetic energy of the particle in the vacuum fluctuations. 


Consider now the ratio H>,/H,,. By using (D.7), (D.8), and the fact 
that B ~ kA (since B = V X A), one gets 
H;. ABlm hkA hk 
PA ET aR (D.15) 
H;, qApim = pA p 


—that 1s, the ratio between the momenta Ak of the photon and p of the 
particle. For low-energy photons and a bound electron (for example, in 
the optical or microwave domains), such a ratio is very small compared 
to 1. 


3. Selection Rules 


In the absence of external fields (or in the presence of external fields 
invariant under spatial translation), one can show, starting with the 
commutation relations (A.1) and (A.2), that 


[P, 7] = 0 = [P, Hp] = [P, Hg] = [P, H,] (D. 16) 


where P is the total momentum given in (A.18) (see Exercise 3). This result 
can be understood physically if one notes that P is the infinitesimal 
generator of the spatial translations of the global system field + particles. 
The fact that an operator commutes with P is a consequence of the 
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invariance of the corresponding physical variable under a translation of 
the global system. Thus the velocity of each particle does not change 
under a translation, so that the total kinetic energy [first line of (A.16)] 
remains unchanged. Likewise, a global translation does not change the 
distances between particles, and thus their Coulomb energy [second line of 
(A.16)] remains unchanged, as does the integral over all space of E* + c?B? 
[third line of (A.16)]. Finally, to understand why H, commutes with P, it 
suffices to note that A(r,) and B(r,) do not change when one translates by 
the same amount the fields A and B and the point r, where these fields are 
evaluated. 

It follows from (D.16) that the total momentum is, as in the classical 
theory, a constant of the motion in the Heisenberg picture: 


d 
GPW = 0. (D.17) 


Another consequence of (D.16) is that H, has nonzero matrix elements 
only between eigenstates of H, + Hp, having the same total momentum. 
(Since P commutes with H, + Hpz, one can use a basis of eigenvectors 
common to P and H, + Hp.) Such a selection rule implies the conserva- 
tion of the total momentum during the absorption or emission of photons 
by a system of particles. Combined with the conservation of energy, which 
arises when one solves the Schrédinger equation over sufficiently long 
times, the conservation of the total momentum allows one to explain 
important physical effects such as the Doppler effect and the recoil shift. 
One could in the same way show that the total angular momentum 
given in (A.19) commutes with H, Hp, Hp, and H, in the absence of 
external fields or in the presence of external fields invariant under rota- 
tion. One consequence of this result is that H, has nonzero matrix 
elements only between eigenstates of H, + H, having the same total 
angular momentum (conservation of angular momentum during the ab- 
sorption or emission of photons by systems of charged particles). 


4. Introduction of a Cutoff (*) 


The Hamiltonians (A.16) and (A.17) studied in this chapter are only 
valid for slow (nonrelativistic) particles. They do not correctly describe the 
interaction of such particles with the “relativistic modes” of the field, that 
is, modes for which Aw > mc’, since such interactions would impart high 


(*) An analogous cutoff has already been introduced in §C.5.d of Chapter II for the 
standard interaction Lagrangian. For the reader who has not read Chapter II, we follow an 
analogous path here, but work directly with the interaction Hamiltonian without reference to 
the Lagrangian. 
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velocities to the particles or even create new particles as in electron— 
positron pair production. 

Now, the mode expansion of the fields A and B appearing in the 
interaction Hamiltonian examined above contains arbitrarily high- 
frequency modes. Rather than retaining the coupling terms with the 
relativistic modes which are certainly inexact, we prefer here to eliminate 
them from the interaction Hamiltonian. This is accomplished by introduc- 
ing a cutoff in all the field expansions appearing in H,. More precisely, all 
the summations on k, are limited to 


|JA;| =k, <k (D. 18) 


with 
hick, = hw, < m, c’ (D.19) 


The cutoff frequency w, is chosen large with respect to the characteristic 
frequencies w, of the particle motion: 


Wy < wo, <m,c?/h (D.20) 


so as to keep in A, a sufficiently large spectral interval to correctly 
describe the important electromagnetic interactions of the particles, in 
particular the resonant absorptions or emissions of photons. In fact, with 
the cutoff (D.18) we abandon for the time being the description of the 
effect on the particles of “virtual” emissions and reabsorptions of high- 
frequency photons. 

At this point in the discussion, it is convenient to recall that by 
reexpressing the longitudinal field as a function of the coordinates of the 
particles, r,, we have in fact included in the Hamiltonian of the particles a 
part of the electromagnetic interactions of the particles [the Coulomb 
interaction term V,,,, of (A.16)]. To be consistent with the above, we must 
also introduce the same cutoff in V,,,),. For this, we return to the 
calculation of V,,,; in reciprocal space, that is to say to Equation (B.35) 
of Chapter I, giving V.,,, in the form of an integral on k, and we 
introduce an upper limit k. in this integral. The Coulomb self-energy of 
particle a, e¢,,,, becomes finite and equal to 

j qa k 

Ecoul = 772 a (D.21) 
One gets in fact the Coulomb energy of a charge q, distributed over a 
volume of linear extent 1/k,, which is not surprising, since a cutoff at k., 
is equivalent to a spatial average on a volume k7? (see the remark in 
§C.3.b above). As to the Coulomb interaction term between pairs of 
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particles, it remains practically unchanged if 1/k, is small compared to 
the distances between particles, which we assume to be the case here. 

We illustrate the previous discussion on the simplest atomic system, 
the hydrogen atom. Figure 2, which is not to scale, gives several 
important characteristic energies hw and the corresponding wavelengths 
A=c/w=1/k. 


0 a* mc ame mc his 
o @) 2 — Be fa a 
ae: 7,/% = ay A. = Wy zx = M/k 


Figure 2. Various energies and characteristic wavelengths for the hydrogen atom. 
(Not to scale.) 


A first important energy is the rest energy, mc’, of the electron. From 
(D.19), the cutoff energy Aw, should be to the left of mc”. The wavelength 
corresponding to mc* is the Compton wavelength A,, smaller than the 
Bohr radius a, by a factor a = ;4; (a is the fine structure constant). For a 
cutoff energy fw, of the order of mc’, the charges are distributed over a 
volume of linear extent 1/k,=A,, small with respect to the mean 
distance a, between the two charges, and it is therefore legitimate to 
neglect the modifications of the Coulomb interaction energy between the 
electron and the proton. 

The characteristic atomic energies, denoted hw, above, are here of the 
order of the ionization energy, that is, of the order of amc’. Such an 
energy is smaller than mc? by at least four orders of magnitude, and one 
thus has no difficulty in finding a cutoff frequency w, satisfying (D.20). 

Finally, since the Bohr radius a, is equal to A/a, a wavelength of the 
order of a, corresponds to an energy Aw of the order of amc’, much 
smaller than mc? but also much larger than amc’. The interval 0 to amc? 
of Figure 2, which is very large compared to the typical atomic energy 
a*mc*, then corresponds to wavelengths large with respect to atomic 
dimensions. If one is interested only in the interaction of the hydrogen 
atom with photons of energy falling within this interval, it is possible to 
do the “long-wavelength approximation”, which consists of neglecting the 
spatial variation of the electromagnetic field on the length scale of the 
atomic system (*) The consequences of such an approximation on the 
Hamiltonian of one or many localized systems of charges are treated in 
Complement Ay. 


(*) Of course, there are physical effects, such as the existence of quadrupole transitions, 
which are related to the first-order corrections to the long-wavelength approximation. 
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COMPLEMENT Aj; 


THE ANALYSIS OF INTERFERENCE PHENOMENA IN THE 
QUANTUM THEORY OF RADIATION 


The wave aspect of light is seen experimentally through the ability of 
light to give rise to interference. A second equally essential aspect, the 
particle aspect, is observed through the discrete character of energy and 
momentum exchanges between matter and radiation. 

It is indeed for light that the idea of wave—particle duality was first 
introduced by Einstein in 1909 and subsequently extended to all physical 
objects. It is therefore not surprising that the majority of textbooks on 
quantum physics begin with a discussion of the inseparability of the wave 
and particle aspects of light in order to introduce subsequently the simple 
idea that these two aspects can be integrated into a quantum description 
of phenomena where “the wave allows one to calculate the probability of 
finding the particle”. 

Although it is appealing to refer to this well-known example of light, 
such a discussion presents the drawback of suggesting (in spite of warn- 
ings) the false idea that the Maxwell waves are the wave functions of the 
photon. It is unfortunate that the interference phenomena most familiar to 
physicists occur for a system, light, for which there is no nonrelativistic 
approximation: one can introduce nonrelativistic wave functions ~(r) for 
a slow electron, but not for a photon, which is fundamentally relativistic. 

It is therefore worthwhile to reconsider here the analysis of interference 
phenomena and wave-particle duality in the general framework of the 
quantum theory of radiation which has been established in Chapter III. 
We now have at our disposal all of the elements allowing a thorough 
discussion of several problems concerning interference phenomena. Can 
one construct states |y) of the quantum field such that local signals, like 
the photoelectric detection signal w,(r, ¢), vary sinusoidally as a function 
of r with fixed ¢ (or as a function of ¢ with fixed r)? Can one observe 
interference fringes on the double counting signal w,,? Can one observe 
fringes with two independent light beams? What happens if one has only a 
single photon in the field? Since the Maxwell wave is not the photon wave 
function, what are the quantities which interfere? 

We begin (§A,,-1) by establishing the simple model used in this 
complement to discuss interference. We subsequently analyze the interfer- 
ence phenomena observable in single (§A ,,;;.2) and double (§A ,,,.3) count- 
ing experiments. We can then interpret the results obtained in terms of 
interferences between transition amplitudes (§A ,,. 4) and we conclude by 
summarizing how the quantum theory of radiation describes the wave-par- 
ticle duality (§A 7-5). 
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1. A Simple Model 


In order to simplify the calculations, we assume that the free field has 
been prepared in a state where only two modes, 1 and 2, contain photons, 
all the other modes i ¥ 1,2 being empty: 


ea SO (1) 


Such a situation can be realized by reflecting a parallel beam of light from 
two plane mirrors with a small angle between them (Fresnel mirrors) or by 
using two independent laser beams. The two modes 1 and 2 are assumed 
to have the same polarization, so that we may ignore the vector character 
of the field in the following. 


The most general form of the state vector |¥,,) appearing in (1) is a 
linear superposition of basis states |n,, 1.) relative to the set of modes 1 
and 2: 


lWi2> aa yy Cu ns \ ysl >> (2) 


nyn2 


It can happen that |,,) can be factored (particularly when one uses two 
independent laser sources) as 


lvio> =|, >1¥2>.~ (3) 


A quasi-classical state is a special case of (3) (see §C.4 of this chapter): 
IWi2 >? =|] %, >| aw >. (4) 
It will also be useful to consider the single-photon state 
lWi2 > = ¢, | 14,02 > + €,/0;, 1, > (5) 


in which the photon has a probability amplitude c, to be in mode 1 and c, 
to be in mode 2. 


Remark 


The state of the field is described in (1) by a state vector (pure state). More 
generally, one will rather use a density operator (a statistical mixture of states) 


p = pli, 2) ® J >< 0;)). (6) 
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If p(1,2) has a P-representation (see the remark at the end of §C.4.c of this 
chapter), one has 


pal, 2) = |e d’a, P(a,, a») | Ais ao » < Ay» X> | (7) 


where |a,, a, is the quasi-classical state (4) and where P(a,, a,) [a simplified 
notation for P(a,, a;*, a, a¥)] is a quasi-probability density, real and normal- 
ized but not necessarily positive. The field state appears then as a “statistical 
mixture” of quasi-classical states with a “weighting function” P(a,,a,) not 
necessarily positive. 


The free field being in the state (1) [or (6)], we now assume that we 
place a photodetector at r. How does the single counting rate w,(r, ¢) (see 
§C.1.c of this chapter) vary as a function of r for ¢ fixed (or as a function 
of ¢ for r fixed)? We can also set two photodetectors, one at r and one at 
r’, and study the correlations between their signals. More precisely, how 
does the double counting rate w,,(r, t; 1’, t’) (defined in §C.1.c above) vary 
as a function of r — r’ for ¢t = ?#’ (or as a function of ¢ — ¢’ forr = r’)? 

Since w, and w,, are the mean values of products of operator arranged 
in the normal order [see Equations (C.1) and (C.5) above], and since all 
modes i # 1,2 are empty, the contributions of the modes i # 1,2 in the 
expansions (in a, and a;) of the field operators E‘*) and E‘? appearing 
in w, and w,, vanish. This occurs because the operators a, with i # 1,2 
appearing in E‘*? give zero when they act on |0,). The situation is similar 
for the operators a; appearing in E‘~? and acting on (0,|. Thus, in all the 
following calculations it is sufficient to keep only modes 1 and 2 in the 
expansions of E‘*) and E‘?, and to write 


Er, N= ENG + En, 1) = €, a, HO +4. &, a, eile 2 (8) 


where, using (B.30) and (A.6), 


ha Ae haw 1/2 
& = | 1 ; &. = |] 2 
1 = E Eo ts oes E Eq a ) 


2. Interference Phenomena Observable with Single Photodetection Signals 


a) THE GENERAL CASE 
By substituting (8) and the adjoint expression for E‘’ in the expres- 
sion for w, one gets 
w= < Wir (ee F Ey’) (Ey? ae ES”) | Wir » = 
= Wy. | ED? EY | ya > + (yy | ES? ESP | + 
+ Wi LEY ES? ly > + <2 LES? EMP [a > (10) 
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which can also be written 
wit, t)=|6 7 < dy. laf a lwi2> t+la22+ 


+2 Re 6* 6 W121 ay a, |Wi2> 
x eil(k2~ ki). ~ (@2— @1)t] a 1) 


If (W,>|a]' a>|~,>) 1s nonzero, it appears from (11) that the single counting 
signal has a sinusoidal dependence on r for fixed t, so that an interference 
phenomenon can be observed. 


b) QUASI-CLASSICAL STATES 


Assume that |Y,,) is a quasi-classical state (4). Since |a,,a,) is an 
eigenket of E{t)(r,t) and E$* (r,t) with eigenvalues equal to 
ESi)({a,};¥, t) and ES4)({a,};4r, ¢), and since (a,a,| is the eigenbra of 
the adjoint operators with the conjugate eigenvalues [see (8) and the 
equations (C.48) and (C.49) above], (11) becomes 


wrt) = | Ep(f oe, $351) + BO(f a2 dn |. (12) 


For a quasi-classical state, w,(r,f¢) thus appears as the square of the 
modulus of the superposition of two classical Maxwell waves. In this 
particular case, it is possible to argue in terms of classical electromagnetic 
waves and to make them interfere to calculate the probability that the 
photon manifests its presence at r, ¢. 


c) FACTORED STATES 


Assume now that |,,) is a factored state (3) (as is the case with two 
independent laser beams). The general expression (11) then becomes 


wir, t)=16,/? vw, lap a,l¥,>+1a24+ 


+ 2 Ke &F 6, ¢W, lay |W, >< Ww, ]a,|¥,> x 
x eil(k2— ki).—(@2-@1)8] © (13) 


The interference fringes exist only if (¥,|a,|¥,) and (y,|a,|~,) are 
simultaneously nonzero, that 1s, if the mean values of the fields ¢ £,) and 
(E,) are both nonzero. 

In particular, if 


lWi2 > = 17, > (| 72>, (14) 


that is, if the number of photons in each mode has a well-defined value, 
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then there are no fringes, since (n,|a,|n,) = (n,|a,|n,) = 0. A state |n) 
is in some way the quantum analogue of a single-mode classical field of 
well-defined energy but with a random phase equally distributed from 0 to 
2a. Since the relative phases of the fields of the two beams are not well 
defined, interference cannot be observed. 

The foregoing discussion shows that it is in principle possible to 
observe interference fringes out of w, with two independent lasers. Actu- 
ally, at a given instant, the phases of the fields of the two lasers have 
well-defined values. However, in practice, these phases evolve indepen- 
dently as a result of noise in the atomic amplifiers. After a time interval of 
the order of 7,, the phase diffusion time, the relative phase between the 
two lasers has lost any memory of its initial value (*). To observe the 
fringes it is then necessary that the observation time be short with respect 
to T, in order to keep a well-defined phase and to prevent the washing out 
of the fringes. 

Note that in general 


Ch lap a lh > ACW lar Wid <i la lh > (15) 


so that 
wir, t)#|<£,>+<¢ E>). (16) 


The single counting rate cannot then be thought of as arising from the 
interference between two mean fields (£,) and (£,). 


d) SINGLE-PHOTON STATES 


Consider the single-photon state (5). The action of E{*)(r, t) on such a 
State gives 


Bye NlWi.r =e, & eran) |0,,0, >. (17) 


Destroying a photon in a state which contains only one photon gives the 
vacuum. An analogous expression can be gotten for E{* (r,t), so that 
finally 


Wirt) = ep d,e8" OF! a c.g, ele oa (18) 


(*) In the Fresnel mirror experiment, the two beams which interfere are gotten from the 
same initial beam by wavefront division. The relative phase of the two beams then remains 
fixed even if the phase of the initial beam fluctuates. This explains why it is so much easier to 
observe fringes in this case. 
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It appears then that it is quite possible to observe interference with a 
quantized field which contains only one photon, provided that this photon 
has a nonzero amplitude to be in two different modes (in practice the 
experiment should be repeated several times with the same initial condi- 
tions, since each detection destroys the photon). 


Remarks 


(i) For a single-photon state (5), one can show that 


CW. 1 Ey 1 12> = (Wi. | Er li. > = 0- (19) 


It follows that the wave c,é,e"''~“ appearing in (18) is not the mean 
electric field in mode 1, which is zero [this is also true for the other term in 
(18)]. The two waves which interfere in (18) are not related to mean fields. 


(ii) Interference fringes would not arise in a state which was a statistical 
mixture of the states [1,,0,) and {0,,1,) with weights {c,|? and |c,|’. The phase 
relationship between the two states appearing in the expansion (5) is essential 
for the appearance of fringes (this phase is fixed by the argument of the 
complex number c;*c,). 


3. Interference Phenomena Observable with Double 
Photodetection Signals. 


If one replaces the four operators E‘+) appearing in the expression 
for w, by Ef{*) + Eft), one gets 2* = 16 terms with various 
sinusoidal dependences on the variables (r, ¢), (r’, ¢’), (r + r’, ¢ + t’), and 
(r —r’,¢ — t’). It thus appears that interference phenomena can quite 
generally be observed with double counting signals. We now look at 
several cases in more detail. 


a) QUASI-CLASSICAL STATES 


Starting from (4), (8) and Equations (C.48) (C.49) above, one gets for 
such states 


4 | i La({ A1, X fe r, t) Tat H1, 2 ie r’, t’) (20) 


where I, ({ a,a, }; rt) is the classical intensity 


Ial{ a, bsno =| Af, tna + BI (fe}sn oP. 2) 


In this particular case, w,, is the product of two classical intensities in 
r,t and r’,t’. It appears then that when the field is in a quasi-classical 
state, the results of the quantum theory of radiation coincide with those of 
semiclassical theories (see the remark at the end of §C.1.c). 
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b) SINGLE-PHOTON STATES 


For such states one finds that 


wy, t5r,t’)=0 Vrtsryt’. (22) 


The first of the two operators E‘*) appearing in the expression for wy 
gives the vacuum |0,,0,) when it acts on a single-photon state. The second 
operator E‘*?, acting on the vacuum, then gives zero. This result expresses 
the fact that, physically, it is impossible to detect two photons in a state 
containing only one. 

Whereas it is possible to observe a nonzero single counting signal in the 
state (5) (see §A,;.2.d above), the double counting signal wy, is identically 
zero for all values of r, ¢ and r’, t’. Such a situation can never arise with a 
classical field. It is impossible to find a classical field £,, such that wy’ # 0 
and wt = 0 for all r, t and ail r’, ¢’. 

We will give another example of a typical quantum situation. In the 
experiment shown in Figure 1, a single photon emitted by a single initially 
excited atom passes a half-transmitting mirror, and the signals registered 
by the photomultipliers A and B symmetrically placed with respect to the 
mirror are analyzed. The quantum theory predicts that one can observe a 
photoelectron at A or B but never at A and B. A semiclassical theory, in 
contrast, predicts possible coincidences between A and B, since the two 
photodetectors are simultaneously subjected to two wave packets resulting 
from the division of the initial wave packet into two packets by the 
half-transmitting mirror. 


Figure 1. The scheme for a double counting experiment with a single photon. 


Remarks 


(1) An experiment closely related to that shown in Figure 1 has been done on 
the fluorescence light emitted by a very weak atomic beam excited by a 
resonant laser source (see the references at the end of the complement). Rather 
than having a single photon emitted by a single atom, one has a series of 
photons emitted by a single atom which is reexcited by a laser source after each 
emission. One can then observe at A and B a nonzero double counting rate. 
Since the atom can only emit a single photon at a time and since some time 
interval separates successive emissions, one finds that w,, is zero for ¢ = t’ and 
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is an increasing function of |t — t’| near t — t’ = O (recall that A and B are 
symmetric with respect to the half-transmitting mirror of Figure 1, so that we 
can set r =r’ in w,,). Such an “antibunching” of photoelectrons is a typical 
quantum effect, since one can show that it violates a semiclassical inequality 
predicting that wi, for r = r’, will be a nonincreasing function of |t — ?’|. 


(ii) At this stage of the discussion, it is useful to point out how the semiclassi- 
cal and quantum calculations can lead to different predictions. Assume initially 
that the density operator p,, of the field allows a P-representation (see remark 
in §A,,;-1 above). By substituting (7) for p,. in the expressions for w, and wy, 
one finds that these quantities are given by an “average” of the results (12) and 
(20) found above for the semiclassical states |a,,a,) “weighted” by the 
function P(a,,a,) (which one should recall is real and normalized, since 
Pi2 = Piz and Trp,, = 1): 


wir, f) = | [aa da, P(0,, &) Lal{ 1,0, rt) (23) 


wiht, rt’) = { fara do, P(%,, %2) x 
x Tal{oey, 2 sn) alloy, we bse’). (24) 


If the function P(a,, a,) is positive, the signals (23) and (24) are identical with 
those given by a semiclassical theory (see §C.1.c) for a statistical mixture of 
semiclassical states {a,, a,} with the true weights P(a,,a,). There is then no 
difference between the quantum and semiclassical theories. The typically quan- 
tum effects arise when P(a,, a,) does not exist or takes on negative values. The 
signals (23) and (24) can then violate the semiclassical inequalities derived from 
the positive definite character of the classical density P.,(a,, a,). One can then 
say in conclusion that the ensemble of quantum states of the radiation field is 
much larger than the ensemble of statistical mixtures of classical states. It 
follows in particular that it is not possible to interpret all the observable optical 
interference phenomena in terms of the superposition of classical Maxwell 
waves or of statistical mixtures of such superpositions. 


c) Two-PHOTON STATES 


We consider here a very simple example of a two-photon state 
lWi2 > = 11, >1 12d (25) 


by taking a state with one photon in mode 1 and one photon in mode 2. 
By substituting (25) in the expressions for w, and w,, one gets, using 


(8), 
wir, t) = |é, |? +187, (26) 
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wt O39’) = 216, P1é, |? x 
x { 1 + Re eil(ki — k2).(r 1’) — (@i~ wa) (t-0°)] } (27) 


It appears then that it is possible to observe interference effects on the 
double counting signals [associated with the last term of (27)] under 
conditions where they are not observable on single counting signals. The 
absence of interference terms in (26) is due to the fact mentioned above, 
that in a state like (25), where the number of photons in each mode is well 
defined, the mean fields (£,) and ¢(£,) in each mode are zero (random 
phases). Detecting a photoelectron is equally probable everywhere: ac- 
cording to (26), w,(r, ¢) is independent of r. In contrast, once a photoelec- 
tron is detected at a point r’, the probability of detecting a second one 
immediately after at another point r depends on r — r’. The detections of 
the two photons are not independent and give rise to an interference 
phenomenon. It is this that (27) illustrates. 

The double counting signal w,, is also very useful when the phases of 
the fields in the two modes fluctuate independently with a characteristic 
diffusion time 7, (as with two independent lasers). We have seen above 
(§Aj,-2.c) that it is possible in that case to observe fringes with w, 
provided that the observation time is short with respect to 7,. However, 
the signal accumulated during such a period is generally quite weak, with 
the result that it is necessary to rerun the experiment many times. One 
encounters the difficulty then that, from one experiment to the next, it is 
not easy to control the relative phase between the two lasers. A signal like 
w,, which contains terms as in (27) independent of the phases of the two 
beams is much more suitable, since it can be accumulated over many 
experiments. This explains why interference phenomena between two 
independent lasers have been first observed experimentally, not from w,, 
but from double and even multiple counting experiments (see the refer- 
ences at the end of this complement). 

Another interesting example is that of observing the radiation coming 
from a star. The signal w, is washed out by the phase fluctuations 
introduced by the atmosphere (*), whereas w,, contains terms independent 
of these phase fluctuations. The measurement of the variations of w,, with 
lr — r’| allows the determination of the apparent diameter of the star. 


(*) In speckle interferometry, the observation time is short compared to the correlation 
time of the phase fluctuations, and it is possible then to extract the information of interest 
from wy. 
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4. Physical Interpretation in Terms of Interference 
between Transition Amplitudes 


In §A,,;.2 above, we have mentioned several times that w, does not 
appear in general as the modulus squared of the sum of two classical 
waves. One can then ask what are the entities which in the general case 
interfere in wy. 

To see this we insert the closure relation 


i ae (28) 


for a complete orthonormal set {|{,>} of states of the field between the 
two operators E‘ and E‘*) appearing in the expression for w,. This 
yields 


w(r, t) = 3 Wl EOD |v. ><v, (EPR dD | b> 
= Lic ol EMG DY P 
= d < v, LEP%G + ESPG, DO] ly > /. (29) 


It is possible then to interpret (29) in the following manner. There are two 
different possible paths going from the “initial” state |) to the “final” 
state |~,> (Figure 2). The first path corresponds to the absorption of a 
photon from mode 1 at r, ¢, and the second to the absorption of a photon 
from mode 2 at r,t. The amplitudes associated with these two paths are 


Figure 2. Schematic representation of the two amplitudes which interfere in a 
single counting experiment. |y) is the initial state, |~,) the final state, and 
E‘* (r,t) represents the absorption of a photon in mode / at point r and time t. 
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(PAELO(r, |p) and (YES, |y)>, with the result that the total 
amplitude for going from |) to |y,) is written 


CW (EMO O|W> + Co; (EPG O|y> (30) 


The transition probability |p) — |,) 1s gotten by taking the square of the 
modulus of the sum appearing in (30). Since one does not observe the final 
state of the field, it is necessary to sum these probabilities over all possible 
states |Y,). [If the initial state is not a pure state |) but a statistical 
mixture of states, it is necessary in addition to average (29) over all the 
possible states of this mixture.] The interference fringes observable from 
w, are then due to interference between the transition amplitudes associ- 
ated with the two paths of Figure 2. 

An analogous interpretation can be given for w,,. Inserting the closure 
relation (28) between the two operators E‘~ and the two operators E‘*? 
appearing in the expression for w,, one can show that the amplitude 
ly > > |¥,> in a double detection process is the sum of four amplitudes 
corresponding to the four different paths represented in Figure 3. For each 
of these paths two photons are absorbed, one at r’, ¢’ and the other at r, ¢, 
each of these two photons belonging either to mode 1 or to mode 2. This 
gives 2* = 4 possibilities. These four amplitudes interfere when the modu- 
lus of the global amplitude is squared in order to get the transition 
probability |~) — |¥,), then summed on the unobserved states |y,). In 
particular, the fringes appearing for two-photon states [see Equation (27)] 
correspond to interference between two processes where the two photons 
in modes 1 and 2 are absorbed in different orders: 1 at r’, t’ and 2 at r, f¢, 
or 2 atr’, ¢’ and 1 atr, ¢. 


El (r, 2) 


Figure 3. Schematic representation of the four amplitudes which interfere in the 
double counting experiment. The symbols have the same meanings as in Figure 2. 
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The general idea which emerges from the preceding discussion is that, 
in quantum theory, the interfering quantities are the transition amplitudes. 
To explain that the interference fringes for w, are observable even when 
the photons arrive one by one, one often says that “each photon can only 
interfere with itself” and that “interference between two different photons 
is impossible”. The discussion above shows that it is not the photons 
which interfere but rather the transition amplitudes, and these amplitudes 
can involve many photons. For instance, the fringes observable in wy 
reveal the interference between two-photon amplitudes (Figure 3). One 
can easily generalize and show that amplitudes involving three, four,... 
photons can also interfere. 


5. Conclusion: The Wave—Particle Duality in the Quantum Theory of 
Radiation 


The discussion presented in this complement gives a better insight into 
the description of the wave—particle duality by the quantum theory of 
radiation. 

The wave aspect is tied to the fact that the operators FE of the various 
modes superpose linearly and each have a sinusoidal dependence in r and 
t. It is because E‘*+) = E+) + ES*) that, in the quadratic detection 
signal E‘~£‘*), in addition to the squared terms E{E{* and Ef ES*, 
the terms E‘~ES*) and ESE” arise. The calculations closely resemble 
the classical calculations. However, it must be kept in mind that E is an 
operator and not a number. 

The particle aspect is contained in the states |W) of the field, which 
indicate 1n some way what are the populated modes and how many 
photons they contain. It must be kept in mind that the states also are 
linearly superposable and that this property can be very important for the 
observation of interference effects. The states |¥) and |~,) in Figures 2 
and 3 cannot be arbitrary if one wants to have more than one path for 
passing from |) to |~,). For example, a single-photon state which is a 
statistical mixture of {1,,0,) and |0,,1,) with the weights {c,(? and {c,|? 
does not give fringes in w, whereas these are observable with the state 
€y[l,,0)) + ¢y|0;, 1). 

One sees then the richness of the quantum formalism which describes 
the physical systems with two different mathematical objects: the opera- 
tors for the physical variables, and the vector |) or the density operator p 
for the state of the system. 


GENERAL REFERENCES AND FURTHER READING 


For photon antibunching, see H. J. Kimble, M. Dagenais, and L. Mandel, 
Phys. Rev. Lett., 39, 691 (1977), and J. D. Cresser, J. Hager, G. Leuchs, 


216 Quantum Electrodynamics in the Coulomb Gauge An-> 


M. Rateike, and H. Walther, in Dissipative Systems in Quantum Optics, 
R. Bonifacio, ed., Springer, Berlin, 1982. 

For single-photon interference see F. M. Pipkin, Adv. At. Mol. Phys., 
14, 281 (1978), and P. Grangier, G. Roger, and A. Aspect, Europhys. 
Lett., 1, 173 (1986). 

For interference with two independent beams, see G. Magyar and L. 
Mandel, Nature, 198, 255 (1963), and R. L. Pfleegor and L. Mandel, 
J. Opt. Soc. Am., 58, 946 (1968). 

For intensity correlations and interference between amplitudes involv- 
ing several photons, see R. Hanbury Brown and R. Q. Twiss, Nature, 177, 
27 (1956); E. R. Pike, in Quantum Optics, S. M. Kay and A. Maitland, ed., 
Academic, New York, 1970; U. Fano, Am. J. Phys., 29, 539 (1961). 


Biy-1 Quantum Field Radiated by Classical Sources 217 


COMPLEMENT B,,, 
QUANTUM FIELD RADIATED BY CLASSICAL SOURCES 


The purpose of this complement is to study a simple problem of 
electrodynamics showing the importance of the coherent states introduced 
in §C.4 of this chapter. We calculate the quantum field radiated by 
classical sources whose motion is not perturbed by the field and show that 
the state of such a field is a coherent state. 


1. Assumptions about the Sources 


We assume that before t = 0 no source is present. The radiation is 
initially in the vacuum state 


| ¥(0) > =|0>. (1) 


At ¢ = 0 the sources are “switched on’. The currents j(r) associated with 
them are assumed not to be affected by the radiation they create (one can 
imagine that the radiation damping of the sources is compensated by the 
experimental setup which creates the sources). The preceding hypothesis 
implies that the sources have an externally imposed motion. In addition, 
we assume that the sources are macroscopic, that is, that the quantum 
fluctuations of the currents about their mean values are negligible. This set 
of hypotheses thus allows us to approximate the quantum currents j(r) by 
well-defined classical functions of r and ¢, j,(r, ¢). Taking these approxi- 
mations into account, what is then the state |(¢)) of the field for t > 0? 

The preceding question favors the Schrédinger point of view, where the 
temporal evolution involves only the state vector |¥/(t))> of the system and 
not the operators. In fact, as a result of the approximations made above 
concerning the currents, the calculation of the temporal evolution is much 
simpler from the Heisenberg point of view, where it is the operators which 
evolve and where the state vector remains fixed and equal to (1). We will 
use such a point of view in §B,,.2 to calculate the evolution of the 
annihilation operator a,(¢) of mode i. A unitary transformation will 
allow us in §B,,;.3 to go from the Heisenberg point of view to that of 
Schrédinger and to determine what the state vector |¥(¢)) of the system is 
at time f. 


2. Evolution of the Fields in the Heisenberg Picture 


The equation of evolution for a,({t) [Equation (B.28)] can be written 


a, + iW; a; = S, (2) 
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where 


Se [arr eT iKir g + j(r). (3) 
./2 & ho, L° 

Strictly speaking, the current j(r) is given as a function of the variables of 
the particles forming the sources [see Equation (A.5.b), Chapter I] which 
themselves evolve under the influence of the forces exerted on them by the 
fields. The evolution of the right-hand side s, of (2) is then in fact coupled 
to that of all the a,, and the solution of (2) is not found easily in the 
general case. It is necessary to adjoin the equation of motion of the 
particles to Equation (2) and to solve these coupled equations. 

The situation is much simpler if it is possible, as we will assume here, to 
replace the operator j(r) by a known function j,(r, t). Equation (2) then 
becomes 


a; + 10; a; = si(t) (4) 


where s“(t) is a known classical function of 1, 


s(t) = Se eee [arrem €° ju 0). (5) 
./2 & hw, L° 
Equation (4) is then easily integrated to give 


t 
a(t) = a{O)e'?* + | des (ce (6) 
O 
The first term appearing on the right-hand side of (6) is the initial 
quantum field a,(0), which has evolved freely from 0 to ¢, and the second 
term is the field radiated by the sources. 


Remarks 


(i) Rather than introducing the simplifying hypotheses on j(r) in the equation 
of evolution (2) for a;, we could make such an approximation directly on the 
Hamiltonian. The Hamiltonian of a quantized field coupled to known classical 
currents j.,(r, ¢) is written in the Coulomb gauge as 


H = Hp — [riot t)+ A(r) (7) 


where H, is the Hamiltonian of the quantized free radiation field and A(r) the 
transverse vector-potential operator [see Equations (A.9) and (A.5)]. The opera- 
tor (7) acts only on the radiation variables, and it is easy to show that the 
Heisenberg equation for a, derived from this Hamiltonian is identical with (4). 


(ii) The expression (6) for a,;(t) allows one to get the quantized transverse field 
at time ¢. All that is necessary is to substitute (6) and the adjoint expression in 


Biy-3 Quantum Field Radiated by Classical Sources 219 


the expansions of the transverse fields in a; and a;’. To get the total field, it is 
necessary to add the longitudinal fields to these transverse fields, that is, the 
Coulomb field of the charge density p.,(r, ¢) associated with the sources and 
assumed, like j.,(r, ¢), to be a known classical function of r and 1. 


To go further, we also write the equation of evolution of the classical fields 
coupled to the known classical currents j,,(r, ¢). For this, it is sufficient to 
replace the operator a, in Equation (4) by the classical normal variable 
a,(t) of mode i. One then gets 

a; + iw, % = s7'(2) (8) 


whose solution corresponding to the initial condition a,(0) = 0 (no radia- 
tion at ¢ = Q) is written 


t 
a(t) = | dt’ scr’) ew ieee), (9) 


0 


The last term on the right-hand side of (6) can then be interpreted as the 
classical field a,(t) radiated by the known classical sources, and we 


rewrite (6) taking account of (9): 
a(t) = a{0)e'" + a(t). (10) 
Finally we apply the two terms of the operator equation (10) to state 
(1), which is the state of the system for all ¢ in the Heinsenberg picture. 
Since 
a0) | (0) > = 4,|0> = 0 (11) 
one gets 


a(t) | WO) > = a{2) | (0) >. (12) 


It appears then that the state |/(0)) is the eigenstate of the operator a,(t) 
with the normal classical variable a,(¢) of the classical field radiated by 
the sources as eigenvalue. 


3. The Schrédinger Point of View. The Quantum State of the Field at 
Time f 
Let U(t,0) be the evolution operator from 0 to ¢ in the Schrodinger 


picture. We will apply U(z,0) to both sides of Equation (12) and in the 
first term insert U*(t,0)U(t,0) = 1 between a,(t) and |¥(0)). This leads 


to 


U(t, 0) aft) U “(4 0) U(z, 0) | (0) > = a2) Us, 0) | YO) >. (13) 
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The ket U(t, 0)|y(0)) is the state vector |)(t)) of the system at time ¢ in 
the Schrédinger picture. Since U(t, 0) is also the unitary operator allowing 
one to go from the Heisenberg point of view to that of Schrédinger 
at time ¢ (note that the two points of view are identical at ¢ = 0), 
U(t,0)a,(t)U* (t, 0) coincides with the annihilation operator a,, from the 
Schrédinger point of view and is independent of time. Finally, Equation 
(13) becomes 


a; | W(t) > = a(t) | Wd) > (14) 


and shows that the quantum state of the field at time ¢ is the coherent 
State associated with the classical field radiated by the sources at the same 
time ¢. 

Such a result is physically satisfying. When the sources are quasi-classi- 
cal, the quantum state of the field which they radiate is the quantum state 
which most closely approximates the classical radiation field {a,(t)}, that 
is, the coherent state |{a,(t)}). The only deviation is due to quantum 
fluctuations, which in a coherent state are minimal and equal to those of 
the vacuum. 


REFERENCES 


See Glauber. 
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COMPLEMENT Cj; 


COMMUTATION RELATIONS FOR FREE FIELDS 
AT DIFFERENT TIMES. 
SUSCEPTIBILITIES AND CORRELATION FUNCTIONS 
OF THE FIELDS IN THE VACUUM 


Starting from the fundamental commutation relations between a, and 
a;*, we have established in Part A (see also Exercise 1) the commutation 
relations between the observables A , (r), E , (r), and B(r) taken at differ- 
ent points but at the same instant. It is also interesting to consider the 
commutation relations for the same fields taken at different times from 
the Heisenberg point of view. For such a purpose, it is necessary to know 
the temporal evolution of the fields. The objective of this complement is to 
determine these commutation relations in the particular case of a free field 
for which the temporal evolution has been found in §B.2.b. 

Following the introduction in §C,,,.1 of singular functions which are 
useful in electrodynamics, we evaluate the various commutators in §C y7;.2. 
Physically, these commutation relations allow us to find those observables 
of the field which can be measured independently of one another. Addi- 
tionally, the commutators play a fundamental role in linear response 
theory; if the field, initially free, is coupled to an external source j(t) by a 
coupling term —j(t)M, where M is an observable of the field, then the 
evolution of another observable of the field, N, in this perturbed state is 


given to first order in j by 
t 


CN) DO = | dt’ Xnuglt, 0’) f(t’) (1) 
0 

where the susceptibility x yy 1S just the mean value, in the initial quantum 

state, of the commutator of the free fields M(t) and M(t’): 


twats’) = 2 CINCO, MC) Y. (2) 


The name free fields signifies that the temporal evolution of the operators 
N(t) and M(t’) arising in (2) is free, that is to say, calculated in absence 
of sources j. Hence the free-field commutators at two different times give 
also the mean fields created in first order by an arbitrary source. An 
application of this procedure is given in Exercise 6, Chapter IV. 

We have already encountered in §C.3.c another important function 
relative to free fields: the symmetric correlation function. For fundamen- 
tal reasons (the fluctuation—dissipation theorem), the calculation of the 
correlation functions in the vacuum turns out to be quite similar to that of 
the commutators, and we will treat this in §Cy7).3. 
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1. Preliminary Calculations 
We will need later on the function D,(p,7) defined by the Fourier 
transform 


d2k eilk.p — wt) 
(2 x)° 02) 


D ,(p, tT) = ic (3) 


where w = ck. One can note in (3) that D, is the solution of the wave 
equation 


(= e 4p) D.(p,*) = 0 (4) 


c? Ot? 


and thus propagates with velocity c. 
To calculate (3) we use spherical coordinates and denote by wu the 
cosine of the angle between k and 9. The integral becomes 


_ [> kdk Tet 
D = 9) d i(kpu — ckt) 
a a) (2 )° a) we 
1 oa) . 
= dk[ei*e- -_ e” ike Fer} ; (5) 
(2 2)’ p | 


Regularizing the integrals by a convergence factor e-*" (where 7 is a 
positive infinitesimal), one gets 


l =. Ja 
D,(p, t) = mead ees ers on + ilo t 5 | 
i I 


— >. 6 
227 p? — (ct — in)? (9) 


It is of interest to separate the real and imaginary parts of D, in (6): 
D,(p, t) = D(p, t) + 1D,(p, t), (7) 
I n n 
D = — | ——__—— - = 8 
(2 2)’ p Ec +(p—cty + (p + i 7 
1 p= ct - p tet | 0) 


1 Qn)? p| ne t+(p — ct? on? +(p + et? 


The function D is infinitely small outside the light cone p” = c*r* and is 
odd in r. It is then 0 for 7 = 0, and its derivative with respect to 7 at this 
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point can be found directly from Equation (3) and has a value cd(p): 


D(p,t = 0) = 0: = Pl)| = cd(9). (10) 


From Equation (8) we see also that D can be found in the limit where 
7 — 0 as a sum of two 6-functions: 


D = 7 [dlp ~ ex) — 4p +0) (11) 


D, 1s even in 7, diverges like a principal part in the neighborhood of the 
light cone, and decreases outside as (p* — c*r?)~!. One can regroup the 
two terms of (9) to give D, as a function of p’: 


_ 1 P- eet +H 
2 n* (p? — ce? t*y + 2 n*(p? + ¢* 17) + yr 


D, (12) 


2. Field Commutators 


We start with the expression for the free fields from the Heisenberg 
point of view: 


A(t, = 2 Aa, g eiker— on) ag. Ps e7 iho (13.a) 
28 ; 
E.G, f) = » j é Cc = eifk.r— ct) — ay. € ec | (13.b) 
ke 
Br, ) = YiBla, « x echo) _ gt Kx genikr ony 
“ (13.c) 
where 
ha 1/7 & & 
wo E Eo 4 (4) Cc 3) aw (14) 


The commutators of the components m and n (m,n =x, y, z) of any 
two of the fields are given in the form of a linear combination of the 
commutators [@,,, @,,], [Aj 2y}], and [@,,, @,-.]. The first two are zero, 
and the last is 6,,-5,,-. One then gets 


[ovat E(x). => ee. ee er oe (15.a) 
ke 

[E(t t1), Br. t2)] => é, B, &,(K x £), cleo ON og 
ke 


(15.b) 
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[B,(r,> 4%) B,(r2 t2)] = ¥ BK xs),, (K x8), eer roo — oe, 
ke 


(15.c) 
[As m1, ty), E(t, ty) = >, _ iL, by Em en Chega eer — &.¢. 
ke 
(15.d) 


a) REDUCTION OF THE EXPRESSIONS IN TERMS OF D 


In each of the expressions (15), the sum 1,, breaks up into a sum on 
the two transverse polarizations ¢ and e’, and then a sum over k. The 
summations on the polarizations have already been made in §A,.1.a and 
give 


>) Em En = Omn — Km Ky (16.a) 
elk 

SY EK X By = Y Evnr Kj (16.b) 
elk I 

Y (K X &)_(K X &), = Onn — Kn Kn (16.c) 
elk 


Eni being the completely antisymmetric tensor. 
To simplify the notation we denote (r,, ¢,) by (1) and (r,, t,) by (2). The 
differences between (1) and (2) will be denoted by 


ri—-m =p, §-h =T. (17) 


By using the sums (16), this notation, and the expression (14) for 
L, E,, B., one gets 


[ £1), £ (2) ] = ES (Fu “a eifk.p— a) _ oc, (18 .a) 
[E,(1), B(2)] = 5 oa ena Gets 0) _ 66 (18.b) 
[B,(1), BQ] = = [Ea()s E,2)) (18.0) 
(A,,(1), E,(2)] = Y a (0 7 aaa eike-0) co (18d) 


The discrete sum on k can be replaced by an integral (see Equation (C.34), 
Chapter I). One can then insert D ,(9, 7), or its derivatives and primitives 
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with respect to p or 7, as follows: 


Ww Km ®a\ sco cor dk eilk.p— or) 
6? 2 0 0 D.(p, Tt) 
=e ee ee : 19. 
(un Ot? ° OD mn im) IC { : 
w k, Silas d°k ellk.p— or) 
peer | oat a 
lo e 
= io op, Pro? (19.b) 
kk 3 i(k. p— wr) 
7s (Sm ~ “tt etrren = [- joa, — fats] ehem | 
k wT 
_., OD.,t) ce? 6 2 ,, DLO,7) 
mr Oily ge ea _" eae (19 .c) 


In (19.c) we have used the fact that D, decreases like 1/1? at infinity, so 
that its primitive gives a zero contribution at the lower limit of the 
integral. The contribution of the complex conjugate term appearing in (18) 
causes the imaginary part of D, to vanish, so that finally it is its real part 
D(, 7) which is present: 


LEa(D, Ex] = eT Ba) B,2)] = 


: 2 
= Zt tn 5 — ¢? ioc tee| D(p,t) (20.a) 


Eq € CPm OPn 
— th a a 
[En(1), By(2)] = So D, &mnt 3o Zp, PCPs 2 (20.6) 
— ih 


[4in(D), E,(2)] = bo 5 DOP. 2) — 08 5 | __ aE, | 


(20.c) 


Eg ¢ 


p and 7 are defined in (17). 


b) EXpLicIT EXPRESSIONS FOR THE COMMUTATORS 


Equations (20) allow one to discuss the essential properties of the 
commutators by relating them to the function D examined in §C,,,.1. One 
can however go farther by substituting in (20.a, b,c) the expression (11) 
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for D and by explicitly calculating the derivatives. The derivatives with 
respect to p,, or p, are found using 


é a 
ap)” = =f (p). (21) 


One then gets 


ite 88 \[ 6(p — ct) — Fp + ct) 
[EAD £,(2)] = a 7 (— Cae oi. ) ep ete 


p 
_ ie (> Pm Pn _ 5 oats +ct) 7 O(p — ct) — d(p a 
~ 4 Ep 7 mn p? p? 
7 (Paf8— pened “a (22) 
p p 
6 60 | d(p—ct)—d(p +ct) 
[Eq(D, BM) = Gare Do ba 5 Foy ened —Ke te 


5"(p—ct)+"(p tet) “ene ere) (23) 


p 
TY Egg | PO 2 


p 
—th {3 3, | eet 


4mé&} "cot p 


= 20. | 5(ct’— p)—d(ct’ +p) 
Sptp, | cae| Meer) 


ih as Mera) +o te) ee | 


- NEg 


[Asn I ), E,(2)] a 


_ 
—, 


4 n& NEq OP m Cp, p 


3 vn Pr Act — p)— Ket +P) , H(p~ct)—d(p + cr) 
rs TE a: p” p° 


: “e Pa ban re —ct)+0(p+ 2 ! 4) 
p p 


6(x) is the Heaviside function [@(x) = 0 for x < 0, A(x) = 1 for x > O}. 


Remark 


The equations (22), (23), and (24) are ambiguous when + — 0 because they 
introduce in this case products of the function 6(p) with functions which 
diverge at p = 0. It is then necessary to return to expressions with 7 finite or 
else to Equations (18). For example, with finite, Equation (20a) is no longer 
singular. Since D(p, 7) is odd in 7, its value is zero at t = Q, as are its second 
derivatives 


[Z,(r,, 0, £,(r3, )] = [B,(r,, 9, B,(r, 0] = 0 (25) 
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From (20b) and (10), 
— 1h 0G 
[EC t), B,At2, t) | =o eee oy Emni Oo, 0(p) . (26) 
7 Py 
Finally, using (18d) for 7 = 0, 


=F 5s (0). 27 


[As n(F 15 t), E, (12, t) | = 


This gives the result gotten in a more elementary fashion in Exercise 1. 


c) PROPERTIES OF THE COMMUTATORS 


All of the commutators (20) depend only on p = r, — r, and r= ¢, — 
t,. This property reflects the invariance of the theory under translations 
over space and time. With respect to rotations, the commutators are 
second-rank tensors. 

All of the commutators are numbers and not operators. This property 
is directly related to the linearity of the field equations. One can also 
express this result by stating that the susceptibility of the field is indepen- 
dent of its state; the field created by a known source is independent of the 
previous field. 

The commutators of the electric and magnetic fields are zero outside 
the light cone defined by p” = c*r* [the only functions appearing in these 
commutators are the functions 6(p + cr) and their derivatives]. Outside 
the light cone, these physical variables can be measured independently of 
one another. Finally, even on the light cone, the components of E and B 
on a given axis always commute; they correspond to independent degrees 
of freedom of the field. 

The commutators of A, and E appear differently; in addition to a zero 
component outside the light cone, they contain a term made up of the 
product of a function of p with [@(ct — p) — @(c7 + p)]. This factor is 
zero for the timelike intervals (c’r? > p?) and —1 for the spacelike 
intervals (p* > c?r”). The commutators are thus nonzero outside the light 
cone. This again demonstrates the existence in A, of an instantaneous 
component. 


3. Symmetric Correlation Functions of the Fields in the Vacuum 


The product of two fields expressed in terms of the creation and 
annihilation operators generates four types of products, 


+ + + + 
Be ig Ue rer Ue Ure’ Ae Uk’e’ - 
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When one takes the mean value in the vacuum, all give a zero contribution 
except the second, which is 6,,.6,..: 
¢0| £,,(1) E,(2) + E,(2) E,(1) |0> =¥ &2 ¢,, 6, leer) oral + oe, 

” (28 .a) 
¢0| £1) B,(2)+B,(2) E,,(1)|0> = > &, B, &(K x8), X 

a eh ira Oe See ee. 28D) 
(0| B,C) B,(2)+B,(2) B,(1) 10> = ) B(K x8), (KX), x 

elke n-0tt 1 + cc... (28.c) 


The expressions on the right are identical to those of (15.a,b,c) up to 
replacement of —c.c. by +c.c. It is thus not necessary to repeat these 
calculations; it is sufficient to replace on the right of (20.a, b) the real part 
D of D, by its imaginary part iD,. One gets 


<0| E,,(1) E,(2)+£,(2) E,,(1)|0> = c? <0| B,(1) B,(2) + B,(2) B,(1)| 0 > 
~-A f(s © 22 ®)\pn@y (sd 
7 : aT al | 


(0 | Eg(1) By) + By2) Eq(l) 10> = AY. bam 52 DP, #) (28.0) 


where D, is given by Equations (9) and (12). 
Off the light cone (p? # c’r7), D, is finite. Taking 7 = 0 in (12) gives 
immediately 


] ] 
D,(p, t) = Se (p* # c? 7). (29) 


The calculation of the derivatives presents no difficulty, and one gets 


2 ic Pm Pn ~ Om? + c? 17) 


C0] £1) £,(2) + £,(2) £,,(1) |0> = 


n & (Pp — orp 
(30.a) 
CO] £1) B,(2) + B,(2) £1) |0> = — ae aE: ee 
Rey (Oe aa) 
(30.b) 


The autocorrelation functions of E and of B decrease as 1/p* and 1/1‘ at 
infinity; between different components (m #n), the decrease is more 
rapid: as 1/r7°. The correlation functions between E and B decrease as 
1/p° and 1/7°. 
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The explicit form of the correlation functions near the light cone is very 
complex. To get them one starts from Equation (12), being careful to keep 
n finite, and takes the derivative twice with respect to p and rt. The result 
is a rational fraction in p and ct whose numerator is of 8th degree and 
whose denominator is of 12th degree in the general case. We will give here 
the result in the special case of the time correlation functions of the field 
at a given point (p = 0). One can find them starting with (28.d) and (28.e) 
or else with the sums of the type (28.a) and (28.b), which simplify 
significantly for p = 0. One gets 


C0] £0, 01) En t2) + 2,0; t) E(t 1) | 0> = 


_ 2hiec ct t* — 6 n* c* 17 + Ht (31.2) 
_ nm Eo mn (4? ae ce wy" ° 


0] En(t, ty) Bult, t2) + Blt, t2) Eq(t t;)|0 > = 0.  (31.b) 


The second result is evident; since D, is even in 9, its derivative with 
respect to p, is odd in p, and therefore zero at 9 = 0. The autocorrelation 
function of the fields (31.a) is clearly even in 7. It decreases as 1/r* at 
infinity, and its general shape is given in Figure 1. 


Figure 1. Variation of the autocorrelation function of the electric field in the 
vacuum with + [Equation (31.a)]. 7» is vanishingly small. For + > /c, the 


function is positive and decreases as |7|~ +. 


GENERAL REFERENCES AND ADDITIONAL READING 


Commutators between the components of the free field and the properties 
of the special functions like D, D,, etc. are studied in most works on 
relativistic quantum electrodynamics, such as Akhiezer and Berestetski 
(§13) and Heitler (Chapter II, §§8, 9). 
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COMPLEMENT D,, 
EXERCISES 


Exercise 1. Commutators of A, E, , and B in the Coulomb gauge 


Exercise 2. Hamiltonian of a system of two particles with opposite 
charges coupled to the electromagnetic field 


Exercise 3. Commutation relations for the total momentum P with 
Hp, Hp, and H, 

Exercise 4. Bose—EFinstein distribution 

Exercise 5. Quasi-probability densities and characteristic functions 


Exercise 6. Quadrature components of a single-mode field. Graphical 
representation of the state of the field 


Exercise 7. Squeezed states of the radiation field 
Exercise Generation of squeezed states by two-photon interactions 
Exercise 9. Quasi-probability density of a squeezed state 


ad 


1. COMMUTATORS OF A, E, , AND B IN THE COULOMB GAUGE 


Express the commutators [A,,(r), 4,(r’)], [4,,(r), E inW)), (2, ,,.0), 
E.4n@)), and (£,,,(0, 8,@)] (nm, n = x, y, z) as a function of the cre- 
ation and annihilation operators a; and a, of the different modes. Find 
their values. 


Solution 


Let V,, and W, be two field components. These can be expressed as linear combinations of 
a, and a; {cf. (A.3), (A.4), and (A.5)}: 


Ven 2 Uni @; + vt; a; (1.a) 
W, = iw, a; + wi a; (1.b) 
j 
[Vine Wal = ¥ Um Wngl@is Qj] + Uni WH, OF] + vF; Wylai, aj) + oh wala’ aj]. (2) 
ij 
From the fundamental commutation relations (A.2) this last expression reduces to 
[Vins Wal = Spi WH — 0) y)- (3) 


We apply this equation in the different cases: 
V = AAD) > tai = Ay, Fim OM (4.a) 


“Fw, Sim 


W, = AA) > Wa = So, Fin ener (4.b) 
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[A_(r), Ary] as S Be de En e(elk-" e7 ike’ os e7 ike elk’) = 0 (5) 


since the contributions of the modes k and —k are opposite in the summation which arises in 
(5). The calculation is identical for the commutator between components of the electric field 
to within the multiplicative factor of iw for %,,. 


[E(t E Ar) | r= 0 7 (6) 


For the commutator between A,, and EF, ,, (4.a) remains unchanged and 


Wai = 10; Sy Ein eik.r’ (7) 
We get 
[A,,(¥), E Ar) | = > — 10 2 ex eee" e~ ker’ a e~ ik.r eik r') 
k,e€ 
= y Ba 4j h Paar eik-(r—r’) (8) 
ke 2 Eg Ls met 


We have used the expression (A.6) for .%, and the fact that the contributions of the two 
terms in the parentheses of the right-hand side of (8) are equal (to see this, change k to —k in 
the summation over the modes). We now replace this discrete summation on the modes by an 
integral [see (C.34) of Chapter I], and use (1) from Complement A,;. Then we have 


‘ —_ h I 3 ik.(r—r’) 
[ 4,0), EA )] = ié> (Qn {a ke 2 Em €n 
= A | 3 Kn Ky ik.(r—e’) 
“inom {o Hb ores )e ; (9) 


The function 6+ 


ret 


(r — 1’) defined by (B.17), Chapter I, appears and leads to 


h 
[ A,,(r), E.LAY i] re ig, Siun(T a r’) . (10) 
0 
Finally we calculate the last commutator, 


LE in(t), By(r')] = [Ey m(), (Vx A(r’)), | 
a > Enpq VLE im(O), Ar’) | 


—h | 3 : ik.(r’—8r 
Te, Gay SE (Seay 2) ono : (I) 


The sum on ¢ of ¢,,i(k X £),, becomes, following (4) of Complement Aj, i Ly¢,,,,,;k;. The 
factor ik, can be replaced by the action of the operator — V,on the function of r resulting 
from integration on k. We get then 


i = A l 3 ik.(r’— nr) 
[Fan(®, BuO] = 52S ba Vegas | Phe 


~ ih 


£6 


a D Ema V, Or — £') (12) 
I 
which gives (A.15). 

Note finally that (5), (6), (10), and (12) are special cases of the commutation relations 
between fields at two different times discussed in Complement Cyy;. 
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2. HAMILTONIAN OF A SYSTEM OF TWO PARTICLES WITH OPPOSITE CHARGES 
COUPLED TO THE ELECTROMAGNETIC FIELD 


Consider a system of two particles 1 and 2 with masses m, and my), 
opposite charges g, = —q, = q, positions r, and r,, and momenta p, and 
p,. These two particles are assumed to form a bound state whose dimen- 
sions, of the order of a,, are small compared to the wavelength 2 of the 
modes of the radiation field which are taken into account in the interac- 
tion Hamiltonian. All calculations are made to order 0 in a,/A (long- 
wavelength approximation), and the magnetic spin couplings are 
neglected. 


a) Write the Hamiltonian in the Coulomb gauge for such a system of 
two particles interacting with the electromagnetic field described by the 
transverse vector potential A. The results will be expressed as a function 
of the center-of-mass variables (external variables) 

m,V, + m,f, 


Ree (1.a) P=p, +P (1 .b) 
m, + mM, 


and the relative variables (internal variables) 


r=Tr, —Tr, (2.a) Poh _ ih (2.b) 


where m is the reduced mass 
m, Mm, 


te eee 3 
mm, +m, @) 


We call the total mass M = m, + my). 


b) Calculate the matrix element of the interaction Hamiltonian be- 
tween the state |K,5;0) (center of mass in a momentum state AK, 
internal atomic state b, 0 photon) and the state |K’, a; ke) (center of mass 
in a momentum state AK’, internal atomic state a, one photon ke). How 
does the conservation of total momentum manifest itself in this matrix 
element? 


Solution 
a) The Hamiltonian of the particles is 


2 2 
Py P2 q 
H, =~ Eo ga as 4 


(one omits the Coulomb self-energies of the particles, which are constant). It can be written 
(*) as a function of the variables (1) and (2): 


(5) 


(*) See for instance Cohen-Tannoudji, Diu, and Laloé, Chapter VII, §B. 
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In the interaction Hamiltonian H,, + H;2 with 


Ay, = — = p,-A(r,) — = p,- A(r,) (6) 


2 


@? 
Ay, = Tm, >) oF 


q2 42 

mM, A“(r,), (7) 
one can, to order 0 in a,/A, replace A(r,) and A(r,) by A(R), since |r, — R| and |r, — R| 
are of the order of a, and A varies over distances of the order of A. Since g, = — q, = q, 
this then becomes 


Hy, = — (2-2) - awe = —q*- AR) (8) 
Oe Cee 
Hy, = £(4 “fe =| A(R) = + A(R). (9) 


The external variables only arise in A, which is evaluated at the center of mass of the system. 
The internal variables appear only in H,, through the relative velocity p/m. 


6) In the matrix element 
(K’,a;ke| H,|K,5;0)5, (10) 


only H;,, contributes (the term linear in a and a*). Additionally, for the creation of a 
photon ke, it is necessary to take the coefficient of aj, in the expansion of A(R). One then 
gets for (10) 


h 


2&0. 4 K’, a; ke 


— 4 p.ce™* at, |K, 6:0). (11) 


The matrix elements of p, e'* ®, and aj, are factored to give 


h j 
ae Qe, wh <71EPIbD><K’ le | KD. (12) 


The last matrix element is proportional to 


[er @ 1KR ik IK ol 


that 1s to say, finally, to 6(K — k — K’), which implies that the total momentum of the initial 

state, AK, must be equal to the total momentum of the final state, AK’ + Ak. 

3. COMMUTATION RELATIONS FOR THE TOTAL MOMENTUM P WITH Hp, Hp, 
AND H, 


Let P be the total momentum of the system (charged particles + 
quantized electromagnetic field). Let H be its Hamiltonian. Recall that P 
and H are given respectively by 


P=) p, + Ak, a; ag, (1) 
H = Hp + Hy + Hy, + Hy (2) 
with p? es 
_ a a 18 coul 
Me Lon. ae oe oa) 


= i l 
Ap = ¥ feo, (4 a +5) (3.b) 
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Ga 


Ay = — da Pa: Ara) (3 .c) 
q? 
Hy, = LF qi hte) (3.d) 


& 


Show by using the fundamental commutation relations that P com- 
mutes with H,, Hz, H,,, and Hp. 


Solution 


To solve this exercise we need the following commutation relations between p,, a,, a; , and a 
general operator M: 


[(p),, M1] = — it fs Bip (4.a) 


OM 0M 
s+ (4.b) la, MI = - 5 (4.0) 


' 


(a;, M) = 


Let us begin with [P, Hp]. Since a, and a;* commute with the particle operators, we have 


dp 4 
[P, H,] st boa = b Pa De caTeeral (5) 


For a given pair of particles 8, y in V..,,, the commutators relative to pg and p, have 
opposite signs, so that (5) is zero. 

The commutator [P, Hz] is clearly zero, since the operator Np = a; a, arises both in P 
and in Hp. 

To study the commutators [P, H,,] and [P, 1;], we show first of all that [P, 4,(r,)] = 9. 
For this we examine the two terms of (1) separately and use the expansion (A.5) of A(r,): 


b Pg> Afea | ee 1AV, A {r,) = > hk; Ah, (€;) (4; eMhta ~~ aj e@7 Kira) (6) 
B _ i 
OA CA, 
a a..A: = DF eek a es 
| 2 hk, a; a;, A fe) d a a; Sat Oa, a) 
= 2 hk; A, (€;) (ay e7 Kite a, ei"). (7) 
By adding (6) and (7) it is clear that [P, A,(r,)] is zero. The expressions (3.c) and (3.d) show 


that H;, and H;, are constructed starting from the operators ( p,), and A,(r,), which both 
commute with P. As a result, they themselves commute with P. 


4. BosE—EINSTEIN DISTRIBUTION 


Consider a mode of the electromagnetic field in thermodynamic equi- 
librium at temperature 7. The density matrix of the field is 


- 
p=se (1) 
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with 8 = 1/k,T and 


H= la at 3): (2) 


a) Calculate Z by using the property that Trp = 1. 


b) Calculate the mean value (N) and the variance (AN)’ = 
<(N — (N))?) of the number of photons in the mode. 


c) Derive the probability §(m) of having n photons in the mode as a 
function of n and (JN) (it is called the Bose distribution law). 


Solution 


a) The normalization condition for p, 


Trp = 1 (3) 
is written 
spear =i (4.a) 
so that by carrying out the summation over n, we have 
l e~ bhw/2 (4 b) 
Z (<r) = | 
from which 
e — PRw/2 
2 =e (5) 


b) The mean number of photons in mode n 1s given by 


<N> =D nin (6) 


where p,,, is evaluated using (5): 
Dig ee ey (7) 
To calculate (NV), start with the following expression used in going from (4.a) to (4.b): 
l 


Ze ss oe ae (8) 
where x = Bhw, and take the derivative of both sides with respect to x. One gets 
Si e* 
yee 2 


By comparing this expression with that gotten in (6) and (7) we find that the mean number of 
photons in the mode being considered is 


e Sha I 
CN) = [oie = Gita 7° (10) 


To get the variance (AN)’, it is necessary to first calculate 


CN? >= me pa =) nee a ey, (11) 
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For this it is sufficient to differentiate (9) with respect to x: 


: “a1 he ® 
Dress ease c = (12) 
which gives 
“PRO 4g Bh) l efne 
Ne ee ee ee 
(NO ES ea = aay + Re oe. 
The first term of (13) is just ¢N)’, so that 
oe pmo _ Wy + | I I 
AN)? = —w~ aaae ask ee 
OT = RE PRR EPH Terai 


which can be transformed by means of (10) into 
AN =[KN >? +<N)]!?. (15) 
We can conclude that AN is of the order of (N) for (N) large and of the order of V(N) 
for <N) small. 
c) The probability ‘'(n) is given in (7). To express it as a function of (N), we use (10) to 
eliminate e~4"* and we get 


bets, aa <N> \ 
00 = Ws (FStH) oe 


One notes that, contrary to the Poisson distribution (C.52) gotten for a quasi-classical 
State, (nm) always decreases with increasing 7. 


5. QUASI-PROBABILITY DENSITIES AND CHARACTERISTIC FUNCTIONS 


Throughout this exercise one considers only a single mode of the 
electromagnetic field, whose creation and annihilation operators are a* 
and a. Let p be the density operator of this mode of the field. The 
purpose of the exercise is to present various properties of two quasi-prob- 
ability densities P,(a, a*) and P,,(a, a*) and of the associated “character- 


istic functions”. 
a) ® being a complex number, one defines the functions C,(A, A*) 


and C,(A, A*) by 
Cyd, *) = Trip e*** 04 (1) 


Cid) = Tipe te ). (2) 


By using the Glauber relations 


+—j + —4 — = 
e(4a*—4*a) _ eat o i*a @ [ALP 2 ce e7 4a eiat el41?/2 (3) 


establish the relationship between C,,(A, A*) and C,(A, A*). 
6) Consider the classical functions f(A, A*) and g(a, a*) such that 


I(A, 4*) = {@ a g(a, a) ear 29) (4) 
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where d’a = d% ad Im a. By taking 
a= Op + 1h (5.a) 
] 
A= 5(v — iw) (5.b) 


where ap, Mp, u, and v are real, show that f and g are related by a 
two-dimensional Fourier transformation and that 


g(a, a*) = . farare JAE GR (6) 


c) Consider the function of a 
l 
Pw, 0*) =—< alpla> (7) 


where |a@) is a quasi-classical state. Prove the following two relations: 
{es P (a, o*) = | (8.a) 
C(a)"(a"y > = \« a P4(a, «*) (a) (a*)’ (8. b) 


Infer from these relations that P,(a, a*) is a quasi-probability density 
suited to antinormal order. 

d) By using the definition (2) for C,(A, A*), show that there exist 
between C,(A, A*) and P,(a, a*) Fourier transform relations of the type 
of (4) and (6). 

One calls C,(A, A*) the characteristic function of P,(a, a*). How can 
one express (a’(a*)’) as a function of the derivatives of C,(A, A*) with 
respect to A and A* (considered as independent variables) evaluated at 
A = A* = 0? 

e) Assume that p has a P-representation, that is, that there exists a 
real function P,,(a, a*) such that 


p= |e Pro, a*)|a >< a| (9) 
where |a) is a quasi-classical state. Show that 


[ata RO at) = | (10.a) 


((a*y (a)"> = |e Prylo, 0%) (o*)i(cr)”. (10.b) 
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Infer from these relations that P,,(a, a*) is a quasi-probability density 
distribution well suited to normal order. 

f) By using (1) and (9), show that C,,(A, A*) and P,(a, a*) are related 
by Fourier transform relations of the type of (4) and (6). For this reason, 
Cy (A, A*) is called the characteristic function for normal order. 

Give ((a*)‘a™) as a function of the partial derivatives of C,(A, A*) 
with respect to A’ and A* (taken as independent variables) evaluated at 
X= A* = 0. 

g) Calculate ¢(B|p|8) with the help of Equation (9) ({8) being a 
quasi-classical state), and derive the relationship between P,( 8, 8*) and 
P,,(a, a*), Can one establish this result directly beginning with the results 
of a) on the Fourier transforms relating C,(A, A*) and C,(A, A*) to 
P,(a, a*) and P,(a, a*)? 

h) To illustrate these results with a physical example, find the functions 
P,(a, a*) and P,,(a, a*) for radiation in thermodynamic equilibrium at 
temperature 7, for which (see Exercise 4) 


ao Pete 
p=se Broa at+3) (11) 


where 8 = 1/k,T, Z being such that Trp = 1. For this particular exam- 
ple find P,(a,a*) and P,(a, a*) using the results of the preceding 
questions. 


Solution 
a) Equation (3) immediately gives the equality 
eft” eo Me — go a*a ofa? Qlal? (12) 
which substituted in (1) leads to 
Cy(A, A*) = C,(A, A*) el4!”. (13) 
b) Using Equations (5.a) and (5.b), we rewrite (4) in the form 


] 
f(A, 4*) =o | [4 day(2 mg(a, w*)) e'8P" eT 70” | (14) 


We see that f(A, A*) and 27g(a, a*) are related by a Fourier transformation. The inverse 
transformation of (14) is written 


eT Cee =~ | du dv f(A, 2%) el2P* giao» (15) 


which coincides with (6), since d7A = (dudv)/4. 
c) To derive (8.a), we start from 


Trp =)i¢nipi[n>=1 (16) 
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and introduce the closure relation (C.56) between (n| and p: 


trp = = [aS mia) <alpin>)=2 [ata{F (ain |n><nla>) = 


- 2 [eacalplay 7 
which corresponds with (8.a). We now calculate a"(a*)’): 
<(a)" (a*) > = Tr p(a)"(a*)' = 2 <n | p(a)"(a*y | n> (18) 
so that, by introducing the closure relation (C.56) between a” and (a*)', we get 


((ay"(a*y > = = {aa <n tay fa ><al(aty|n >| 
= 2 (eracayreaty (Yc nip ia> ain) 


= 5 {aeacayncar) <alp| x) (19) 


which agrees with (8.b). 

Equations (8.a) and (8.b), together with the fact that P,(a, a*) is real and positive (as a 
result of the general properties of the density matrix), show that P,(a, a*) has properties 
similar to those of a probability density. In fact, it doesn’t behave like a true probability 
density, but rather a quasi-probability density. Actually, for a system in the quasi-classical 
state |8), one would expect to find a zero probability density when a is different from £. 
This is not true for P,(a, a*), which is equal to (1/7) e7'*-4" when p = |8)(8], according 
to (C.55). P4(a, a*) is a quasi-probability density well suited to antinormal order, since the 
mean value of the operator a”(a*)’ where a and at are arranged in antinormal order is 
easily expressed [see (8.b)] as a function of P,(a, a*), 


—A*a rAa* 


d) Introducing the closure relation (C.56) between e and e 


get 


in Equation (2), we 


n 


C444) = Y= pros 


x (a a(E<nipla><ainy)e nee 
= | ae P (a, «*) 4 e4@ (20) 


This shows that C,(A, A*) is related to P,(a, a*) by an expression of the form (4). 
We calculate 9”+/C, /(dA*)"(0A)! using (2): 


Saale Tr(pe*(— a)™ e**"(a*)y/) (21 

(OA*)™ (aA p a = ) 
whose value taken at A = A* = 0 is 

Tr (e(— a)" (a*)) = (— 1)" << @"(a*)'> (22) 


which shows the relationship existing between the derivatives of the characteristic function 
and the mean values of the operators a and a* arranged in antinormal order. 

e) Equations (10.a) and (10.b) have been already established in the remark of §C.4.c. 
P,, (a, a*) is a quasi-probability density well suited to normal order, since the mean value of 
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a product of operators a and a‘ arranged in normal order is easily expressed by means of 
(10.b). 


f) We calculate C,,(A, A*) with p defined by (9). Substituting this relation in (1), we find 


Cid, a*) = es Pylo, a) Tr(l> ¢ «|e eW4), (23) 
The cyclic property of the trace allows us to write 
Tr(la>< alee") = Trle** | a> ale") =e Me Tr(la>d dal = 


= e” Aa e242" (24) 
which gives for Cy, (A, A*) 


C,(A, 2*) = es Pro, a*) e4%* e7 4" (25) 


which coincides with (4). 
By proceeding as in part d) we find 
ACA, A*) 


Ebiaaaye 7 Tle et Cate *4(— a") (26) 


whose value for A = A* = 0 is equal to (—1)"¢(a*)/a”). 
g) We find the diagonal matrix element (8|p|8) by using (9) and (C.55): 


<Blp|B>= [e Pra, a*) |< Bl a >|? = [as Pa, a) eW Fal? (27) 


which shows, taking into account (7), that P,(8, B*) is the convolution of Py (a, a*) and a 
Gaussian function 


P4(B, B*) = 7 as Pra, ate Foal (28) 


This result can be found by other methods. Equation (13) shows that C,(A, A*) is the 
product of Cy (A, A*) with e7!*”. By taking the Fourier transform of both sides, one finds on 
one hand P, and on the other the convolution of the Fourier transforms of Cy and of e7", 
that is, as in (28), the convolution of P,, and the Gaussian distribution. 


h) Starting with the form 


__ (n> \ 
P= oN (pega) 1 ca (29) 


gotten from (16) of Exercise 4, we calculate (a|p|a): 


l N 
(alela> =a D(A |< n|a> |? 
e~ lal? ( <N)> yer 


=“ T+oNp% 1+<N)) a! 
eee os CN >|}? 
CN ES — 
from which we get 
ee: —la/? 
MON ae NL ENS G1) 
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By using (20) and the fact that the Fourier transform of a Gaussian is a Gaussian, we find 


CA, 44) = exp[-— (1 +N) J AP] (32) 
Cy (A, A*) is then gotten using (13): 
Cia At) Se” lee (33) 


and one finds P,,(a, a*) by the Fourier transform 


P (a, a*) = [es CHA ayer 
a I 
ai NY 


The representation P,,(a, a*) of radiation at thermal equilibrium is thus a Gaussian centered 
about the origin and whose width is of the order of ¥(N). 


e” lal7/C ND ; (34) 


6. QUADRATURE COMPONENTS OF A SINGLE-MODE FIELD. GRAPHICAL 
REPRESENTATION OF THE STATE OF THE FIELD 


Throughout this exercise, assume that only one mode ke of the field is 
populated, all other modes being empty (single-mode field). One is only 
interested in the contribution of this mode to the free electric field, which 


is written from the Heisenberg point of view: 
E(r, t) a= if. sla ei(k.r— ct) = at enh en) (1) 
with 6, = [hw/2 &, L?]'!?. 


a) One introduces the two Hermitian linear combinations of the cre- 
ation and annihilation operators a and a* defined by 


ap = 5 (a +a‘) (2.a) 


ag = 53 (a - a’). (2.b) 


Find the commutator [@p, ag], and show that Aap Aag = 4, where Aap 
and Aaj are the dispersions (root mean square deviations) of ap and ag 
in the state of the mode under consideration. 
Show that the Hamiltonian H of the mode can be written 
H ee + 2 2 
— — — a a P 
- 5 (a a+aa")=ap+ ag (3) 
b) Give the electric field E(r, ¢) as a function of ap and a. Show that 
the operators ap and ag represent two quadrature components of the 


field. What is the physical consequence of the nonzero value of the 
commutator [ap, a ol? 
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c) Show that 
ag = ap COS 8 + ag sin 0 (4) 


represents physically the component of the field out of phase by @ with 
respect to that described by ap. Show that H/hw can also be written 


A 
how 


oe a + ps n/2° (5) 


d) Assume that the state of the field is a quasi-classical state |a), and 
take 


Ol p = F(a + ot) (6.a) 
1 

ho = 57 (a — o*) (6.b) 

ty = &pcosé + ag sind. (6.C) 


Calculate the means values (ap), (ag), and (ag) of the operators ap, 
Ao, and ag in the state |a) as well as the dispersions Aap, Ado, and Aag. 
Show that these three dispersions are equal, and find their common value 
5. By using the well-known results for the harmonic oscillator, show that 
the distributions of the possible values of ap, ay, anddg in the state |a) 
are Gaussian. 

e) Consider a classical single-mode field whose state is described by the 
normal variable a. It is convenient to represent such a state by a point ©, 
of abscissa ap and ordinate ap, in a plane with two orthogonal axes Ox 
and Oy. This plane can equally well be thought of as the complex plane, 
ap, and ag being the real and imaginary parts of the complex number a. 
Show that a, is gotten by projecting M on an axis O@ passing through the 
origin and making an angle @ with Ox. How can one characterize 
graphically the phase » and the energy H,/hw (in units of hw) of the 
classical field in state a? 

f) Consider now a quantum field in the quasi-classical state |a). The 
incompatibility of ap and ag suggests no longer representing the state of 
the field by a point, but rather by a small area centered about the point M@ 
representing the classical state a. Show that if one takes a disk of radius 4, 
where 6 has been found above in d), then one gets, by projecting all of 
the points of this surface onto the Ox, Oy, and O@ axes, three segments 
correctly centered on (ap), (ag), and (a,) and whose width 26 gives a 
good indication of the dispersions Aap, Aap, and Aag. 

g) The quantum field is still in state |a) but assume now in addition 
that |a| > 1. By using results relating to quasi-classical states, show that 
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the dispersion AN of the number of photons in the state |a) is simply 
related to the length of the segment OM. 

Let 2 Aq be the angle subtended at the origin by the disk centered at M 
and associated with the state |a). Explain qualitatively, without trying to 
define a phase operator precisely, why Ap gives the order of magnitude of 
the phase dispersion in the state |a). Give Ag as a function of 6 and OM 
in the limit |a| >> 1. What relationship exists between Ay and AN? 

h) There are states of the field which, while being minimal like the 
state |a) (that is, such that Aap Aa, = 4), and while leading to the same 
mean values of ap, dg, and dg as the state |a), do not have equivalent 
dispersions for these various observables. These states can be represented 
qualitatively by ellipses centered on M with the same area as the disks 
considered in f and g. They are called squeezed states. Examples of such 
states are examined in Exercise 7. 

For a given ratio between the major and minor axes of the ellipse, 
sketch the squeezed states corresponding to each of the following cases: 


i) the dispersion is minimal on ap, 

ii) the dispersion is minimal on Ao, 

ili) the dispersion is minimal on dg, 

iv) the dispersion is minimal on q, 

v) the dispersion is minimal on the amplitude. 


Solution 


a) From [a, a*] = 1 and Equations (2), it follows that 


i 


[ap, ay] = D) 7 (7) 
The general relation 
] 
Aap Adg > 5 | < [ap, ag] > | (8) 
then gives 
Aap Ady > 1/4. (9) 


Finally, Equation (3) is a consequence of (2). 


b) By replacing e* "©" with cos(k - r — wt) + isin(k - r — wf) in (1) and using (2), 
we can write E(r, ¢) in the form 


E(r, 1) = ~ 2 &, [ap sin(k - r — wt) + agcos(k- r — wt)] (10) 


which shows that @p and ag describe two quadrature components of the field. 

Equation (7) shows that these physical variables are incompatible. Any increase in the 
precision of one component of the field is accompanied by an increase in the uncertainty of 
the quadrature component. 
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c) Changing from @ to @ + 2/2 in (4) yields 


4g + 9/2 — Ap sin 8 + ag cos @. (11) 


Starting from (4) and (11), it is possible to give ap and ag as functions of ag and ag,,,/2. 
Substitution of these expressions in (10) then gives 


E(r, t) = — 26, e[a, sin(k +r — wt + @) + a4,,,,cos(k-r—owt+6)] (12) 
which shows that the components of the field associated with ap and ag are out of phase 
by @. 

It follows also from (4) and (11) that 
a5 + G54 qj2 = ap + a2, (13) 
which, taking account of (3), gives (5). 
da) The calculation of the mean values of the operators (2.a), (2.6), and (4) in the state 
|) gives, when taken with the relations a|a) = a|a) and (a|a* = a*(a| and the defini- 


tions (6), Gp = ap (14.a) 
{ag > = % (14.b) 
{ay> = W%. (14.c) 


Now we calculate Aa?: 


Aap = < a|ap| a> — (< «| ap| a>)? 


I : 

=4salat+a* + aa* +ata\a> — a3 
I 2 

=4<ala +a* +2atat+1{[2>— 
1 

= gla’ + a? + 2a%a +1) — ap 

] ] 
Sue 2s 


Analogous calculations can be made for Aaj, and Aaj. One finds then that 


l 
Aap = Aag = Ag = 0 = 5. (16) 


Equations (3) and (5) along with Equation (7) and an analogous equation for [a9, a9,./2], 
show that the Hermitian operators ap and ap or ag and dg,,,/. are analogous to the 
position x and the momentum p of a one-dimensional harmonic oscillator. Since the 
distributions of x and p in a quasi-classical state are Gaussians and since this state is a 
minimal state, it follows that the distnbutions of ap, ag, and a, are Gaussians whose 
dispersion has a minimal value (16) compatible with the uncertainty relation (9). 

e) The definition (6.c) of ag implies that ag is the projection of OM = ape, + age, on 
the axis O@ (Figure 1). The phase ¢ of the field is described by the angle g between Ox and 
OM. Finally, following (3), H,/hw is equal to OM?, the square of the distance from O 
to M. 


f) The projection of the circle centered on M with radius 6 = } on Ox, Oy, and O@ 
gives three segments of length 26 = 1 centered on ap, ag, and ag. One then gets a good 
representation of the mean values and dispersions of ap, ag, and dg in the state |a). 


g) In a quasi-classical state (see §C.4.c), 


AN =./(N)=./laP =a}. (17) 
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Figure 1 


Furthermore, from (6.a) and (6.b), it follows that {a?| = ap + a%, so that [a] = OM. One 
has then 


AN = OM. (18) 
On the other hand, if |a| > 1, 
ee eee 
?= 6M ~2* OM (19) 


Ag corresponds to the dispersion of the values of p for the various points inside the circle in 
the figure. Ap thus clearly represents a phase dispersion. Finally, the combination of (18) and 
(19) gives 


I 


The number of photons in the mode and the phase of the field are therefore incompatible 
variables. 


h) The major axis of the ellipse centered on M is 


— parallel to Oy in case i), 

— parallel to Ox in case ii), 

— perpendicular to O8@ in case iii), 
— parallel to OM in case iv), 

— perpendicular to OM in case v). 


Consider case iv) in more detail. Figure 2 represents the circle centered on M associated 
with the state |@) and the ellipse with equal area and whose major axis is parallel to OM. 
Since the areas of the circle and the ellipse are the same, the minor axis, perpendicular to 
OM, is smaller than the radius 8 of the circle. The angle which the ellipse subtends at O is 
smaller than the angle subtended by the circle. The phase uncertainty Ap is thus smaller for 
this squeezed state than for the coherent state. In contrast, the major axis of the ellipse is 
larger than the radius of the circle. The dispersion of distances from O, that is, the amplitude 
dispersion, is greater for the ellipse than for the circle. The gain in precision 1n specifying the 
phase is accompanied by an increase in the amplitude uncertainty. Similar arguments can be 
developed for the other cases. 
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Figure 2 


7. SQUEEZED STATES OF THE RADIATION FIELD 


The purpose of this exercise is to introduce states of the field which 
have unequal dispersions on two quadrature components of the field, the 
product of these two dispersions having the minimal value compatible 
with the uncertainty relation (*). 

Consider the following operator acting on a mode of the field: 


B= 5(a* — a*?) (1) 


where r is a real number and a* and a are the creation and annihilation 


operators for that mode. 
«) Find the «> ..oratators [a, B] and [a*, B]. 
bo) Ler T= .". 2, ~w that T is a unitary operator. 


cy Us'eg tie operator equation 
2 l 
eX e* = X + (BX) +55 [B1B X]] + + 


+S (BB. XL + 


calculate TaT* and TatT"™. 


d) One introduces the operators ap and ag characterizing two quadra- 
ture components of the field using the relationships (see the previous 
exercise) 


tp = 5 (a +4") (3.a) ag = (a — a"). (3.b) 


(*) See for example D. F. Walls, Nature, 306, 141 (1983). 
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Calculate bp = TapT*, by = TagT* as well as Ta;T* and TagT™. 
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e) Assume that the field is in the state [c) = T*|{a) where |a) is a 
quasi-classical state. Find the mean values of ap and dg in state |c) as 


well as the corresponding dispersions Aap and Ado. 


Solution 


a) First find Ja, B): 


J, ae +27 _ _ + 
| 5a a ) x laa ] ra”. 


Consider now [a‘, B]: 
jar 500 = a) =5la*, a’?] = — ra. 


b) The expression for 7*, 
; ia ela *?—a7)/2 —eB 


shows that 77+ = T* T = 1. 
c) By using Equation (2), we find that TaT* is equal to 


fae ®=a+ [Bal t+ 7 [ B, [B, a]] + [2 [B, [B, a]]] + -~ 


which one can transform using (4) and (5): 


(4) 


(5) 


(6) 


(7) 


(8) 


It is easy to check, by examining the next terms of the expansion (8) that the coefficient of a 


is cosh r and that of @* is sinhr: 
e®ge® = acoshr+ at sinhr. 


The adjoint expression to (9) is written 


e®qgt e~ 8 = at coshr + asinhr. 


d) By combining (9) and (10) we get 
bp = 3(TaT*+ Ta’ T*), 
cosh r + sinh r 


=(a+a") 5 


= ape’ 


and analogously 


] 
by = 5 (TaT” — Ta* T*)= ag ae 


(9) 


(10) 


(11) 


(12) 


The relations (11) and (12) define changes of scale for the observables ap and ag. We now 


find Ta3T*: 


Tae T= Tae 7 Ta T* =b5.= 4,0" 


(13) 
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and likewise 
Tag T* = bg = age 7. (14) 


e) The mean values of ap, ag, ap, and ag in the state |c) are respectively identical to 
those of bp, by, b3, and bé in the state |a). Using (11) and (3.a) as well as (C.46) and 
(C.47), we find 


(claple>=<albpia>==Te (15) 


and by using (12) and (3.b) 


a—at | 
<clagle> =<albgla>= 7 cay (16) 


For (63), we find using (13) and (3.a) 
2 2 I 2 +2 + 2r 
Cclaple> =Calbplar = 7c ala +a°°“+2a a+ll]ade 


ov tot +2ata +) 2 


= 7 r (17) 


which gives finally, using (15) and (17), 


Aap =>. (18) 


Adg = (19) 


We conclude that the state 7* |a) is a minimal state, since Aap Adg = 4, but for which the 
uncertainties in ap and ao are different. In the graphical representation in Exercise 8, one 
gets the region representing the state T* |a) by effecting on the disk associated with |a) an 
affinity transformation on the x-axis with amplitude e’, and an affinity transformation on the 
y-axis with amplitude e~’. The circle associated with the state |a) is thus transformed into 
an ellipse with major axis parallel to Ox and minor axis parallel to Oy. 


8. GENERATION OF SQUEEZED STATES BY TWO-PHOTON INTERACTIONS 


The purpose of this exercise is to show how it is theoretically possible 
to generate squeezed states of the radiation field. For these states, the 
dispersions of two quadrature components of the field are different, and 
their product is equal to the minimal value compatible with the Heisen- 
berg relations. (It is recommended that the reader have previously worked 
through Exercises 6 and 7.) 

Consider a mode ke of the electromagnetic field with frequency w 
whose Hamiltonian H is given by 


eae hoa a a ihA(a*? e” Ziat a aq eriaty (1) 


where a* and a are the creation and annihilation operators of the mode. 
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The first term of (1) is the energy of the mode for the free field. The 
second describes a two-photon interaction process such as parametric 
amplification (a classical wave of frequency 2w generating two photons 
with frequency w). A is a real quantity characterizing the strength of the 
interaction. 

a) Write, using the Heisenberg point of view, the equation of motion 
for a(t). Take 


a(t) = b(t) ei", (2) 


What are the equations of motion for b(t) and b*(t)? 


b) Using the Heisenberg picture, the contribution of the mode ke to 
the electric field is written 


E(r, t) = i&, e[a(t) ** — at(nhe**] (3) 
where a(t) is the solution of the equation studied in a). Show that 


b(t) + b*(t) b(t) — b*(t) 
aoe eee : 


bp(t) = (4.2); b()Q =F“ 4b) 


[where b(t) is defined in (2)] represent physically two quadrature compo- 
nents of the field. Find the equations of motion of bp(t) and b(t) and 
give their solutions, assuming that bp(0) and by(0) are known. 

c) Assume that at ¢ = 0, the electromagnetic field is in the vacuum 
state. Calculate at time ¢ the mean number of photons, (N), in the mode 


ke as well as the dispersions Ab,(t) and Abp(t) on the two quadrature 
components of the field. Explain the result. 


Solution 


a) The Heisenberg equation for a, 


iha = [a, H] (5.a) 
is written using (1) as 
iha = hwa + 2ih Aat* e 7" (5.b) 
a= —iwa+2Aate 7, (5.c) 
With the change of variables (2), equation (5.c) becomes 
b = 2 Abt (6.a) 
and the adjoint equation is written 
b+ =2 Ab. (6.b) 


b) We get a(t) and a*(t) as functions of b(t) and b*(t) using (2) and the adjoint 
equation, and then as functions of bp(t) and b(t) by means of (4.a) and (4.b). Finally we 
substitute these values into Equation (3) for E(r, ¢). A calculation similar to that in Exercise 
6 gives 

E(r, 2) = ~ 2&, e[b,(t) sin(k - r — wt) + bo(t) cos(k - r — wr) ] (3’) 


250 Exercises Diw-9 


which shows that bp(t) and bp(t) represent two quadrature components of the field whose 
amplitude varies over time as a result of the parametric interaction described by the last term 
of (1). 

Using the equations of motion (6) for b(t) and 5* (rt) and the definitions (4), we get 


bp(t) = 2 Abp(t) (7.a); bot) = — 2 Abo(t) (7.b) 
whose solution is 
b(t) = &p(0) e?" (8.a); b(t} = bo{0) e774". (8.b) 
c) The number of photons in the mode ke is given by the operator 
N(t) = a*(t) a(t) = b*(8) b(t). (9) 


By inverting the relations (4) one can get b(t) and b* (t) as functions of bp(t) and bo(t), So 
that using (8.a) and (8.b), we have 


b(t) = bp(O)e74' + iby (0) e724 (10.a) 
b* (t) = bp(0) ce?! — iby (0) e744 (10.b) 
b(t) = b(0) cosh At + 57 (0) sinh Az (11.a) 
b* (t) = 6(0) sinh At + b* (0) cosh At. (11.b) 


We see then, since 5(0) = a(0), that 
N(t) = [a* (0) cosh At + a(0) sinh At][a(0) cosh At + a*(0)sinh At} — (12) 
whose mean value in the vacuum is 
(N(t))> = sinh? At. (13) 
The equation for the electric field E at ¢ is derived from (3’) and (8): 
K(r, 1) = — 26, e[b,(0) e?” sin(k - r — wt) + b9(0)e 7“ cos(k+ r — wt)]. (14) 


It appears then that the effect of the parametric interaction is to increase one component of 
the electric field and to decrease the quadrature component. More precisely, from (8.a) and 
(8.b), 


(Abp(1))2 = <0 | 6200) [0 > e4* — 0 5,0) | 0 >? (15.a) 

(Abo(2))? = (0 | b3(0) | 0 > e-44* — ( 0] bg(0) | 02 4" (15.b) 
Using (4), we find then 

Abp(t) = — (16.a): Abo(t) = - (16.b) 


This shows that the uncertainty in one of the field components, here bo; can be made very 
small. This result is achieved at the expense of the quadrature component, in agreement with 
the Heisenberg relationship Abp Ab, > 1 (see Exercise 6). Note that the result corresponds 
to the minimum of this uncertainty. Note also that this compression of uncertainty in one of 
the field components is accompanied by an increase in the mean number of photons (13). 


9. QUASI-PROBABILITY DENSITY OF A SQUEEZED STATE 


The purpose of this exercise is to calculate, for a squeezed state of the 
radiation field, the characteristic functions and the quasi-probability den- 
sities for both normal and antinormal order. To do so here one must have 
previously worked Exercises 5 and 7. 


a) Consider a mode of the radiation field, and let {0) be the vacuum 
state of this mode. One can construct a squeezed state by causing the 


Dy-9 Exercises 251 


operator e~? to act on |0), where B = r(a? — a**)/2, r being a real 
number and a and a™ the annihilation and creation operators of the 
mode. The density operator for the field is then 


p=e "|0><0|e*. (1) 


Find for this field the characteristic functions C,(A, A*) and C,(A, A*) 
respectively related to the normal and antinormal order and introduced in 
Exercise 5. One can use the Glauber equation 


eX ef = o(Xt¥) olxX.Y/2 (2) 


valid when X and Y commute with [X, Y]. 

b) Calculate the quasi-probability density P,(a, a*) associated with 
such a radiation state. Give P,(a,a*) as a function of the real and 
imaginary parts, ap and ap, of a. 

Can one find a quasi-probability density P,,(a, a*) for this state? 


Solution 


a) Starting with the definition of C,(A,A*) given in Exercise 5 (Equation 1) and 
introducing the density operator p as given in (1), we get 


Cy(A, A*) = Tr(e~?|0> <0 | eF e%#* 67 4"%), (3) 
Using the cyclic property of the trace and introducing e~ 2e? = 1 between e*“” and e~>*4 
we obtain 
Cy(A, A*) = Tr([0> <0 [ eF e447 eB eB 4% eB) 
= (Ol e% et e Bere Me FQ). (4) 
Equations (9) and (10) from Exercise 7 give then 
eB eda® eB — oMa* coshr+a sinh r) (5.a) 
eB edd eB = p- A acosh rta* sinh r) (5.b) 


so that (4) can be written 

Cy (A, A*) ez <0 eda" cosh r+a sinh r) e~ A*(a cosh r+at sinh 10). (6) 
Denote by e* and e” the operators on the right-hand sides of (5.a) and (5.b). The 
commutator [ X, Y] 1s a c-number equal to 


[X, ¥] = —|A|?(cosh? r[a*, a] + sinh? r[a, a*]) = JA? (7) 
which allows one to use the Glauber relation and to transform (6) into 
Cy (A, A*) Eis ell? 200 ela (Acosh r—A*sinhr)+a(A sinh r—2* cosh HOY. (8) 


Using the Glauber relation again to separate the exponentials containing a* from those 
containing a, we have 
ela* (A cosh r—A* sinh r) + a(A sinh r—A* cosh r)} ef (Acosh r—A* sinh r) 


x eata sinh r —A* cosh re — IAL? (cosh? r+ sink? r)/2 


x e(X? +A*? (cosh r sinh r)/2 (9) 
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and substituting this in (8), we find then 


Cy (A, A*) = e 7 IAP sinh? r e(X? +A*? \(cosh r sinh r)/2 (10) 

since 
ect sabato) = 10) (11.2) 
<0| et (Acosh r—A*sinhr) — {0}. (11.b) 


Equation (13) of Exercise (5) allows one to obtain C,(A, A*) as 
Cx(A, A*) = Cy (A, A*) TPP 
ae e 7 lA cosh? r e(¥? +A"? (cosh rsinh r)/2 (12) 


b) We have shown in Exercise 5 that P, and C, are related by a Fourier transform 
P (a, a*) = = {es CRAVE, (13.a) 
The notation (5.a) and (5.b) of Exercise 5 allows us to rewrite (13.a) in the form 
P,(o, «*) = 3 {a dv C,(A, A*) eit? eizor (13.b) 


where C,(A, A*) comes from (12): 


ur + 2 2 _ 


u 
Cy(A, A*) = cx| _ cosh? rJexo( —_ cosh r sinh 7 


ur v? 
| 7 cosh r (cosh r + sinh Pero 72 cosh r (cosh r — sinh 3) 
ur wv 
_ ae ar eta’ ~—2r 
= cx 7 (lite eso 3 (l+e )} (14) 


It is then necessary to find the Fourier transform of two Gaussian functions of different 
widths. We get 


‘ 2 
P (a, «*) = Ad Fe eA exp[— 2 ap/(1 + e7')] exp[— 2 a3/(1 + e~7] (15) 


that is, a product of two Gaussians of very different widths in ap and &o, which reflects the 
different behavior of the two quadrature components of the field (see Exercise 7). 
The same calculation in the case of C,(A, A*) leads to 


u? v? 
Cy(A, A*) = exp ( — | exp] Fl — 79]. (16) 


It is clear that, for 7 # 0, one of the components of C,,(A, A*) diverges exponentially at 
infinity. Finding the Fourier transform is then impossible. This state of the field does not 
have a P-representation. 

To understand this point, one can note that the state |0) is represented by a quasi- 
probability density P,, (a, a*) which is a Dirac distribution 6 (a). A state for which Aap = 
Aag = } is thus represented by a point distribution. For the squeezed state considered here, 
one reduces the uncertainty on one of the field components. Along this direction, the 
quasi-probability distribution should be narrower than for the state |0). This is clearly 
impossible starting from a point distribution. On the other hand, in the case corresponding 
to the antinormal order, the state |0) is represented by a Gaussian distribution whose width 


can be reduced. 


CHAPTER IV 


Other Equivalent Formulations 
of Electrodynamics 


In the preceding chapters, and especially in Chapter II, we have 
followed the simplest possible procedure to construct quantum electrody- 
namics. Starting with the standard Lagrangian, we eliminated the scalar 
potential by expressing it as a function of the other dynamical variables; 
then we chose the Coulomb gauge, which sets the longitudinal vector 
potential A, equal to zero. This formalism can then be used in any 
situation provided that the particle velocities and the frequencies of the 
fields remain in the nonrelativistic domain. 

It is clear however that such a description is not the only one possible. 
One can formulate others, equivalent with respect to their physical predic- 
tions but formally different. Generally, the aim is to obtain a new 
formulation in which a given problem can be treated more easily than in 
the standard formulation. The purpose of this chapter is to present and 
examine examples of such developments (*). 

We begin in Part A by reviewing several methods which can be utilized 
to construct alternative descriptions of electrodynamics. A first possibility 
is to choose a different gauge and take A, different from zero. One can 
also add to the standard Lagrangian in the Coulomb gauge the derivative 
with respect to time of a function of the generalized coordinates of the 
system. The new Lagrangian is equivalent to the old and gives the same 
equations of motion. However, the new conjugate momenta are in general 
different from the old, and when one applies the canonical quantization 
procedure, the same mathematical operators in the new description repre- 
sent in general different physical variables. The relationship between the 


(*) Here we will not consider the formulation of electrodynamics in the Lorentz gauge, 
since that is the subject of Chapter V. 
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two points of view will be studied in detail, and we will show that the two 
quantum representations can be derived from one another by a unitary 
transformation. The gauge change discussed above is, in fact, only one 
special case of this type of transformation. One can finally get a new 
description of electrodynamics by applying to the standard representation 
in the Coulomb gauge a unitary transformation more general than those 
leading to an equivalent Lagrangian. Such a method is more powerful 
than that above, in the same way that, in classical mechanics, canonical 
transformations are more general than those changing the Lagrangian. 

We then treat, in Part B, several simple examples of such transforma- 
tions applied to the case of a system of localized charges, like an atom or 
molecule, interacting with a long-wavelength external electromagnetic 
wave. We first consider a simple gauge change, and then introduce the 
Goppert-Mayer transformation which allows one to go from the standard 
point of view, where the interaction Hamiltonian between the system of 
charges and the field is proportional to A - p, to the electric dipole point of 
view where the interaction Hamiltonian is proportional to E-r. The 
equivalence between the two descriptions will be discussed once more, in 
view of the practical importance of this transformation. We present also in 
Part B an example of a transformation of the Hamiltonian which is not 
equivalent to a change in the Lagrangian: the Henneberger transforma- 
tion, which is used to study some interaction processes with intense 
electromagnetic waves. 

In Part C, we return to the general case where the electromagnetic field 
is considered, not as an external field with a given time dependence, but as 
a dynamical system coupled to the particles. We present the Power- 
Zienau—Woolley transformation, which generalizes the Gdppert-Mayer 
transformation and gives, for the interaction Hamiltonian between the 
system of charges and the field, the complete multipole expansion in a 
compact form. The system of charges is described by a polarization and 
magnetization density, and the displacement appears naturally as the 
momentum conjugate with the transverse vector potential. 

We finally study, in Part D, how the equivalence between two points of 
view derived from one another by a unitary transformation manifests 
itself in the scattering S-matrix. We show that the equality of the transi- 
tion amplitudes takes, in this case, a simpler form, since the same kets can 
be used to describe the initial and final states in the two approaches. This 
property of the S-matrix explains the current practice of attributing 
(wrongly) the same physical meaning to the “unperturbed” Hamiltonian 
whatever the point of view used. 
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A—HOW TO GET OTHER EQUIVALENT FORMULATIONS 
OF ELECTRODYNAMICS 


In this part we review different methods which can be used to get 
formulations of electrodynamics equivalent to those of Chapters II and 
III. The emphasis here will be on the correspondence between the differ- 
ent descriptions and on the equivalence of the associated quantum theo- 
ries. 


1. Change of Gauge and of Lagrangian 


We briefly review the arguments followed in Chapter II. Since the 
standard Lagrangian does not depend on the velocity % relative to the 
scalar potential %, Lagrange’s equation relative to WY leads to a relation- 
ship [(C.1) of Chapter IT] 


i 
U = zs | koh + £| (A.1) 
which allows one to reformulate Y as a function of the other dynamical 
variables. When & has been eliminated, the standard Lagrangian will only 
depend onr A, A 1, and , and can be expressed in the 
form 


a? Fy 


* . . 
L = Y 5m, i2 - fox Ze ie {a's A, — Oh AK Al + 
+ { Dk jt ot, + fe AK] + 
| | a ; 
= fait + 4 HP — EOP | — esi)| (A.2) 


We then found that 7, is not a true dynamical variable, in the sense 
that the associated Lagrange equation is not an equation of motion for 
,, (*), which can then take any value. The choice of the Coulomb gauge, 
= 0, appears then to be the simplest possible, but it is not necessary. It 
is always possible at this stage to set ., # 0 [this also changes the scalar 
potential according to (A.1)] and to continue the procedure of canonical 
quantization. One can, for example, take .»/, as an arbitrary function of k 
and ft, which can also eventually depend on the other true dynamical 


(*) In fact, this Lagrange equation is nothing more than the equation for the conservation 
of charge, which adds nothing new, since it follows directly from the definition of p and j as 
functions of the dynamical variables r, and ¢, of the particles. 
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variables of the system, r, and ./, (*). The consequences of this choice 
can now be foreseen: since t, appears in the last term of (A.2) through 4, 
and possibly .,, the conjugate momentum of r, will be modified. If ~/, 
depends on #2, , so will the momentum conjugate with 9, (k). 

Another way of understanding why .%, is not a true dynamical variable 
involves noting, as in §C.1.b of Chapter II, that the last term of (A.2) 
where , and ft appear can also be written as the total time derivative 


of the function 
om p™ p. 


Thus going from the Coulomb gauge to another gauge is an illustration of 
the general law which allows one to go from one Lagrangian to an 
equivalent Lagrangian by adding the total time derivative of a function of 
the generalized coordinates. We are now going to examine how such 
transformations are expressed in quantum theory and to show that they 
amount to applying a unitary transformation to the initial quantum 
representation. 


2. Changes of Lagrangian and the Associated Unitary Transformation 


Such a problem is not specific to the system (electromagnetic field + 
charged particles). We are going to study a much simpler system with one 
degree of freedom on the x-axis and later generalize the results gotten 
there. The interest of such a simple case is that we can use unambiguous 
notation. Later we will return to more compact notation. 

Let L(x, x) be a Lagrangian describing the dynamics of the system. 
Since we will introduce other Lagrangians hereafter, we take the precau- 
tion of denoting by p, the momentum conjugate with x with respect to 
the Lagrangian L: 


_ OL 

ax 
It is a quantity which is expressed as a function of x and x. The equation 
of motion is Lagrange’s equation 


: d {cL oL 
Pr (oe) = Fe: (A .5) 


Pr (A .4) 


(*) In contrast, , cannot depend on the velocities §, and x, , since that would cause 
the accelerations to appear in the Lagrangian (A.2). 
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a) CHANGING THE LAGRANGIAN 


By adding to L the time derivative of a function F(x, t), one gets a new 
Lagrangian 


L(x, x) = L(x, x) + < F(x, t) 


: .OF OF 
= LX, x) + x57 + a 


equivalent to LZ in the sense that it gives for x the same equation of 
motion as (A.5) (see §A.1.c of Chapter II). The momentum conjugate with 
x with respect to the new Lagrangian L’ is 
OL’ OL OF 
=— = — + —. A.7 
0x Ox ox aa 
The expression for p,, aS a function of x and x is different from that for 
p,. Going from a Lagrangian L to an equivalent Lagrangian L’ has as a 
consequence a change in the momentum conjugate with x. The old and 
new conjugate momenta are two functions of x and x which are related 
by 


(A .6) 


Pr 


OF 
Pu = Pr aur Wie (A.8) 


x 
A single dynamical state of the system, characterized by given values of x 
and x, will then be described by different values of the conjugate mo- 
menta p, and p,. related by (A.8). One can verify that, if this relationship 
is true at one time, the dynamical equations assure that it will remain so. 
The physical variables of the system are functions of x and x. Their 
values depend only on the dynamical state of the system characterized by 
x and x. Consider one such variable, for example the kinetic energy, 
described by the function Y(x, x). In the Hamiltonian formalism, one 
uses x and the conjugate momentum p, as dynamical variables. The 
value of the physical variable ¥ will be a function G, (x, p,). The index L 
reminds us that this function depends on the Lagrangian which has been 
used to define p,. The value of G, when one replaces p, by its expression 
(A.4) should coincide with ¥(x, x): 


aif x =) = G(x, x) (A .9) 
Ox 


which completely fixes G,. For the new Lagrangian L’, G,. is different 
from G, and (A.9) is written 


G(s a) = G(x, x). (A. 10) 
Ox 
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Equations (A.8), (A.9), and (A.10) then give quite simply the relationship 
between G, and G,., 


OF 
u(x Py t+ =) = G,(x, pr). (A. 11) 


This equation assures that for the same dynamical state, the values ‘of 
G,(x, pz) and G,(x, p;) are identical, p, and p,, being related by 
(A.8). The physical predictions with regard to Y are the same from both 
points of view. 

Consider now the Hamiltonian. Its form, as a function of x and p,., 
depends on the Lagrangian chosen. Furthermore, its value for a given 
dynamical state is not necessarily identical in the two descriptions, since 


. : : OF .OF OF 
xp, — L = ip, +) ~ (E+ ee + Fi 


OF 
H,(x, Px) — 3 (A. 12) 


fi, (x, Py’) 


where p,, and p, are related by (A.8). It appears then that the Hamilto- 
nian behaves like a physical quantity only when F is time independent 
[compare (A.12) and (A.11)]. 


b) THE Two QUANTUM DESCRIPTIONS 


When one applies the standard canonical quantization procedure start- 
ing with L on the one hand and L’ on the other, one gets two quantum 
descriptions for the system. To eliminate all ambiguity we will use 
superscript indices (1) for all the elements in the first case and (2) in the 
second. Thus X“ is the operator representing the “position” variable in 
the first description, and |) is the state vector representing the dynami- 
cal state of the system in the second one. Finally, we introduce the two 
fundamental mathematical operators, the operator “multiplication by x” 
which we call X and the operator (#/i) 0/dx which we call P: 


y= < (A. 13) 
h 0 
=o x. (A. 14) 


If one applies the standard canonical quantization procedure starting 
with the Lagrangian L, one gets a first quantum description. The coordi- 
nate x is represented by the operator “multiplication by x”, and its 
conjugate momentum p, by the operator (4/i) 0/dx. One has then 


xO) xX (A.15) 
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| ew cae (A. 16) 
The variable Y is represented by the observable 
G” = G,(X, P) (A.17) 
where G, is the function defined by (A.9). The Hamiltonian is 
Hi? = AY(X, P). (A. 18) 


we have kept the index L for H{? and P{” to remind ourselves that the 
momentum conjugate with x and the Hamiltonian depend in the general 
case on the Lagrangian from which they have been defined. The state of 
the system at a given instant is represented by the state vector |y“). 

Applying the same quantization procedure starting with L’, one gets a 
second description of the system in which the coordinate is always 
represented by the operator X, and the new conjugate momentum P,, by 
the operator P: 


XM=Y¥ (A.19) 
PD = Pp. (A .20) 


The physical variable Y is represented by 
G”) = G,AX, P) (A.21) 


where the function G,. is defined by (A.10). The new Hamiltonian H,, is 
represented by 


H® = H,AX, P). (A.22) 


In general, the functions G, and G,, are different, with the result that the 
same physical quantity is represented by different mathematical operators 
in the two representations: 


GAG. (A .23) 


Starting with the Lagrangian Z or L’, one is then led to descriptions of 
the system observables which are different. In the same way, the state 
vectors which describe a given state are not the same: 


WO > #AlW). (A. 24) 


Recall that it is the same classically: a given dynamical state of the system 
is represented by different values of p, and p,.. 


c) THE CORRESPONDENCE BETWEEN THE TWO QUANTUM DESCRIPTIONS 


We are now going to examine the correspondence between the two 
quantum descriptions. Clearly, the coordinate is represented by the same 
operator [cf. (A.15) and (A.19)]. For the conjugate momenta, it is neces- 
sary to recall that two have been introduced, p, and p,,, and that they 
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represent different physical variables, as can be seen from their functional 
dependence on x and X. Thus we have to consider four operators: P{, 
P, P{, and P{. The first and the last are already known [Equations 
(A.16) and (A.20)]. The other two can be derived from Equation (A.8) 
between p,. and p,. If one expresses this in representation (1), for 
example, one gets 


OF OF 
Pi) = PP +55 = P+ (A.25.a) 


by using (A.16). In the same way, expressing (A.8) in representation (2) 
and using (A.20), one gets the following equation for P{”: 
OF OF 
(2) zy as ae ee 
ae ea a aa ae 
We can summarize the expressions for the operators representing the 
different variables in the two representations as follows: 


(A .25.b) 


— Representation (1): — Representation (2): 
xXM=X (A.26.a) X%=X (A.27.a) 
OF 
Po =P (A.26.b) PY? = P— ax (A.27.b) 
(1) OF (2) 
Pi) =P +35 (A.26.c) PSP (A.27.c) 


Comparison of the two representations suggests that passing from one to 
the other involves the unitary transformation 


T = expt F(X) (A .28) 


which amounts to translating P by an amount —dF/dX. It is indeed 
possible to go from the expressions (A.26) for X, P{, and P{ to the 
expressions (A.27) for X, P, and P{? through the following rela- 
tions: 


XM = TX Tt (A.29.a) 
P® = TP! Tt (A.29.b) 
PY) = TPL? T* (A.29.c) 


where T is the unitary operator (A.28). 

More generally, we can check that the transformation T establishes the 
correspondence between the two representations G® and G® of the same 
physical variable Y 


G® = TG Tt (A 30) 


G” and G® being defined by (A.17) and (A.21). The expression (A.11) 
which relates the two functions G, and G,,, can be written by replacing 
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the classical variables x and p, with the operators X and P. One gets 
then 


a(x, P+ =x) = G,(X, P). (A.31) 


Transforming both sides of this equation by 7 and applying the 
transformation on the operators within the function appearing on the 
left-hand side, one finds that X is unchanged and P + dF /dX is trans- 
formed into P, so that 


G(X, P) = TG,(X, P)T*. (A .32) 


Using (A.17) and (A.21), this reduces to (A.30). The representation (2) of 
the system observables is gotten simply by applying the transformation T 
to representation (1). 

The state vectors are related by the same transformation 


WO > =Tly™). (A. 33) 


Indeed, if one imagines that the state of the system results from the 
measurement of a variable Y (or a set of such variables), then |“) and 
\y are the eigenvectors respectively of G® and G® corresponding to 
the same eigenvalue. From (A.30), this implies Equation (A.33). The 
expressions (A.30) and (A.33) are then sufficient to assure the equality of 
the mean values and of the measurement results in both approaches. 

The temporal evolution of |y) and |y~) is governed respectively by 
H{ and H{?; the relationship between the two operators is not of the 
type (A.30). Starting with (A.12) between the classical functions and 
proceeding as for G, one finds that 


H® = THO T+ — aa (A.34) 


This is precisely the relationship which assures that equation (A.33) 
between |y“) and |y continues over time. Indeed, if one compares the 
rate of change of |~®) on one hand and of T|¥® on the other, one 
finds 

ih Sy) = HP |W > (A.35) 


and 
nT IW) = THEY + (in ST) LYD> 


or) TIM. (A .36) 


Ot 


(ray f aes 
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The two rates are equal on account of (A.33) and (A.34). Thus the 
correspondence (A.33) between the two points of view is preserved over 
time. 


d) APPLICATION TO THE ELECTROMAGNETIC FIELD 


The preceding considerations are easily generalized for a more complex 
system and in particular for the case of the electromagnetic field interact- 
ing with an ensemble of particles. 

Now, each change in gauge (A, # 0) or each transformation from the 
Coulomb Lagrangian to an equivalent one is accompanied by a corre- 
sponding change in quantum representation. With each of these transfor- 
mations is associated a unitary transformation 7 of the form 


TS exp = F (oe, Byy vee joey A (K), «05 0) (A .37) 


where F is a function of the generalized coordinates of the system, r, and 
Sf, (k), and possibly of time. To simplify the notation, we no longer use, 
as in the preceding paragraph, different symbols for the generalized 
coordinates (position r,, transverse vector potential 7, (k), etc.) and the 
corresponding operators. 

All of the equations established in the preceding subsection and relat- 
ing the system descriptions in one or the other points of view [Equations 
(A.30), (A.33), and (A.34) relating G® to G®, |Y) to |Y®), and HY? 
to H{] remain valid provided that (A.28) is replaced by (A.37). We will 
examine in detail hereafter specific examples of the transformations (A.37). 
Beforehand, we introduce unitary transformations more general than 
(A.37) and prove the equivalence between the transition amplitudes calcu- 
lated from two viewpoints related by a unitary transformation. 


3. The General Unitary Transformation. The Equivalence between the 
Different Formulations of Quantum Electrodynamics 


The unitary transformation 7 defined by (A.37) depends only on the 
generalized coordinates. One can consider more general transformations 
depending also on the conjugate momenta of the type (*) 


T(t) = EXP = F (.005 By Pgs ene oes (kK), 70(K), 5 1). (A.38) 


The presence of the conjugate momenta in (A.38) implies that such a 
transformation is not associated with a change of Lagrangian. It is applied 


(*) For these calculations which follow, it is useful to use the notation T(t), showing that 
T depends explicitly on ¢, if this is also the case for F. 
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directly to the states and observables of the system in accordance with 


yA) > = THI WD > (A. 39) 
Gt) = Tt) G1) Tt) (A .40) 


which are analogous to (A.33) and (A.30). Note incidentally that the 
presence of p, in (A.38) implies that the transformation 7(t) does not 
generally leave the coordinates invariant: from the new point of view, the 
operator “multiplication by r,” no longer represents the position of the 
particle, but some other physical variable. 

Let H(t) be the Hamiltonian describing the temporal evolution from 
point of view (1) (*). To get the Schrédinger equation satisfied by the 
vector |(zt)) related at each instant ¢ to |p (t)) by (A.39), it suffices 
to take the derivative of each side of (A.39) with respect to ¢ and to use 
the Schrédinger equation for |W“?(1)). We get 


Siv%y> = E Fe + POH [1H > 


= in Fe O r+) + TD) HO) T* iver», (A.41) 


The Hamiltonian H™ in approach (2) is thus written 
Ht) = Tt) HO) T(t) + ih sea T*(t).  (A.42) 


The simultaneous presence of the generalized coordinates and conjugate 
momenta in the operator F of (A.38) implies that 0F/dt does not 
commute with F in general. That explains why the last term of (A.42) 
cannot be written — 0F/dt as in (A.34). 

We will now establish an important relationship between the evolution 
operators U(t, tg) and U(t, t,). Since (A.39) is valid regardless of 1, 
we can write 


YO) = TWO > = TD UMN to) | W(t) > 
= T(t) U8, to) T * (to) | Wty) > 
= UPN", to) | w(t) Dae (A. 43) 
It follows that 
U2, to) = T(t) UM, to) T (to). (A .44) 


Such an expression together with (A.39) assures the identity of the 
physical predictions in the two approaches. To show this, consider the 


(*) Since the two descriptions (1) and (2) are no longer associated with two Lagrangians 
L and L’, there is no longer justification for using H,. 
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probability amplitudes that the system, starting at ¢, in an initial state 
described respectively by 


| p(to) > (A .45.a) 
| pte) > = T (to) | PO '(tp) D (A.45.b) 


in the two representations, ends at time ¢ in a final state 


1 x2) > (A.46.a) 
Lx? > = TOHLXPO >D. (A .46.b) 


The equations (A.44), (A.45), and (A.46) insure the identity of the transi- 
tion amplitudes calculated in the two representations: 


CUD | UMC to) LPM) > = KOO | UOC, to) Leto) > (A-47) 


and thus the equality of the physical predictions. The identity (A.47) 
established for the general unitary transformation (A.38) is of course also 
valid for (A.37). 

Thus, the equivalence of all the different descriptions of quantum 
electrodynamics that one can construct using the procedures described in 
this Part A is assured in a fundamental way by the existence of a unitary 
transformation relating the various descriptions. 

The foregoing considerations concerning the equivalence of the various 
descriptions can seem at first blush elementary and even superfluous. In 
fact this is not the case. Their translation into a specific case is often far 
from easy and can give rise to incorrect interpretations or to subtle errors. 
It behooves one in each case to be certain what operators represent the 
different physical variables in one or the other of the representations and 
to ascertain that the state vectors used to represent the system from the 
two points of view describe the same physical state—for example, are 
eigenstates of the same physical observable with the same eigenvalue (*). 


Remarks 


(i) The correspondence between the description of electrodynamics in the 
Coulomb gauge and that which one gets by the covariant quantization de- 
scribed in Chapter V is not so simple as that of the preceding unitary 
transformations. In the covariant description, the electromagnetic field is de- 
scribed with a larger number of degrees of freedom and the state space does not 
have the same structure. We will return to this problem in Complement B,. 


(11) A subtle error can be introduced, for example, when one causes the system 
to interact suddenly at ¢ = 0 with a field described by a potential. Causing a 


(*) See for example the discussion presented in Y. Aharonov and C. K. Au, Phys. Lett., 
86A, 269 (1981). 
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vector potential to change at ¢ = 0 to a finite value is accompanied in fact by a 
pulse of electric field. This pulse will be absent if one describes the electric field 
by a scalar potential. Thus, one can have the impression that the calculation 
carried out in two different gauges gives different results, when in fact the 
reality of the situation is that the system was interacting with two different 
electric fields in the two cases. (An example of this is discussed in Exercise 1.) 
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B— SIMPLE EXAMPLES DEALING WITH CHARGES 
COUPLED TO AN EXTERNAL FIELD 


Before considering transformations involving the ensemble field + 
particles as a dynamical system, we will first examine the simplest situa- 
tion relative to a system of charged particles localized about the coordi- 
nate origin and interacting with an external electromagnetic wave. Such a 
system can be, for example, an atom or a molecule. We begin (§B.1) by 
recalling the expressions for the Lagrangian and the Hamiltonian for such 
a system. We then illustrate the general considerations of Part A by means 
of three examples: a simple gauge change which will allow us to state what 
is meant by gauge invariance (§B.2), the Gdppert-Mayer transformation, 
which gives rise to the electric dipole interaction at the long-wavelength 
limit (§B.3), and the Henneberger transformation, which is a unitary 
transformation depending on the conjugate momenta (§B.4). 


1. The Lagrangian and Hamiltonian of the System 


The Lagrangian and Hamiltonian of a system of charges in the pres- 
ence of an external field have been introduced in Complement C,,. 
Assume that the particles are sufficiently near to one another that the 
Coulomb interaction is a very good approximation to their real interac- 
tion. In the Lagrangian and Hamiltonian of the problem, it is then 
possible to neglect the terms relative to the transverse free field and to the 
interaction between the particles and the transverse field. In contrast, we 
retain the coupling terms with the external field described by the poten- 
tials 


A,r, t), Uf, t). (B.1) 


The Lagrangian ZL and the Hamiltonian H, which are now functions of 
the dynamical variables of the particles only, are written 


1. ‘ 
L= 25 m, ly . V cout a >: lq. r,° Aft, t) —~ Gy U(r, t) | (B.2) 


l 
Al, = La [Pir — dy AJAt,, ty’ ae V cout al dda U {t,, t) . (B.3) 


The conjugate momentum p,, of r, is given by 
Pax = mM, I, 5 qa Af, t) . (B.4) 


In quantum theory, the fundamental operators satisfying the canonical 
commutation relations are r, and p, = — if V,.In the standard quantum 
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representation developed starting with L, which we call (1) and which will 
serve as our reference, the operator representing the position of particle a 
iS 
rosy, (B.5) 
and the one representing its conjugate momentum p,, is 
(1) h 

Pax = Pes Vas (B.6) 
The Hamiltonian operator is gotten by replacing in (B.3) the quantities r, 
and p,, with the corresponding operators (B.5) and (B.6). By separating 
the “particle Hamiltonian” and “interaction Hamiltonian”, one gets 


HWY = AY + AY? (B.7) 


2 
Hf? = 25, Im : ta V coul:: “5 ry: sve) (B.8) 


hy? = s[- = p,: AAt 1) +5 de m, delta t) + q, Uft,; |. (B.9) 


a 


We are now going to consider other descriptions of the same system 
constructed using the methods of Part A. 


2. Simple Gauge Change; Gauge Invariance 


Consider initially the gauge transformation defined by the function 

x (r,t) which depends only on r and ¢. The external field is now described 
by 

AL(r, t) = A,r, t) + Vx(r, 2) (B.10a) 


U(r, t) = Uy, t) -— & y(r, t). (B.10b) 


a) THE NEw DESCRIPTION 


The new Lagrangian is written 


l ‘ : 
= Ligmate — Veou + 2 [4a te * Mele) ~ dq Ulta, 1] 


= hin «| Fa Xe: | (B.11) 


The new conjugate momenta defined by 
Pax’ = mM, r, ae Oe ALt,, t) Te Pax a Ga Vx(r,, t) (B. 12) 


are different from the old. The Hamiltonian H,, has a form similar to H, 
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in which p,,, A,, and U, are replaced respectively by p,;,, A’, and U,. 
In the new quantum representation, the position of the particle is 
always represented by r,, and p,,’ by p, = — 1A V, : 


=r (B.13.a) 
Pir’ = Pa - (B.13.b) 
The new Hamiltonian operator is then 
H® = H+ A, (B.14.a) 
2 
Py 
H®, = yy, ae Ve eek ice) (B.14.b) 


2 
od / Gy s ft 
hy? = » ie a“ Pz * At, t) os am. AU (r,, t) ict Ga U At, | ' 


(B.14.c) 


6) THE UNITARY TRANSFORMATION RELATING THE TWO 
DESCRIPTIONS— GAUGE INVARIANCE (*) 


From (B.11), the new Lagrangian L’ differs from the old by a total 
derivative. The treatment in §A.2 above shows then that one passes from 
representation (1) to representation (2) by a unitary transformation 


T = exps Yd, x(t, 1). (B. 15) 


Thus, if y“(...,1r,,...) is the wave function representing the particle 
state in the first representation, this same state is represented in the new 
description by 


WO or.) = WYO re, ..) eXP 5 Ya Xa» t)- (B. 16) 


The operators representing the same physical variable in the two 
descriptions are also connected by 7. Consider for example the velocity of 
particle a. Following (B.4) and (B.6), 


Mm, vi) re pu a da A.(t,, t) = P, _ da AAt,> t) 7 (B. 17) 
Similarly 


My Ve) = Dut — Ia Ad(t, t) = Py — Gz Acta, t) — G, V(t, 1) (B-18) 


and one sees then that 
v2) = Ty Tt, (B.19) 


(*) Cohen-Tannoudji, Diu, and Laloe, Complement H,,;. 
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In contrast, the situation is different for the Hamiltonians 
H® = THO T* — Tae u(r, 1). (B.20) 
x 


In the same way, H{) and HY. or h{? and AS). are not related by T. 
Thus, the operator 


2 
oes + Vegas ees Vas») (B.21) 
called the particle Hamiltonian H§) or HY, as in (B.8) or (B.14.b), does 
not represent the same physical quantity in the two descriptions. An 
eigenstate of this operator does not describe the same physical state in the 
two representations. Furthermore, the particle Hamiltonian (B.21) gener- 
ally does not coincide with the proper energy of the particles defined as 
the sum of their kinetic and mutual potential energy, since the operator 
p,/m,, in general does not describe the velocity of the particle [see (B.17) 
and (B.18)j. 

Note finally that the general demonstration of §A.3 above concerning 
the equivalence of physical predictions applies here. Since the gauge 
change is described in quantum theory by a unitary transformation, the 
transition amplitudes calculated using the gauge (A,, U,) and the gauge 
(A’,, U,’) are identical [see (A.47)]. It is of course necessary that the kets 
describing the initial and final states in either gauge correspond to one 
another by the unitary transformation (B.15) [see (A.45) and (A.46)]. The 
fact that the transition amplitudes, and as a result all the physical 
predictions, are the same regardless of gauge reflects the gauge invariance 
of quantum electrodynamics. 


3. The Goppert-Mayer Transformation (*) 
a) THE LONG-WAVELENGTH APPROXIMATION 


Assume that the charges q,, localized near the origin, form a globally 
neutral system 


Ya, = 0 (B.22) 


whose spatial extent a is small with respect to the distance characterizing 
the spatial variations of A, and U, (for example, the wavelength for 
incident radiation). In Equation (B.2) for the Lagrangian one can then 
expand the potentials A,(r,, ¢) and U,(r,, t) in powers of r,, which gives 
rise to the multipole moments of increasing order for the system of 


(*) M. Géppert-Mayer, Ann. Phys., (Leipzig) 9. 273 (1931). 


270 Other Equivalent Formulations of Electrodynamics IV.B3 


charges with respect to the origin. The electric dipole approximation 
consists of retaining only the lowest-order terms, which can be expressed 
in terms of the electric dipole moment with respect to the origin: 


d=) q,1,- (B.23) 
With this approximation, the Lagrangian (B.2) is written using (B.22) as 


1. 
L= LM, r2 — Vou + d-A,(0, 1) — d: VU,(0, 2). (B.24) 


One then gets for the momentum conjugate with r, 


OL ‘ 
P.L = Ae = mM, ry =e qa A,(0, t) (B.25) 


a 


and for the Hamiltonian 
A, = py tak 


] 
= >, am. [ Par ~~ qy A,(0, t) |? + V cout oe d : VU,(0, t) : (B.26) 


b) GAUGE CHANGE GIVING RISE TO THE ELECTRIC DIPOLE INTERACTION 


We select now a new gauge A’,, U,’. The new expressions for L’, p,;, 
and H,, are gotten by replacing A,(0, ¢) with A“,(0, ¢) and VU,(0, ¢) with 
V U’(0, ¢) in (B.24), (B.25), and (B.26). The Géppert-Mayer transforma- 
tion seeks to get A’,(0, 7) = 0, so as to simplify as far as possible the 
expression for p,,;, and thereby that of the first term of H,.. For this, one 


uses the gauge change defined by 


xr, t) = —r-A,(0, 2) (B.27) 


or, which amounts to the same thing, the change in Lagrangian gotten by 
adding to (B.24) the total derivative 


d 
aL 2 4 r, -A(0, 0 = =[- d-A,(0, t)]. (B . 28) 


The new potentials A’, and U,’, using (B.10) and (B.27), are 


A‘(r, t) = A,r, t) — A,(0, 1) (B.29.a) 
U(r, t) = Ur, t) + r+ A,(0, 2) (B.29.b) 
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which yields 
A‘(0, t) = 0 (B.30.a) 
VU.(0, t) = VU,(0, t) + A,(0, 1) = — E,(0,1) (B.30.b) 
where E,(0, ¢) is the total external field at 0. It is sufficient then to 


substitute (B.30) in Equations (B.24), (B.25), and (B.26), written in the 
new gauge, to get 


Li = 5m, 52 — Vegy + d+ E,(0, 1) (B.31) 

Par = ™, 1, (B. 32) 
2 

Hy, =D F% + Veo — dE, 1), (B.33) 


Beyond their simpler form, Equations (B.31) and (B.33) have the advan- 
tage of making explicit the electric dipole interaction between d and E,. 

In quantum theory, the transition from the usual description (1) to the 
Géppert-Mayer description (2) is realized, according to (A.28) and (B.28), 
by the unitary transformation 


T(t) = exp | ta ALO, a} = exp | — ; a ee A (0, of. (B .34) 


It is indeed possible to study directly the effect of the unitary transforma- 
tion (B.34) on the initial representation. This is done in Complement Ay 
in order to introduce the electric dipole Hamiltonian in an elementary way 
without using the Lagrangian formalism. 


c) THE ADVANTAGES OF THE NEW POINT OF VIEW 


In the new representation, the operator p, = —ih V, describes the 
variable p,,, given in (B.32), that is, the mechanical momentum of the 
particle. It follows then that the particle Hamiltonian H. given in 
(B.14.b) truly represents in this new description the energy of the particle 
system, that is, the sum of the kinetic and Coulomb energies. As a conse- 
quence, the eigenstates |p,) of H{?, with eigenvalue E, are now the 
physical states where the energy of the particles has a well-defined value 
E,,. The amplitudes 


Cp, | UP%Ct,, to) | @,> (B.35) 


are the transition amplitudes between an initial state with energy E, at 
time ¢,) and a final state with energy E, at ¢,;. Note finally that the 
calculation of U(t, tg) uses the interaction Hamiltonian in representa- 
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tion (2), 
hn? = —d-E,(0, 1) (B.36.a) 


which is much simpler than the one in representation (1), which, using 
(B.26), is written 
2 


AW = — y= p,* ALO, 1) + D5 A201) + d+ VUO, 1) (B.36.b) 


h, , which reduces to a single term, is linear in the fields; it depends only 
on the field E, and not on the potentials. 

It clearly appears then that the calculations are much simpler and more 
direct in the new representation. It should not be forgotten however that, 
if they are approached correctly, the calculations should lead to the same 
results in both representations. Given the practical importance of the 
interaction Hamiltonians A - p and E - r, we will discuss their equivalence 
in detail. 


d) THE EQUIVALENCE BETWEEN THE INTERACTION HAMILTONIANS A - p 
AND E-r 


1) The Simple Case Where the Potentials are Zero at the Initial and 
Final Times 


Assume initially that the potentials A,(0, ¢) and U,(0, ¢) are zero at the 
initial time ¢) and final time ¢,. This must also be the case for the field 
E,(0, ¢). Such a situation arises for example when a wave packet impinges 
on an atom, the times ¢) and ¢, being respectively before and after the 
packet passes the origin. 

Since A ,(0, ¢) is zero for ¢ = fy and ¢ = f,, it follows from (B.34) that 


T(t) = T(t, = 1. (B.37) 
The vanishing of A, (0, t)) and A ,(0, t,) entails likewise that p,, coincides 
at f =f, and ¢ = ¢, with the mechanical momentum of particle a [see 
(B.25)], so that the eigenstates |p,) and |p,) of HP [see (B.8)] represent 
at ¢ = t, and ¢ = ¢, states with well-defined total energies E, and E, in 
representation (1). It follows that the transition amplitude between an 
initial energy state E, at ¢ = f) and a final energy state FE, at ¢ = ¢, can 
be written i representation (1) as 


{Pp | Ut, to) | Pa >- (B. 38) 


Indeed, the equality between the two amplitudes (B.35) and (B.38) follows 
directly from (A.44) and (B.37). 

It is also possible to verify the equality of the amplitudes (B.35) and 
(B.38) directly through an explicit calculation. This is done in Comple- 
ment B,, for one- and two-photon processes induced by a nearly 
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monochromatic wave packet whose time of passage T tends to infinity. 
The amplitudes (B.35) and (B.38), evaluated in the interaction representa- 
tion with respect to the particle Hamiltonian, are then elements of the 
scattering S-matrix. The problem of the equivalence of the scattering 
S-matrices in two representations related by a unitary transformation is 
reexamined in Part D of this chapter, the radiation field being no longer 
treated as an external field but as a quantum-dynamical system. 


u) The General Case 


If A (0, ¢) is not zero at fy and f,, the equation (B.38) for the transition 
amplitude is no longer correct, since the states |p,) and jg,) no longer 
represent well-defined energy states in representation (1), and p,, differs 
from the mechanical momentum m,f, when A, is nonzero. In contrast, 
since |p,) and |g,) always represent the energy states EF, and £, in 
representation (2), it is always possible, whether A, is zero or not [see 
(B.32) and (B.33)], to get the corresponding states in representation (1) by 
means of the transformations T‘(t)) and T*(t,) which transform from 
(2) to (1). The initial and final states are then written in (1) as 


[yt > = T*() 1%. > (B.39.a) 
Ly) > = T(t) 1, > (B.39.b) 
and the transition amplitude in this description becomes 


{ Py | T(t,) OG to) T *(to) |. > = 
s 


= ( D, exp} - id -A,(0, | Ut 5, to) exp} 5 d-A,(0, ) 
(B. 40) 


One should not make the mistake of omitting the two exponentials in 
(B.40). 

The equality between the amplitudes (B.35) and (B.40) follows from the 
general property (A.47) established above. It is also possible to verify this 
equality directly by explicitly calculating the amplitudes, for example to a 
given order in g,. The interested reader will find an example of such a 
calculation in §B.3.d.i1i below. 


iii) Direct Verification of the Equality of the Two Transition Amplitudes to 
First Order 


We will expand the two exponentials of (B.40) in powers of g, and use 
the well-known perturbation expansion of the operator U associated with 
HY), 


he 
U (tr, to) = Uolt,, to) + x| Uo(t;, t) V(t) Ud(t, tg) dt + -- (B.41) 
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where U, is the unperturbed evolution operator associated with H§? and 
V(t) is the “perturbation” h{P given by (B.36.b). To order 1 in q,, (B.40) 
is written 


CWO) | UOC t,, to) | WOU to) > & bpq CA + 
ah = D, | d- A,(0, tr) e i@alty—to) __ @—iwplty—to) q. A,(0, i) | Q, » a 


ty 
+ i e” il@ety — @ato) | dt e i@avt x 


ih 
x (0, 


where w, = E,/h, w, = E,/h, and w,, = w, — w,. An analogous calcula- 
tion gives for the amplitude (B.35), with V(7¢) being now replaced in (B.41) 


by the Hamiltonian h{?, given in (B.36.a), 


to 


> —*p, A, Tt) +d: VU(0, T) QD, ; 7 saiaed (B.42.a) 


 @y| Up. to) | Pa > X Spq C7 ate) 4 


eee eee a 
7 if e Hvis — Mato) | dt @” i@abt ¢ Pp | —d-° E (0, T) | Q, » . (B.42.b) 
to 


We can now replace the matrix element for p, by that of r, in (B.42.a), 
thanks to the algebraic relationship 


bs 


obtained by taking the matrix elements between |p,) and |g,) of the 
identity 


Pa 


mM. 0. ) = IWna < Py |Tz | Pa? (B. 43) 


oH) 
(r,, HY] = in ae o oe (B.44) 


a 


We also integrate by parts the term in p, - A,(0, 7) of (B.42.a) to get A,. 
The integrated terms cancel exactly the second line of (B.42.a) and the 
remaining terms coincide exactly with (B.42.b). Thus we have demon- 
strated the identity of the amplitudes (B.35) and (B.40) to first order in q,,. 
Similar relationships exist between the matrix elements to all orders. 


e) GENERALIZATIONS 


The transformation presented in §B.3.a can be generalized in two ways. 
It is possible first of all to introduce an analogous transformation for the 
long-wavelength modes of the transverse field taken together as a dynami- 
cal system; the function x depends then on the field variables, and the 
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transformation modifies the momenta conjugate with the field. One such 
approach is presented in detail in Complement A yy. 

One can also try to get rid of the long-wavelength approximation and 
seek a gauge transformation which eliminates A in favor of the electric 
and magnetic fields. We will see in Part C of this chapter that such an 
objective can be attained by means of a change in the Lagrangian. We will 
also see in Complement D,, that such a change in the Lagrangian is in 
certain cases equivalent to a change of gauge characterized by the function 


yr) = —- | r: A, (ru) du (B.45) 


0) 


which generalizes (B.27). 


4. A Transformation Which Does Not Reduce to a Change of Lagrangian: 
The Henneberger Transformation (*) 


a) MOTIVATION 


One of the advantages of the G6ppert-Mayer transformation is to 
establish between the velocity of a particle and the momentum conjugate 
with its coordinate a simpler relationship than in the standard description, 
as the result of a change in the conjugate momentum. One can reach this 
same objective by changing the particle “coordinate”. More precisely, we 
will look for the quantity R, whose velocity is p,/m, in the standard 
classical description. We still assume that the particles are localized near 
the origin and that the long-wavelength approximation applies. Equation 
(B.4) then becomes 


m,R, = m,i, + 4, A,(0, t). (B.46) 


If one introduces the new potential Z,(r, t) defined by 


Z(t, t) = — | dz A,(r, 7) (B.47) 
the expression for R, then becomes 
R, = 1, ~ &4(4) (B.48 .a) 
with 
E(1) = = Z(0, 1). (B.48..b) 


(*) W. C. Henneberger, Phys. Rev. Lett., 21, 838 (1968). 
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The physical meaning of R, is simple: if the particle is subject only to 
the action of the electric field derived from A _,(0, ¢), its equation of motion 
will be 


m,¥, = — q, A,(0, 1) (B. 49) 
and one has then 
m,R, = 0. (B.50) 


The quantity R, will then describe the motion of a free particle. If A, 
corresponds to an oscillating field, R, represents a kind of “mean posi- 
tion” about which the particle executes a forced oscillatory motion de- 
scribed by €,(¢). In the presence of other forces created by U, and the 
interaction V..,,,; between the particles, the motion of R, will not be so 
simple. However, if the action of A, is dominant, the choice of R, as a 
dynamical variable is advantageous, since it already takes account of the 
particle’s dynamics under A,. 


b) DETERMINATION OF THE UNITARY TRANSFORMATION. TRANSFORMS OF 
THE VARIOUS OPERATORS 


In the subsection above, we have demonstrated the interest which one 
has in considering the physical quantity R, defined as the “mean position” 
of particle a. We now seek a unitary transformation T such that in the 
new representation (2), the operator R® representing this mean position 
R,, is simply the operator of multiplication by r,: 


R®? =r, (B.51) 


whereas in (1), this same operator represents the instantaneous position 
(1). 
CS 


Le Sr. (B.52) 
Using (B.48), (B.51), and (B.52), we get for T the equation 


Da : 
wn Zl | Tt  (B.53) 


i= T [r, — E(t) ] T* = rr, _ 
which shows that T is a spatial translation operator 
ie yi 4d -Z,(0,t (B. 54) 
~ &XP Li im, Pe AO, t). ; 


The transformation leaves the momentum p, unchanged: 


po = p, = pt’. (B.55) 
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Following (A.42), the Hamiltonian of the new representation is 


H® = THY T+ +n rt (B. 56) 


Starting with Equations (B.8) and (B.36.b) for Hf? and A§?, and using the 
fact that T does not change p, and changes r, intor, + (¢,/m,)Z,(0, ¢), 
one gets 


2 
a qy 
THY T* = ey + am ie r, + 3 Z (0, t), 6 (B .57.a) 
q Ia 
a a 2 
TADT* = 5 | - = p, ° A,(0, t) + Tm, A2(0, t) + 
+ qd, (+4 +— tke, (0, 0) ~VU(0, | (B.57.b) 
From (B.54) and (B.47), it follows that 


ia re = ng A.(0, 2). (B.58) 


Finally, (B.56) becomes 


2 2 
H® = y a 4 y = A2(0, t) + ~~ eo += — - A9, ¢), . )+ 


+L] at 2 VU(O, t) +2 = 2.0 t): VU,(0, | (B.59) 


c) PHYSICAL INTERPRETATION 


The physical interpretation of H™ is simple. The first term represents 
the kinetic energy associated with the motion of the “mean position”. To 
see this, it suffices to note that the Heisenberg equation for r, is written 


(B.60) 


and to remember that r, represents the mean position in representation (2) 
[see (B.51)]. The second term, which is a number and which has the same 
form in either representation, can be written using (B.47) and (B.48.b) as 
rm a&2(t)/2. It represents the kinetic energy of the oscillatory forced 
motion under the effect of A,. The third term represents the Coulomb 
energy of the system of charges depending on the mean position r, of the 
particles and their deviation g,Z,(0, t)/m, from the mean position. The 
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fourth and fifth terms represent the coupling of the external potential with 
the mean position and the oscillatory motion respectively. (We always use 
the long-wavelength approximation.) 

Note finally that in the new description, the only terms containing both 
types of variables, r, and the fields deriving from A,, involve V,,,, (third 
term of B.59). The motion of r, is only coupled to the field through V.,y). 

This is precisely what makes the Henneberger transformation interest- 
ing. Consider for example an electron subject to incident radiation with 
frequency w. If this electron is free, it cannot absorb really (i.e. with 
simultaneous conservation of energy and momentum) one or more im- 
pinging photons. On the other hand, if this electron is also experiencing 
the Coulomb potential of other charges, such real transitions can occur, 
since the Coulomb potential can now give (or absorb) the corresponding 
momentum. The Henneberger representation, which introduces a clear 
separation between the oscillatory motion of the electron in the incident 
wave (which can be also interpreted in terms of “ virtual” absorptions and 
reemissions of incident photons) and the mean motion (which changes 
only as a result of real transitions), is particularly well suited to the 
analysis of such processes. Exercise 4 shows indeed how the third term of 
(B.59) allows a simple calculation (to all orders in the coupling with the 
transverse field and to order 1 in V,,,,,) of the scattering cross section of 
an electron in a Coulomb field in the presence of an intense laser 
radiation. 


d) GENERALIZATION TO A QUANTIZED FIELD: 
THE PAULI-FIERZ—KRAMERS TRANSFORMATION 


Consider now the electromagnetic field as a quantized system having its 
own dynamics, and assume that one is interested in the interaction of a 
system of charges localized about the origin with only the long-wavelength 
modes of the field. Under these conditions, we can, in the Hamiltonian in 
Coulomb gauge [(A.16) of Chapter III], replace A(r,) by A(0) and thus get 


l | 
At = eg Lp, ~ qa A(0)]? a V cout 1 » hon a a; + 3) : (B.61) 


The generalization to the quantum case of the transformation (B.54) is (*) 


T= exp} 5 ps Z(0) | (B.62) 


(*) This transformation was in fact introduced by Pauli and Fierz before that of 
Henneberger and with quite different motivations: W. Pauli and M. Fierz, Nuovo Cimento, 
15, 167 (1938). 
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where Z(r) is the quantized field 


h a,(K) iker a, (k) ~ 
Z(r) = [aey tas es e — e - (B.63) 


This field is the quantum analogue to the external potential introduced in 
(B.47). Indeed, for free fields in the Heisenberg approach, one finds the 
following expression: 


Z(r,t) = — | dr A(r, 1) (B.64) 


which generalizes (B.47). 

The operators relative to the particles transform according to laws 
which simply generalize (B.53) and (B.55). However, it is the way in which 
the field operators are transformed which makes the Pauli—Fierz transfor- 
mation particularly interesting. Indeed, it is possible to show that, in the 
long-wavelength approximation, the Pauli—Fierz transformation removes 
from the transverse field a part of the field which is “tied” to the particles. 
According to the results of Chapter III, the transverse field does not 
describe only the free radiation (in particular the vacuum fluctuations) 
and the radiation emitted by the particles. It also contains the part of the 
field depending on the velocity of the particles, for example, the magnetic 
field produced by their motion. This field is in some way bound to the 
particles as long as their velocity is unchanged. It is this last contribution 
to the transverse field which can, in a first approximation, be removed by 
the transformation (B.62). This explains why such a separation has been 
tried as a first approach to renormalization. One such approach, initiated 
by Kramers, allows one to understand in a qualitative way certain proper- 
ties of radiative corrections (*), although it cannot actually be carried to 
its conclusion. 


(*) A detailed study of the Pauli-Fierz transformation is presented in Cohen-Tannoudji, 
Dupont-Roc, and Grynberg in Complement B,,. 
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C— THE POWER-ZIENAU-WOOLLEY TRANSFORMATION: 
THE MULTIPOLE FORM OF THE INTERACTION 
BETWEEN CHARGES AND FIELD 


We return to the case where the field is considered as a dynamical 
system, and construct a generalization of the Gdppert-Mayer transforma- 
tion which no longer describes the system of charges through their dipole 
moment but takes into account the precise distribution of charges and 
currents. One such transformation, which has been introduced by Power 
and Zienau, and using an alternative approach by Woolley, leads to a 
novel description of electrodynamics, rigorously equivalent to the stan- 
dard description (see the references at the end of the chapter). 

This new description has two advantages: first of all, the coupling 
between field and charges is expressed as a function of the electric and 
magnetic fields themselves and no longer as a function of the vector 
potential. Also, the system of charges is described by polarization and 
magnetization densities which are given directly as functions of the 
microscopic observables, the position and velocity of the particles. This 
provides then a rigorous basis for the electrodynamics of material media; 
in particular, the displacement D is introduced naturally as the momen- 
tum conjugate with the vector potential A. 

One can also use this new approach to introduce the different electric 
and magnetic multipole moments of the system of charges and thus get a 
multipole expansion of the interaction between the system of charges and 
the electric and magnetic fields. On the other hand, it is equally clear that 
the magnitudes of these different multipole moments, and thus of the 
coupling Hamiltonian, increase rapidly as the system is extended. As a 
result, even though valid in principle in all circumstances, the approach 
described above is only useful in practice for localized systems of charges 
or for ensembles of such systems. 

We begin (§C.1) by describing the localized system of charges by 
polarization and magnetization densities, which will allow us to introduce 
simply the Power—Zienau—Woolley transformation and the corresponding 
new Lagrangian (§C.2). We then derive the expression for the new 
conjugate momenta and the new Hamiltonian (§C.3). We analyze finally 
the new description of quantum electrodynamics which results (§C.4) and 
its equivalence with the description in the Coulomb gauge (§C-.5). 


1. Description of the Sources in Terms of a Polarization and a 
Magnetization Density (*) 


In §B.3 above, the system of charges was approximated by a point 
dipole as far as its interactions with the long-wavelength modes of the 


(*) The microscopic definition of these notions is discussed in detail by S. R. de Groot, 
-@ Maxwell Equations, North Holland, 1969. 
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field were concerned. To completely describe a distribution of charges 
with finite extension a, it is necessary to introduce a polarization density 
P(r) strictly equivalent to the charge distribution. 


a) THE POLARIZATION DENSITY ASSOCIATED WITH A SYSTEM OF CHARGES 


We initially construct the polarization field associated with a single 
charge qg, at r,. The idea of polarization assumes that one considers the 
deviation of the charge distribution with respect to a reference distribu- 
tion. We take as the origin O the point with respect to which the deviation 
of the charge q, is referred. The reference distribution is thus the charge 
g, at O. The real charge distribution (Figure 1a) can be gotten by adding 
to the reference distribution a line of nonpoint electric dipoles, each 
made up of charges —q, and +q, separated by r, /n and disposed so that 
the charge —q, of one dipole is superimposed on the charge +q, of the 
preceding charge (Figure 1b). By letting ” go to infinity, one gets a 
continuous distribution of point dipoles whose polarization density is 
given by 


n-1 abd 1 
P(r) = lim y ato(r— : r= | du q,¥, r — ur,). (C.1) 


n— cO p=0o 


By construction, the charge density corresponding to g, at O plus the 
polarization density P is strictly identical with that which corresponds to 
G, at r,. The polarization density is uniformly distributed on the line 
segment between O and r,. It appears then immediately that the descrip- 
tion of the charge q, at r, with the help of a polarization density is only 
truly interesting if the charge is not displaced too far from the origin O, 
that is, if the charge is bound. 


(a) (b) 


O O Gy 


Figure 1. The real charge distribution q, at r,, represented in (a), is equivalent to 
the reference distribution (q, at O) plus n dipoles g,r, /n (b). 


Remark 


Rather than distributing the dipoles along the line from O to r,, one can also 
arrange them tangentially to any curve having the same endpoints. One can 
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also add an arbitrary number of closed curves of the same type. All these 
polarization distributions correspond to the same charge density. One thereby 
has a certain freedom in the definition of the polarization field corresponding to 
a given charge density, beyond the definition of the reference distribution itself 
with respect to which the deviation is measured, just as the same electromag- 
netic field can be described by different potentials. The choice consisting of 
aligning the dipoles on a straight line gives the minimum polarization field. 


The same procedure permits the description of a system of charges in 
terms of its total charge Lg, at the origin O and the polarization 
distribution 


P(r) = r| du q,¥t, O(r — ur,) (C.2) 
a Jo 


distributed on all the segments Or, and thus localized in a region of 
extent a. We also use the Fourier transform of P(r), 


P(k) = : [ du >a ira | (C..3) 


Although this integral can be evaluated easily, it is more convenient for 
what follows to retain it in the form (C.3). 


Remark 


When k is small with respect to 1/a, one can take exp(—ik - r,u) = 1 in (C.3). 
One then gets the approximate expression of the polarization density used in 
Complement A,, [Equation (24b)]. 


b) THE DISPLACEMENT 


The divergence of P is directly related to the charge density. Actually, it 
follows from (C.3) that 


cad E | “2 a (ik + r,) e7 


Peet =< qa e roe ik.rgt 


7 LG 1 a 


— ik. Ta 


2 da Ty \3/2 (2 mee #2. day _\3/2 (2 “ie (C -4) 
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which gives, in real space, 


V+ P(r) = — p(t) + Polr) (C.5) 
where p,(r) is the reference charge density 
Po(r) = (x a) o(r) (C.6) 


and p(r) the real charge density given by (A.5.a) of Chapter I. Combining 
(C.5) with the equation 


VE) = 2? (C.7) 
£9 

one sees that one can construct a field, the displacement 

D(r) = ¢€, E(r) + P(r) (C.8) 
whose divergence is 

V- Di) = p,(r). (C.9.a) 
In contrast to E, whose divergence is related to the real charge density o 
which depends on the dynamical variables r,, the divergence of D is 


related to the density o,, which has the two fold advantage of being known 
and being static. If E, is the static electric field produced by p9, then 


D (©) = & E,(r). (C.9.b) 
Remark 


If certain charges of the system are unbound and can be displaced far from the 
origin, one cannot include them in the definition of P. One includes them in p, 
on the right-hand side of (C.9.a). This is the “free charge” density of the 
electrodynamics of material media. We assume here that all the charges are 
bound. 


For a globally neutral system, py is identically zero, and D is then a 


transverse field: 
Pe 
(C.10) 
D=D,. 
As a result then, following (C.8), 
One can take advantage of this expression to give the Coulomb energy of 


the system of charges, which is also the energy of the longitudinal field 
[see (B.31.a), Chapter I], in a form which will be used later: 


! 
Veo = Ta | d3r P?(r). (C.12) 
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c) POLARIZATION CURRENT AND MAGNETIZATION CURRENT 


The motion of the charges q,, which is the origin of the currents 
described by j, is accompanied by a motion of the polarization density P. 
There is then necessarily a relationship between the current density j and 
the rate of variation P of P. 

To get one such relationship, take the derivative of (C.5) with respect to 
time. Since the reference density p, is time independent, this gives 


b+V-P=0. (C..13) 
Comparison of (C.13) and the equation for the conservation of charge, 


o + V -j = 0, shows that j — P is a vector with zero divergence. We can 
then write the current j as the sum of two terms 


Kr) = j(r) + j,@) (C. 14) 
where the first term 
j,p(r) = P(r) (C.15) 
which is related to the motion of P, is called the polarization current, and 
where the other term, j,,, with zero divergence, is called the magnetization 
current for reasons which will become apparent later on. 


To get the expression for j,,, rewrite (C.14) in reciprocal space by using 
(C.3) and the expression for the Fourier transform of j: 


Jul) =/ (k) — Plk) = 
e ik. Fo — ik.r,w 
= 2 q, ¥ “(2 (2 x)3/? ae [a ug,t ot ; (2 x3? _ 


-5[ uduy,t,(— ik: on = (C. 16) 


An integration by parts in the second term gives for the fully integrated 
term the negative of the first term. The remaining integral is grouped with 
the third term to give 


— ik.r,u 


A mk) = 1k x rf uduqfr, X tf, Jonm ape (C.17) 


so that, in real space, 
1.46) = V x M(r) (C.18) 
where 


1 
M(r) = | uduq,t, X t, 6(r — ur,). (C.19) 
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The current j,, appears then as the curl of a vector field M(r) which can 
be interpreted as a magnetization density. To see the physical origin of this 
density, return to the definition of the polarization P. It is made up of a 
set of elementary dipoles q,r,du localized at ur,. Such an elementary 
dipole is represented by the small arrow in Figure 2. 


r, + dr, 


O 
Figure 2. When particle « is displaced from r, tor, + dr,, each elementary dipole 
Ju» —Yqx iS displaced from AB to A’B’. Such a transportation is equivalent to a 
current g,/dt flowing along ABB’A’ and giving rise to a magnetic dipole 
moment, together with two radial elements of current BA and A’B’ which give rise 
to the polarization current. 


When particle a is displaced from r, tor, + dr, during the time dz, the 
charges —q, and +4, of the dipole are displaced respectively from A to 
A’ and from B to B’. The currents associated with these displacements 
flow in opposite directions and are equal to g,/dt. One can close the 
circuit by introducing currents with the same intensity along r,du and 
(r, + dr,)du. Such a current loop gives rise to a magnetic moment 
(q,/dt)r,du) X (udr,) localized at ur,. This is just the elementary 
magnetic moment of the magnetization density (C.19). The radial elements 
of current in AB and B’A’ must be compensated by two current densities 
localized at ur, and u(r, + dr,) and respectively proportional to 
—q,¥,du/dt and q,(r, + dr,)du/dt. The corresponding current density 


dip = q,[(t, + dr,) du 5(r — u(r, + dr,)) — 1, du d(r — ur,) ]/dt 


d 
= 4, du di [r, o(r ~~ ur,) | 


is just the elementary polarization current dP. 


Remarks 


(i) We have assumed the reference charge distribution fixed. One can generalize 
the foregoing expressions when this is not the case. Beside the polarization and 
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Magnetization current densities, other current densities then arise, correspond- 
ing to the transport of the total charge and of the polarization density (*). 


(ii) If the particles have magnetic moments p,, this causes /,,5(r — ¥,,) to be 
added to the magnetization density (C.19). 


(iii) Following Power and Woolley, we have defined the polarization and 
magnetization densities as integrals over the dummy variable u. In order to get 
the expressions given by de Groot, one should expand the functions 6(r — ur,) 
in powers of the components of ur,, and perform the integrations over u. This 
gives an expansion in powers of r,, containing all the derivative of 8(r). 


2. Changing the Lagrangian 
a) THE POWER—ZIENAU—WOOLLEY TRANSFORMATION 


This transformation consists of adding to the the standard Lagrangian 
L in the Coulomb gauge given by (C.15) of Chapter II the derivative with 
respect to time of a function F of the coordinates ...,r,,...,A(r),..., 
which generalizes (B.28) to the extent that the system of charges is no 
longer approximated by an electric dipole. 

The function F introduced by Power, Zienau, and Woolley is given by 


F 


— [arr P(r): A(r) (C..20) 


F 


es [arr - (Kk). (C.21) 


Except for the sign, it is the scalar product of P and A. The vector 
potential A being transverse, only the transverse part P, of P contributes 
to the integral. 


Remark 


In the case where the positions of all the particles are referred to the same point 
(such as the origin as we do here), one can show (Complement D,,) that the 
preceding transformation is equivalent to a gauge change. 


5b) THE NEw LAGRANGIAN 


In the expression for the new Lagrangian 
| ea ie ee (C.22) 


(*) E. A. Power and T. Thirunamachandran, Proc. Roy. Soc. Lond., A372, 265 (1980). 
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it is interesting to group dF/dr with the interaction Lagrangian L, of the 
particles with the transverse field. The new interaction Lagrangian L} is 
written 


- [ria [ar@-asP-d) (C.23) 


One gets the scalar product of A with j — P, which from (C.14), (C.15), 
and (C.18) is just V x M: 


Lj = [arn x M)-A~ [d'rP- A. (C.24) 


Integration by parts of the first term gives rise to the curl of A, i.e. to the 
magnetic field B(r). Since A is nothing more than —E, , we get finally 


Li= [erm B+ [arP-e, (C.25) 


which expresses the interaction of the charges with the transverse field as 
the interaction of the magnetization density with the magnetic field and 
that of the polarization density with the transverse electric field. 

The complete expression for the new Lagrangian L’ is 


f m, ¥2 da 4p = a 
Li=) 2 ae 4 ne) |T, — eg | dL. out + 


a 


c) MULTIPOLE EXPANSION OF THE INTERACTION BETWEEN THE CHARGED 
PARTICLES AND THE FIELD 


With a view to the multipole expansions in powers of a/A which will be 
introduced hereafter, it is useful to limit the transformation of the 
Lagrangian to the long-wavelength modes, that is, those having a wave 
vector k with a modulus smaller than a limit k,, such that k,,a < 1. 

For this we distinguish in the expansion of the transverse field A(r) the 
contributions of the long-wavelength modes and the others: 


A(r) = A<(r) + A? (n) (C.27) 
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where 


1 

A“(r) = (mp2 I d°k f(k) e'*" (C.28.a) 
1 

A’(r) = sam | d*k (k) e*" (C.28.b) 


the symbol < (or >) means that the sum over k involves all the values 
of k with modulus less than (or greater than) k,,. The function F is then 
chosen so as to contain only the long-wavelength modes: 


F= — [arp - A~ (C.29) 
and one gets 
LS ie +L (C.30.a) 
Ly = eri - Am (C.30.b) 
| fare > BS + fare ae Vie (C.30.c) 


Since by definition B“(r) and E~(r) vary only slightly over a distance of 
the order of a, one can expand these fields in a Taylor series near the 
origin. The integrals over r in (C.30.c) amount to projecting the magneti- 
zation and polarization densities M(r) and P(r) on monomials of increas- 
ing power in x, y, z. These projections are the multipole moments of the 
system of charges and currents. Taking into account the functions 
5(r — ur,) appearing in the definitions (C.2) and (C.19) for P(r) and M(r), 
the integral is immediately evaluated. It remains only to integrate over u 
to get the expression for these multipole moments as a function of r, and 
r,. The interaction Lagrangian is then written in the form of a multipole 
expansion, whose first three terms are 


<< < < 7) < 
Lis = d+ EX(0) + m- B<(0) + y Wu a ESO) + - (C.31) 
ij i 
with 
d=) 4,1, (C. 32.a) 


l : 
m = ))5 42%, XE, (C..32.b) 


it | 
qi; = 5 4 t bce 3 Ot 2) (C.32.c) 


a 
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One obviously gets the interaction of the electric dipole d with the 
transverse electric field at the origin as in §B.3, but to second order in a 
new terms also arise: the interaction of the magnetic moment m with the 
/ magnetic field at the origin, and that of the electric quadrupole moment 
q,; with the gradient of the transverse electric field at the origin. [One 
removes the trace from the tensor r,,r,;, since it does not contribute to 
(C.31), E, having a zero divergence.] 


| 


| 3. The New Conjugate Momenta and the New Hamiltonian 
a) THE EXPRESSIONS FOR THESE QUANTITIES 


In (C.26) for L’, the velocity r, appears in the kinetic energy and in the 
magnetic interaction term. This latter quantity is given by 


1 
[aren ~B= oy [arr | udu qAt, x r,)° B(r) o(r — F, u) 
a 0 


1 
=F | udu q,{ B(r, u) x r,]. (C. 33) 
: 0 
Taking the derivative of L’ with respect to r, then gives 
1 
Dy = m,r, + | uduq, Bir, uv) x r,. (C.34) 
0 


In that same expression (C.26) for L’, the vector A, which is just —E i 
appears in the field energy and in the interaction Lagrangian, where it is 
multiplied by P. As has been done in §C.3 of Chapter II, it is useful, 
before taking the derivative, to express L’ as a function of the indepen- 
dent dynamical variables of the transverse field, that is, e(k) and /*(k) 
taken is one reciprocal half space. One has then 


7, (kK) = & (kK) — P(k). (C..35) 


Since & is transverse, only Y, contributes to the interaction and thus 
arises in the derivative. 
The new Hamiltonian is given by 


H, = Vi, * Pa + faked 1 4+ S*+ 1) —L’. (C.36) 


One can check that H,, is the same as H, when it is reexpressed as a 
function of the velocities [see (A.12) with dF /dt = OJ. It is the sum of 
the kinetic energy of the particles, the energy of the transverse field, and 
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the energy of the longitudinal field (Coulomb energy). As a function of the 
new canonical variables, H,. is given by 


1 2 
l 
A= Y smc | Pe -| udu q, Br, u) x | + 


0 


s * 
+ far | Bet? (7, + F,) + oy Pht ob + tt | 4 


£0 


Ga 4a’ 
a ee ees .37 
- 2 Ecout t 2X 4 née, |r, — Vy | (C.37) 


eX, is defined by (B.36) of Chapter I. One can separate H,, into a first 
part H,,, which depends only on the particle variables r, and p,;, a 
second part H,,, which depends only on the new variables and 71,. of 
the transverse field, and an interaction Hamiltonian H,,, which depends 
on both: 


2 


P 2 
Pav’ Va Aa’ 3 | | 
ee : be Be dk 
App = > -- d Ecour + Daan fears | £ 


~ 2m, 0 
(C .38) 
nm for EE Le Ue Seti? ‘fs o*) = 
2 
- {a K2| |= — Peel (C. 39) 
0 
* 
wiles An) 
& 
Pax’ . 
“oy uduq,(r, X te B(r, uv) + 
1 2 
+) = all udur, x BC, | (C. 40) 
a x 8) 


b) THe PHYSICAL SIGNIFICANCE OF THE NEW CONJUGATE MOMENTA 


In the approximation where the magnetic effects are neglected (B = 0), 
P,,: 1S the mechanical momentum m,f, as in the electric dipole approxi- 
mation. More generally, the difference between p,,, and m,f, is propor- 
tional to |r,|, and can thus be very small if the system of charges is highly 
localized. Finally, this deviation is expressed directly as a function of the 
magnetic field and no longer as a function of the vector potential. 
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Remark 


In fact, Equation (C.34) can be rewritten in the form 
Par = m,¥, + q, A'(t,) (C.41 .a) 


where 


1 
Ar) = | udu Biru) x r. (C.41.b) 
0 
One can show by taking its curl that A’(r) is a special vector potential of the 
magnetic field Bcr). It appears as a generalization of the vector potential 
B x r/2 of a constant field. It has the property of being zero at the origin, of 
being expressible as a function of B itself, and of being at every point 
perpendicular to r (Poincaré gauge; see Complement D,, ). 


The conjugate momentum 71, (k) of the vector potential is transverse from 
(C.35). Since A is equal to —E, , the equation (C.35) can be written 


— [& E,(r) + P,(r)] 
= — Dr) (C.42) 


where D is the displacement defined by (C.8). The momentum conjugate 
with A then arises as the transverse part of D, whereas in the standard 
description it corresponds with the transverse part of the electric field E. 
Since from (C.9) D, is a time-independent Coulomb field (created by the 
reference charge distribution p,), one can say that to within a constant 
field, I,, represents the displacement D in its entirety. The displacement 
D(r) being related /Jocally to the total electric field by (C.8), the same 1S 
true for II, , whereas in the standard representation, II, is related to E, 
and not to the total electric field. The tie between II, .(r) and E(r) 1s even 
clearer for a globally neutral system (p, = 0). One has then 


IT, (1) 


) 


Neutral system => II,(r) = —[e,E(r) + PO@)].  (C.43) 


Away from the system of charges, P vanishes and II,, even coincides with 
E (to within a factor of —e,). One can say finally that I,.(r) represents 
the best possible description of the total electric field, which has a 
longitudinal part, by a transverse field. This description is exact through- 
out all space except in the fimite volume occupied by the system of 
charges. 

This local relation between II,, and E is the most interesting aspect of 
this new point of view; away from the system of charges, P 1s identically 
zero and II,,, like E, propagates with velocity c. It contains no instanta- 
neous part, as II, does in the standard description. This property has 
important consequences for the study of the interaction between two 
distant charge systems (see Complement C,,). 
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Remark 


Rigorously, inside the system of charges there are instantaneous propagation 
effects for IT,. ; in effect, P(r) is related instantaneously and nonlocally to the 
position of the charges. As a result, since E propagates with velocity c, IT,, also 
has an instantaneous part. However, except in this small region of space where 
the retardation effects are everywhere small, the new dynamical variable II,. 
propagates with velocity c. 


c) THE STRUCTURE OF THE NEW HAMILTONIAN 


The Hamiltonian of the transverse field, Hp,,, is (as in the standard 
description) the sum of independent harmonic-oscillator Hamiltonians 
corresponding to each of the modes. The dynamics of the field, described 
in terms of the conjugate variables, is then the same as in the standard 
description. However, the electric field itself is not expressed in the same 
way as a function of II,. and II, , so that different motions of the electric 
field correspond to the same motion of II,. and IT,. 

The Hamiltonian of the particles, H,,. is given in terms of the 
canonical variables and is little changed. Only the last term of (C.38) is 
added and appears as a correction to the Coulomb energy. It must be 
regrouped with the radiative corrections resulting from the coupling of the 
system of charges with the free field. Note however that this term plays an 
important role when one considers the case of two separated systems of 
charges Y, and ,. It can be shown then (see Complement C,,) that the 
contribution to the integral over k of P*,-FA,,+ c.c. cancels the 
instantaneous Coulomb interaction between the two systems of charges. 
There are no more direct interaction terms between *, and Y,. All 
interactions take place through the fields B and II,., which propagate 
with velocity c. 

The interaction Hamiltonian H,,, between the particles and the fields 
B and II,. is given by (C.40). It contains three terms. 

The first term can be written in real space in the form 


[arte-p=- farce (C.44) 


Eo Oo 


II,. itself being transverse, one can replace P, by P in the integral. This 

first term describes the interaction of the polarization P of the system of 

charges with D, , or D for a globally neutral system. | 
The second term can be written with the help of the magnetization 


density 


1 
udu at x ba) 5(r — r, u) (C.45) 


Mi(r) =» | 


a /0 
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in the form 
_ a Mr): Bir). (C.46) 


It describes the paramagnetic interaction between the magnetization den- 
sity M’(r) of the system of charges and the magnetic field Bir). It should 
be noted that since p,,, is different from m,r, [cf. (C.34)], M’(r) is 
different from the true magnetization density M(r) wntroduced in (C.19). 
However, the density M’(r) is easier to use in the Hamiltonian formalism 
than M(r) in that it is given directly as a function of the dynamical 
variables r, and p,;-. 

The last term, quadratic in B, represents the diamagnetic energy of the 
system of charges in the magnetic field B, that is, the energy associated 
with the variation of current density when one switches on the field. We 
call this last term H,, (dia). 

The total Hamiltonian is thus 


P- Tl, 
Hy = | dpa | 43+ M’- B + H;,(dia) (C.47) 


Eo 
* 
Pp Ty 


0 


= | dk a {a M'*- B+ A, (dia). (C.48) 


The first two terms of H,,, could be put in the form of a sum of terms 
describing the interaction of the multipole electric and magnetic moments 
of the system of charges with the corresponding electromagnetic multipole 
waves. 


4. Quantum Electrodynamics from the New Point of View 


One can now proceed to the canonical quantization of the preceding 
theory in exactly the same way as in Chapter II (§C.4). 


a) QUANTIZATION 


For particle a, the position r, and its conjugate momentum p,,. 
become operators r® and p%, satisfying the fundamental commutation 
relations. One easy way to satisfy these commutation relations is to take 
for rf and p, the same operators r, (multiplication by r,) and p, = 
—ih¥, as those used in the initial description to represent the conjugate 
variables r“) and p{): 


roy (C.49.a) 
pi” = p,- (C.49.b) 
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In a general way, where we later use a mathematical operator G without 
superscript, it will always coincide with the operator representing the 
variable G“ in the earlier description: 


G=G"). (C.50) 


Likewise, the electromagnetic field is described in this new representa- 
tion by the two transverse conjugate fields ..f and 71,,, which become the 
operators x and 7? satisfying the canonical commutation relations 
(C.44) of Chapter II. As above, it is convenient to take for @ and 71\” 
the same operators . and 71 as those representing .%) and 7{!) in the 
first representation: 


2k) = J (k) (C..51.a) 
Tk) = 7(k). (C.51.b) 


As in §C.4.c of Chapter II, the annihilation operator a ,(k) is introduced 
as a linear combination of .%,(k) and 70,(k). The Fourier transforms A(r) 
and I(r) of .(k) and 7(k) are then written 


h 
ee | Lon re es 


x [ea,(k) e™" + say (k)e*"] (C.52.a) 


Il ade 3 
(r) = — 1& [oxy dky as a ae 


x [ea,(k) e*" — eas (k)e™']. (C.52.b) 


These various mathematical operators, as well as B = V x A(r), are used 
in what follows to give the various observables in the new representation. 
Thus, the equations (C.51) become in real space 


A?\r) = A(r) (C.53.a) 
Wr) = WW(r). (C.53.b) 


6) THE EXPRESSIONS FOR THE VARIOUS PHYSICAL VARIABLES 


As has been explained in §A.2 above, a given physical quantity is 
generally represented by two different operators G’ and G®, related by 
G® = TG™T*, in the new representation (2) and in the original one (1). 

Consider for example the velocity of particle a. In the standard 
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Coulomb description this variable is represented by the operator 


= — [p, — 4, A(r,)] (C..54.a) 
whereas in the Power—Zienau—Woolley description one has, from (C.34), 


1 
ra P. a0 | du uB(r, 2) x a (C.54.b) 


mM, 0 


Another example of a variable is the total electric field, which is written 
in representation (1) as 


r 


] ] —r 
EO = Mr) + —— > q, ——, C.53: 


and in representation (2), using (C.8), (C.9.b), and (C.42), as 
Er) = — + I(r) — + Pr) + E,(r) (C.55.b) 
0 0 


where E,(r) is the static field created by the reference charge distribution 
Oo (Pr). 

Conversely, the physical meaning of a given mathematical operator 
depends on whether one is using representation (1) or (2). Thus, the 
operator TI(r) given in (C.52.b) is associated either with the transverse 
electric field or with the transverse displacement [See (C.42)]: 


Wr) = T(r) = — €) EY) (C.56.a) 

Nr) = W?tr) = — DP). (C.56.b) 

Finally we give the expression for H”, the Hamiltonian in the new 
representation. It suffices to replace the various variables and conjugate 


momenta r,, p,,', A(r), T,4r) in (C.38), (C.39), and (C.40) by the 
corresponding operators r,, p,, A(r), and II(r). One gets then 


H® = Hi +H, + Hj (C.57) 
with 
2 
p q Gy’ 
oe : : a Gat 
Hp px Do 2 ae 


Pp 2 
+ fae St (C.58.a) 
0 
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E I(r 
H, = H®, = a | 7 pe + ¢7(V x acy | 
7) 


= [ark > ro a0 a.(k) + | (C.58.b) 


C 
| 


= H® = — | dr P(r) - T(r) 


| udwa, (r x Be). Bir, uv) + Bir, u)° (*, x ») 


1 Z 
+ ee | { mau, x Br, 0| (C..58.c) 


a 


| 
ols 
—M 


The new particle Hamiltonian Hj = HY, differs for the original Hp = 
H{? by the last term of (C.58.a). In eanirite the radiation Hamiltonians 
are the same: H{?), = H{) = Hp. Finally, in the new interaction Hamilto- 
nian H/ = H{?), which differs from the original one H, = H{?, we have 
correctly symmetrized the product of p, by the function of r, which 
appears in the paramagnetic coupling term. 


5. The Equivalence of the Two Points of View. A Few Traps to Avoid 


The two formulations of quantum electrodynamics based on the stan- 
dard Lagrangian in the Coulomb gauge and on the Power—Zienau— 
Woolley Lagrangian are certainly equivalent, since, as a result of the 
general considerations of Part A above, they are related by a unitary 
transformation 7 whose expression is written, using (A.37) and (C.21), 


T = exp} — i |e P* - | (C.59) 


It happens however that the general character of this equivalence is often 
forgotten and that errors of calculation or misinterpretations give the 
illusion that one of these two points of view is more valid than the other. 

To avoid such errors, it is appropriate first of all to identify the physical 
states and the variables which arise in the process under study. For 
example, if the initial state of the process is a state where the particles 
have a well-defined velocity, then it is necessary to identify the operator 
associated with the velocity, since the initial state is an eigenstate of this 
operator. 

Once the problem is correctly stated in physical terms, one must keep 
in mind the fact that its mathematical formulation generally depends on 
the representation. For example, the velocity operator does not have the 
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same form in the Coulomb and in the Power—Zienau—Woolley representa- 
tions [see (C.54.a) and (C.54.b)]. More generally, the operators G® and 
G™ associated with the same variable in representations (1) and (2) must 
correspond through T and are most often different. It can happen that the 
Operator associated with a variable has a simpler form in one description 
than in the other. The eigenvectors associated with this variable are 
simpler to find in this description, and it is always possible by use of T or 
T* to get their expressions in the other description. It can also happen 
that the exact diagonalization of the operator associated with a variable is 
not possible in any representation, and then it is necessary to use pertur- 
bation expansions in powers of a coupling parameter, such as the charge 

, of the particles. It is necessary then, if one wants to compare the 
predictions from the two points of view, to extend the expansions to 
the same perturbation order in the two representations. For example, the 
transition amplitudes, which are the matrix elements of the evolution 
operator between an initial and a final physical state, only have the same 
value in the two descriptions to a given order s in q, if the expansions of 
the initial state, the final state, and the evolution operator are extended 
throughout to the same order s. 

Finally, we return to the decomposition of the total Hamiltonian into 
three parts relative to the particles, the field, and the interaction. Since T 
does not depend explicitly on time, the total Hamiltonians H® and H” 
are related by the unitary transformation (see A.34) 


H® = TH T?, (C..60) 


On the other hand, analogous relationships do not exist between H{?, and 
HS), H{P and HP, and H§&). and H). In other words, the fener 
canstonmaton ie Abe in different ways certain terms of the Hamil- 
tonian between the three parts which we distinguished in (C.58.a, b,c). 
One important consequence is that the eigenstates of H{) and H§?. are 
not put in correspondence by 7; the ground state of H{) does not 
represent the same physical state as the ground state of H$ @, One can 
then ask the question: what is the “true” ground state of ne atom or a 
molecule? Is it that of HS? or HS? It is in fact neither one or the other. 
One cannot really remove the interaction of the charges with the trans- 
verse field and observe the ground state of H$? or H{?,. What we call the 
ground state of a system of charges is in fact the ground state of the 
system charges + transverse field, which must be an eigenstate of H or 
H™®, These operators are really related by T from (C.60), so that the 
ground state from either point of view describes the same physical state. 
The eigenstates of H§? and of H{?. are different approximations of the 
real state, involving the neglect of this or that part of the effects of the 
transverse field on the system of charges. 
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D—SIMPLIFIED FORM OF EQUIVALENCE FOR THE 
SCATTERING S-MATRIX 


The rigorous approach to the problem of equivalence between two 
points of view which we have treated in §C.5 above is valid in every case. 
As we have seen in Part A, it applies in a general way to every transforma- 
tion appearing finally as a unitary transformation in state space. It can 
however lead to complex calculations. We will see in this part that, if the 
physical problem can be stated in terms of collisions, important simplifi- 
cations appear. The transition amplitudes are equal in either approach, 
even if one does not take care to transform the state vectors representing 
the initial and final states. 

To show this, we are going to follow a procedure which generalizes in a 
way that of §B.3.d.1 above, where the external potentials are taken to be 
zero at the initial time ¢; and at the final time ¢, and are only “switched 
on” between ¢, and #,, with the result that the unitary transformation 7(t) 
connecting the two representations reduces to the identity for t < t, and 
t > t,. Such a method is not directly applicable to quantum electrodynam- 
ics, which we are treating here, since the quantum fields are operators and 
not given functions of time. One can however draw inspiration from it for 
adiabatically “switching on” and “switching off” the coupling between 
the particles and the field with the help of a parameter A(t) which is 
formally introduced into the interaction Hamiltonian and which has a 
time variation corresponding to the temporal evolution of a collision 
process. 


1. Introduction of the S-Matrix 


We begin by explaining how it is possible to analyze in this way a 
collision process in the first representation. More generally, consider a 
Hamiltonian H) which can be separated in the form 


H™ = Hy + A, (D.1) 
where H, is an unperturbed Hamiltonian describing the proper energy of 


the physical systems whose interaction is described by H,. We then 
introduce formally a new Hamiltonian Hd) defined by 


H(A) = Hy + AH, (D.2) 


where 4 is a real parameter lying between 0 and 1. For A = 0, H(A) 
reduces to H,, whereas for A = 1, H(A) is equal to H. To describe a 
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collision process, it is convenient then to take for A a function A(t) which 
increases slowly from 0 to 1 between t/ and t,, and then decreases slowly 
from 1 to 0 between ¢, and ¢; (Figure 3). Indeed, assume that the global 


A(t) 


0 tj t ty fo ih 


Figure 3. The temporal evolution of the coupling parameter. 


system starts at time ¢/ in an eigenstate |y,) of Hy with energy E,, 
describing the unperturbed system. The transition of A(t) from 0 to 1 
between ¢/ and f¢, is an easy way to simulate the approach and overlap- 
ping of two “quasi-monochromatic” wave packets which initially do not 
interact because they are too remote. Similarly, the transition of A(t) from 
1 to 0 between ¢, and ¢; simulates the end of the collision, the wave 
packets separating and no longer interacting. The interaction of the 
systems, established between ¢/ and ¢,, acts between ¢, and f, and 
vanishes between ¢, and i;. At time ¢; the system has evolved to a state 
lY,) which, A(t) being slowly varying, is found on the same “energy shell” 
as |p,)- It follows that the scalar product of |) with another eigenstate 
\p,) of H, 1s different from zero only if Z, = E,. This scalar product 
represents the scattering amplitude from |q,) to |@,). 

The switching on and off of the coupling by the function (7) in Figure 
3 is, in fact, only one convenient and intuitive way to introduce the 
S-matrix by taking as asymptotic states the eigenstates |p,) and |,) of 
H,. (*) The calculation of the matrix element between |g, and |,) of 
the evolution operator (**) U(t/, t/) associated with the Hamiltonian 
H, + A(t)H, gives the matrix element of S between |,) and |p,), which 
one can show may be written 


S{P = 6,, — 2 ni d(E, — E,) Ci’. (D. 3) 


The function 6(£, — E,) expresses the fact mentioned above that the final 
i afar 1 
state |q,) must be on the same energy shell as the initiai state |¢, ). Gre 
(*) There are of course more rigorous methods available, such as the formal theory of 
scattering. See the references at the end of the chapter. 
(**) In fact, this operator must be taken in the interaction representation with respect to 
Hp, so as to eliminate free-evolution exponentials, which lack a well-defined limit when 
t; — t/ goes to infinity. 
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is the transition matrix, which can be calculated perturbatively as an 
expansion in powers of H, (Born expansion), 


. < @ | 4719. >< | Hr | Pa? 
a) _ SN a a 
BL = Col Al ,> + lim Y E, — E, + i ° 


(D.4) 


2. The S-Matrix from Another Point of View. An Examination 
of the Equivalence 


Consider now a second point of view derived from the first by the 
unitary transformation e'*/", where F is time independent. The new 
Hamiltonian H™ is related to the original H® by 


H® = TH T+, (D.5) 


It is quite convenient for what follows to introduce formally the same 
parameter A which was used to define H(A) in (D.2). We take then 


T(A) = exo iF | (D.6) 
and we define the Hamiltonian H(A) as the transform of H(A) by 
T(A): 


HA) = T(A) H(A) Tt(A) = T(A)[H, + 4H] Tt). (D.7) 


For 4 = 0, T(A) is equal to the unit operator, and H®(X) and H™()) 
reduce to Hy. For \ = 1, one gets (D.5). It is then possible to write 


H(A) = Hy + AHi(A) (D.8) 


where we have regrouped all of the terms depending on A in AH/(A). 
This last term (taken for 4 = 1) thus forms the interaction Hamiltonian in 
the second description, which we now denote by H/. Note that this 
Hamiltonian is not in general the transform of H, by T. 

Having thus shown the correspondence between the two descriptions 
for each value of A, we can now analyze how the collision process 
associated with the function A(t‘) in Figure 3 appears from the second 
point of view. At the initial time ¢/, A(t?) = 0 and T(A(¢/)) reduces to the 
unit operator. The initial state is thus described by the same ket |9,) 
in both representations, since |@,) is identical to its transform. The same 
is true at the final time ¢;, since A(t;) = 0. The final state is thus 
also described by the same vector |g,) in both representations. Between 
tj and ¢; the state vector evolves under the influence of the Hamiltonian 
H, + A(t)H, in the first representation. Since the unitary transformation 
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T(A(t)) depends on time via A(t), the evolution in the second repre- 
sentation is governed using (A.42) and (D.6), by the Hamiltonian 


Hy + A(t) AYA(t)) + iN (20) | T*(A(t)) = 
= Hy + A(t) H(A) — ADF. (D.9) 


The matrix element between (q,| and |g,) of the evolution operator 
associated with the Hamiltonian H, + A(t)H, is then identical to the 
matrix element between the same states (g,| and |g,) of the evolution 
operator associated with (D.9): 


ULE, t) = UBC, 0). (D.10) 


In fact, since A(t) varies very slowly with ¢, the last term of (D.9), 
A(t)F, is very much smaller than the second. Its contribution to the 
evolution operator associated with (D.9) can thus in general be neglected 
(*). The operator U™ can then be calculated by considering only the 
effec. of the perturbation A(t) H/(A(t)), which increases slowly from 0 to 
H; between ¢; and 1¢,, remains equal to H; between ¢, and ¢,, and 
decreases slowly then from H/ to 0 between t, and t;. One then recovers, 
for the interaction Hamiltonian which must be taken into account for 
U®, a temporal behavior resembling that which we have introduced in 
the first picture to define the S-matrix. In the limit t,— 1, 00, the 
equality (D.10) becomes 


Si’ = SYP (D.11) 
where 
Si = 6,, — 2 ni (E, — E,.) 6 (D.12.a) 
«0,1 H;|9.>< @.| Hr| > 
(2) _ : SIE Eri RT Re ea aN AEN Sere mE ae fox 
Opa (Ol Hilo. + lim » E,—E.+ ie + 
(D.12.b) 


The identity (D.11) between (D.3) and (D.12.a) involves finally the iden- 
tity between ©;,’ and Gi?) when E, = E, (as a result of the presence of 
the delta function): 


GY = G2 when E,=6&,. (D.13) 


The equality (D.13) can be established more rigorously by starting from 
the formal theory of scattering for all transformations F of the kind 
introduced in this chapter (see the references at the end of the chapter). 


(*) It is possible to construct transformations F sufficiently singular so that \(1) F can 
not be neglected (K. Haller, private communication). We assume that this is not the case for 
the transformations envisioned here. 
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The identity (D.13) between the transition matrices G") and G®) on 
the energy shell is a remarkable result which simplifies most practical 
calculations considerably. The majority of the physically accessible experi- 
mental parameters (cross-sections, transition probabilities, etc.) are indeed 
expressible directly as functions of the transition-matrix elements, and it is 
quite convenient to have the option of making the calculation either with 
H, or with H; in the same state basis, formed by the set of eigenstates of 
H,, without bothering with the fact that H, is not invariant under T and 
that its eigenstates do not represent the same physical states in the two 
representations. 


Remark 


To stress the fact that the Hamiltonian is changed, but not the states, when one 
goes from the term on the left to the term on the right in (D.13), some authors 
call it a “hybrid transformation”. Other authors call H/ — H, a “pseudo-per- 
turbation”, since this difference has no effect on the transition matrix. 


3. Comments on the Use of the Equivalence between the S-Matrices 


To conclude this part, it is important to draw the reader’s attention to 
the various dangers accompanying the hasty use of (D.13). 

First of all, one must not forget that (D.13) is only applicable if the 
problem under study can be put in the form of a collision problem. The 
fact that one can use the same ket |p,) (or |@,) to describe the initial (or 
final) state in the two representations is not the result of a “miracle”. It 
rather means that in a collisional process the interaction can be ignored in 
the remote past before the collision and in the remote future after it. It is 
indeed so as to stress this physical idea that we have preferred to follow 
here a qualitative approach based on the switching on and off of A rather 
than giving a more rigorous demonstration based on the formal theory of 
scattering. 

It is clear that if |g,} is not the final state of a scattering process, for 
example, if |q,) is an excited atomic state which can decay by sponta- 
neous emission, the reasoning above is no longer valid, since one can no 
longer let t, and ¢; tend to infinity while retaining the same state |q,). 
Thus it is important in the application of (D.13) that the initial and final 
physical states be stable or at least that their instabilities can be neglected 
in the problem being examined. If not, it is necessary to “embed” the 
process under study in a more complex process corresponding to a true 
scattering (*) or revert to the general method of §C.5 above. 


(*) It is possible in this way to resolve completely the apparent contradictions in the 
results given by the two representations for the shape of the 2s — 2p line of hydrogen, the 
Lamb transition. See Complement Bry, §3.b. 
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Another error to avoid is applying (D.13) off the energy shell. G{!) has no 
reason to be equal to G{?) if E, is different from £,. On the other hand, 
the system can of course pass through intermediate states |y.) with 
unperturbed energy £, different from E, = E,. This is what the higher- 
order terms of the Born expansions (D.4) and (D.12) address. 

Note finally that the equality between GO) and Gi?) on the energy 
shell does not imply the equality of the contributions of a given intermedi- 
ate path in the high-order terms of the expansions (D.4) and (D.12.b). In 
particular, even if one intermediate state plays a preponderant role as a 
result of a quasi-resonance, it is incorrect to systematically neglect all the 
other intermediate states. The transition-matrix elements calculated in the 
two representations retaining only the quasi-resonant intermediate state 
are in general different. It is quite possible that the approximation 
consisting of neglecting all the other intermediate states will be valid in 
one representation. It is rare for this to be the case in both simultaneously. 
(See Exercise 2.) 


GENERAL REFERENCES AND FURTHER READING 


For the Power—Zienau—Woolley transformation see the original articles: 
E. A. Power and S. Zienau, Philos. Trans. Roy. Soc., A251, 427 (1959), 
and R. G. Woolley, Proc. Roy. Soc. Lond., A321, 557 (1971). See also 
Power ( Chapter 8) and Healy (Chapter 7). A simple discussion is given in 
E. A. Power and T. Thirunamachandran, Am. J. Phys., 46, 370 (1976). 

For an introduction to the S-matrix and the formal theory of scattering 
see Goldberger and Watson (Chapter 5) and Schweber (Chapter 11). 

For the study of the equivalence of the S-matrices through the formal 
theory of scattering (hybrid transformations, pseudo-perturbations, etc.) 
see K. Haller and S. B. Sohn, Phys. Rev A, 20, 1541 (1979); Y. Aharonov 
and C. K. Au, Phys. Rev. A, 20, 1553 (1979); E. Kazes, T. E. Feuchtwang, 
P. H. Cutler, and H. Grotch, Ann. of Phys., 142, 80 (1982). 
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COMPLEMENT Ay 


ELEMENTARY INTRODUCTION TO THE ELECTRIC 
DIPOLE HAMILTONIAN 


We consider an ensemble of charged particles forming a localized 
system with spatial extension of the order of a. This is the case, for 
example, in atoms or molecules made up of electrons and nuclei in bound 
states whose spatial dimensions are of the order of a few Bohr radi. If one 
such system interacts with radiation with wavelength A large with respect 
to a, it is legitimate to neglect the spatial variation of the electromagnetic 
field over the expanse of the system. This approximation, called the 
long-wavelength approximation, has been used in §B.3 of this chapter to get 
a simpler equivalent formulation of electrodynamics for a localized system 
of charges coupled to an external field. The corresponding transformation, 
the Géppert-Mayer transformation, has been presented as a change of 
Lagrangian or a gauge change. We again treat the same problem here 
(§A,,.1) by directly studying the unitary transformation which permits 
one to get the electric dipole Hamiltonian E - r by starting with the usual 
Hamiltonian A - p (*). Next we generalize the Gdppert-Mayer transforma- 
tion to the case where the electromagnetic field 1s treated, not as an 
external field, but as a quantized system with its proper dynamics (§A ;,.2). 
Finally, we look at some possible extensions of the method used here 


(8A jy-3). 


1. The Electric Dipole Hamiltonian for a Localized System of Charges 
Coupled to an External Field 


a) THE UNITARY TRANSFORMATION SUGGESTED BY THE 
LONG-WAVELENGTH APPROXIMATION 


Let A,(r, t) be the potential vector describing the external radiation 
(the scalar potential U,(r, t) is assumed to be zero). The long-wavelength 
approximation involves neglecting the spatial variation of A,(r, ¢) in the 
Hamiltonian. Thus one can replace A,(r,, t) by A,(R, ¢) in the kinetic 
energy term, where R is a point taken in the interior of the system of 
charges. In the following, we take R as a fixed point, which we choose as 
the origin of the coordinates R = 0, which amounts to ignoring all the 
displacements of the atom or molecule as a whole (see, however, the 
Remark in §A,,.1.b below). Under these conditions, the Hamiltonian is 


(*) Since we are not using here the Lagrangian formalism, reading this complement does 
not require knowledge of the ideas introduced in Chapters II and IV. 


Aw-l Electric Dipole Hamiltonian 305 


written 


H() = D5 [py - 4 AO, OP + Veo (1) 


where V,,,; is the Coulomb energy of the system. 

The simple form which the kinetic energy term takes in the long-wave- 
length approximation suggests the application of a unitary transformation 
T(t) which translates each operator p, by an amount q,A,(0, ft): 


T(t) Pp, T*(t) = By + Gz A,(0, 2). (2) 


The translation operator T(t) which effects this transformation 1s given by 


T(t) rs exe} — +¥ qT, * AO, 0 


- x9} — z= - A,(0, 0] (3) 


where 
d=) 4.1, (4) 


is the electric dipole moment of the charge distribution with respect to the 
origin. Equation (3) coincides with that found in Part B above from the 
Lagrangian formalism [see Equation (B.34)]. 


Remark 


We have not included in (1) the interaction terms of the particle spin magnetic 
moments with the magnetic field of the external radiation. These terms are 
actually smaller than the interaction terms in A, - p by a factor of the order of 
hk/p [see Equation (D.15), Chapter III], that is to say, of the order of a/\, 
since h/p ~ a. They are thus of the same order of magnitude as the interaction 
terms which have been neglected by replacing A,(r,, ¢) with A, (0, £). 


b) THE TRANSFORMED HAMILTONIAN 


In this new representation, the temporal evolution of the transformed 
state vector |y’(t)) = T(t)|¥(t)) is governed by the Hamiltonian 
d7 (2) 
dt 


H(t) = TH) ADT (OO + a} T*(2). (5) 
By using (1) and (2), we find 


T() AD) T*(O) = Ligg + Voom (6) 
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and by using (3) 


a S| T*(t) =d:A,0,1) = —d-E,(0,2) (7) 
which gives finally 
2 
A"(t) = >, = “ V cout —d-° E (0, t). (8) 


We have thus found that in the long-wavelength approximation, the 
interaction with the external field is simply described in this new represen- 
tation by a coupling term between the dipole moment d of the atom and 
the external electric field evaluated at the position of the atom. 


Remark 


It is possible to take into account the global motion of the atom and to refer 
the positions of the charges g, to a point R which, rather than being a fixed 
point, is taken at the center of mass of the atom (see Exercise 3). One then finds 
that if the total charge QO = L,q, is zero, Equation (8) remains valid provided 
that one replaces 0 by R in E, (0, ¢). In contrast, if the system is an ion (Q # 0), 
new terms appear in the Hamiltonian A’(1). They describe the coupling of the 
global motion of the ion to the external field A,. In all that follows in this 
complement, we only consider globally neutral systems: 


Q=) 4q,=9. (9) 


c) THE VELOCITY OPERATOR IN THE NEW REPRESENTATION 


In the initial description, the velocity of the particle is represented by 
the operator 


v= = [Pe ~ 4 A009) (10) 
while in the new description it is represented by 
v, = T(t)v, T*(2) (11.a) 
which, using (2) and (10), 1s equal to 


Ps 
an (11.b) 


Thus, in the new description we find a much simpler relation between the 
momentum and the velocity. 
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2. The Electric Dipole Hamiltonian for a Localized System of Charges 
Coupled to Quantized Radiation 


We now consider the radiation field as a quantized system with its own 
dynamics. 


a) THE UNITARY TRANSFORMATION 


If the coupling between particles and radiation mainly involves the 
modes whose wavelength is large with respect to a, we can, in a first 
approximation, neglect the contribution of the other modes. The operator 


A(r,) = > A, [a; &; hr 4.g° ee hr (12) 
J 


can then be replaced by A(Q), since for all the modes taken into account 
Ik;*¥r,| << 1. In this approximation, the Hamiltonian in the Coulomb 
gauge is written 


] ] 
H = % im [p, — Gy A(0)|? + V cout a ): hana} a; ale 5) . (13) 
a a J 


An argument similar to that presented in §A,y.1 suggests that one apply 
to (13) the unitary transformation 


T = exe] — >) data’ a0) | = exp| — id 40 | (14) 


which, while resembling (3), differs from it. In (14), A(O) is a time-indepen- 
dent field operator, while A ,(0, £) in (3) 1s a classical function of time. It is 
indeed interesting in what follows to reexpress (14) with the aid of the 
operators a, and a; using the expansion (12) for A(0). We then get 


T= exp} Pf ay — 4a) (15) 


with 
ne (16) 


a jo by hw, L?” 


b) TRANSFORMATION OF THE PHYSICAL VARIABLES 


Consider first the operators relating to the particles. Since r, commutes 
with 7, this operator represents the position of the particle in both 
descriptions. As for the velocity, since the operator A(@) acts like a 
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c-number with respect to the particles, we get in a fashion identical to (10) 
and (11) 


Ak ee (17) 


a 


We now examine the field operators. Note first that the quantities A, 
introduced in (16) are purely atomic operators commuting between them- 
selves and can then be considered as numbers with respect to the radiation 
operators a, and a;. The operator T in the form (15) thus appears as a 
translation operator for a, and a; [see (C.61) and (C.66) of Chapter IT]]: 


} Ta;T* =a, +A, (18.a) 
Ta; T* =a; + aA*. (18.b) 
We are going to use these relations to calculate the operator E’, (r) 


describing the transverse field in the new representation. Starting from the 
expression for the transverse electric field in the Coulomb gauge, 


E,(r) =i) & la, 6, e""" — aj e,e (19) 
j 
we find 
E‘(r) = TE, (7) T* 
iy. EL; + Aj) £; eikj.r = (a; 4 A*) E, ent 
J 


= £0 - D [see ae +e | 20) 


3° 


where E , (r) is the mathematical operator given in (19). The last term of 
(20) will be interpreted later. Consider finally the magnetic field. Since 
A(r) and A(r’) commute for all r and r’ [see (A.13) of Chapter IIT], 
B(r) = VX A(r) commutes also with A(r’). It follows that A(r) and B(r) 
commute with 7. In particular, the magnetic field operator retains the 
same form in both representations: 


B(r) = TB(r) T* = BCr). (21) 


c) POLARIZATION DENSITY AND DISPLACEMENT 


To interpret the last term of (20) physically and to identify the variable 
represented in the new representation by the mathematical operator E , (r) 
given in (19), it is convenient to describe the localized system of charges 
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by a polarization density P(r), and then, starting from the electric field 
and the polarization density P(r), to introduce the displacement D(r). For 
a more complete discussion of this problem not limited to the lowest order 
in a/X as here, the interested reader should refer to §C.1 of Chapter IV, 
which can be read independently of the rest of that chapter. 

The charge density associated with the system of localized charges gq, is 
written in real space as 


p(t) = )' gq, Or — §,) (22.a) 
and in reciprocal space as 


1 \3? | 
p(k) = (75 ¥ gg ene (22.b) 


Since the charges are localized near the origin ({r,| < a) and we are 
assuming that the coupling with the radiation takes place substantially 
with the long-wavelength modes (ka < 1), it is reasonable to expand the 
exponential of (22.b) and to take only the first nonzero term (a lowest-order 
calculation in a/A). One then gets using (9) and (4) 


k Pee 
p(k) = - (5 ik: d (23 .a) 
and by Fourier transformation 

p(r) = — V- [dd]. (23 .b) 
Equation (23.b) suggests one introduce the polarization density 


P(r) = d O(n) (24.a) 


corresponding to a dipole d localized at r = 0, as well as its spatial Fourier 
transform 


] 3/2 
Equation (23.b) is then written 


pir) = — V°- P(r). (25) 


The simple form of Equation (25) shows that if one introduces the 
displacement D(r) defined by 


D(r) = ¢, E(t) + P(r), (26) 
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where E(r) is the total electric field, then Maxwell’s equation V - E = p/e, 
and Equation (25) imply 


V- Dir) = 0 (27.a) 


which shows that D(r) is a transverse field. Equation (27.a) can be 
rewritten using (26): 


D(r) = D,(r) = & E,@) + Py). (27 .b) 


The importance of D(r) rests with the fact that outside the origin P(r) is 
zero [see (24.a)]}, with the result that, from (26), D(r) coincides with ¢,)E(r). 
Thus, D(r) 1s a transverse field which, outside the system of charges, 
coincides with the total electric field to within a factor €,. Since the electric 
field is purely retarded, it follows that the displacement outside the atom 
is a retarded transverse field. 

Return now to Equation (20). By transforming the discrete sum of the 
last line into an integral we get 


I | 
~— lake ¥ apo +d) kr (28) 


Eo elk 


Comparison with (24.b) shows that (28) is just the Fourier transform of 
—F (k)/éq, so that Equation (20) can be written 


EL) = B®) ~ — Po. (29) 


Finally we calculate the operator D’(r) which represents the displace- 
ment in the new description. Using (27.b), D’(r) is written 


Dr) = T(r) T* = & TE) T* + TPT". (30) 


Using (19), (20), (29), and the fact that P, (r) commutes with 7, one then 
gets 


l ; : 5 
— D'® =i) 6,,la,e,e" — af ee]. (31) 
0 i? 


It appears then that the same mathematical operator, namely the linear 
combination of a, and a; on the right in (31), describes two different 
physical variables, depending on the representation used: the transverse 
electric field in the initial representation, and the displacement (divided by 
€,) in the new one. The advantage of the latter representation is that the 
simple operator (31) describes a transverse field which outside the atom is 
purely retarded. 


Ayy-2 Electric Dipole Hamiltonian 311 


d) THE HAMILTONIAN IN THE NEW REPRESENTATION 


The Hamiltonian H’ in the new representation is given by 


H' = THT". (32) 


Here we are going to find the 7-transformed expression for H given in 
(13). The physical interpretation of the results will then be obtained by 
attributing to the operators appearing in the expression for H’ the 
physical meaning which they have in the new representation. The trans- 
form of the first term of (13) is simply 


p2 
Im, 
and according to (17) represents the kinetic energy of the particles. The 
second term of (13) is an atomic operator which depends only on the 
positions r, of the particles and is therefore unchanged in the transforma- 
tion. It remains to find the transform of the third term of (13), that is, the 
operator called H, in the initial representation and which describes in 
that representation the energy of the transverse field. Using (18), we get 


TH,T* = TY ena} a; +5)T" 
j 


(33) 


Hp 


Y tao (a + AB) (a; + A;) + | 


= Hp +) hwfi,a; + Ata) + > ho, At A,. (34) 
j J 


In addition to the operator Hp we get a linear operator in A, and A* and 
a bilinear operator in A, and A*. Consider first the linear term, which can 
be written according to (16) as 


ho; 
=e ae E;). (35) 


We get the scalar product of d (which is equal to d’, since rf = r,) with an 

operator coincident with D’(0)/e,. The operator appearing in (35) must 

indeed be interpreted as the displacement (divided by «€,), since we are 

studying the Hamiltonian in the new representation. Thus for the term of 

Hf, linear in a, and a7, we get 

_ dD’) 
EQ 


—d (36) 
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Consider finally the last term of (34). According to (16), it is equal to 


l 
ha, A* 4, = Y ——-(e,° d)’. 
d ae se eae 3a, 1 ) (37) 

This term depends only on the operator d (equal to d’). Physically it 
represents a dipole self-energy of the system, denoted e,;,. The expression 
(37) for €4;, seems to diverge. It fact, one must limit the sum to the values 
of k, for which the long-wavelength approximation 1s valid. 

By regrouping the various terms, one gets the following expression 
for H’: 

2 , 

, a | D (0) 

a 4 J 0 


The structure of the new Hamiltonian H’ is very simple. One has first a 
purely atomic Hamiltonian representing the sum of the kinetic energy, the 
Coulomb energy, and the dipole self-energy. Then one has a proper 
radiation Hamiltonian H,, and finally, an electric dipole interaction 
Hamiltonian coupling the dipole moment of the system of charges to the 
displacement at the origin 0. The fact that the new interaction Hamilto- 
nian is purely linear in the field and no longer has quadratic terms (such 
as H,, examined in §D.1 of Chapter IIT) is an important advantage of this 
new description. 


Remark 


In the new representation, the energy of the transverse field is given by Hz and 
differs from H, by the last two terms in (34). Since the operators D’(r)/e, (31) 
and B’(r) (21) have the same mathematical form in the new description as E(r) 
and B(r) in the earlier one, we have 


72S la? © +e (39) 
. 2 EQ Ho 


(where egc* is replaced by 1/5). 


3. Extensions 


We are now going to examine two possible extensions of the treatment 
above. 


a) THE CASE OF Two SEPARATED SYSTEMS OF CHARGES 


Consider two systems of charges Y%, and %, localized about well-sep- 
arated points R, and R,, each of the systems being neutral. The transfor- 
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mation T which generalizes (14) is 
i 
T= exp | Ie, [d, * A(R,) + d, - A(R,z) | ! (40) 


d, and d, being the respective dipole moments. 
The Hamiltonian in the Coulomb gauge describing this system is in the 
long-wavelength approximation equal to 


] l 
i es Lp, ~ QQ A(R,)]’ 2 i dom, [Pp — Wp A(R,)]? 
a Vea = V eer . V Seaip 


-), in a a; + 5) (41) 


where V4, ( Vout) is the Coulomb energy of the system of charges Y, 
(SY,), and Vio. dip 1S the electrostatic interaction energy between ihe 
dipoles d, and d, of the two systems of charges. 

The Hamiltonian H’ = TH'T™ in the new representation is gotten with 
the aid of the transformation (40), and one finds it equal to 


2 2 
P; p 
H == 3m, = V out + B4ip os Ys tr V cat . Eaip 


DR) 4 . DR») 
: | 


0 7) 


+H,—d, (42) 


The structure of the new Hamiltonian H’ is very simple. We have first of 
all two purely atomic Hamiltonians for “%, and ,, representing in each 
case the sum of the kinetic energy, the Coulomb energy (inside Y, or 
Y,), and the dipole self-energy. Then, we have a radiation Hamiltonian 
H,, and finally, an electric dipole interaction Hamiltonian coupling the 
dipoles of Y, and %, to the displacement at R, and R ,. The important 
point is that there are no longer instantaneous electrostatic interaction 
terms between the systems in (42). The term Vi%,,, has in fact been 
compensated for by the dipole terms (37), which contain, besides the 
self-energy terms e4, and e4,,, cross terms simultaneously involving d , 
and d,. The corresponding calculations are not detailed here, since they 
are treated again in the general case in Complement C,,. One can 
however understand this point by noting that the new Hamiltonian 
contains the coupling between the electric dipole moment d’, of Y, and 
the total displacement at R,, D’(R,), which includes in particular the 
displacement generated at R, by .%,. Now the displacement generated by 
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F, Outside SY, coincides with the total electric field generated by Y, 
outside ,. It follows that the coupling term —d’, - D(R,)/e, of (42) 
contains the interaction of Y, with the transverse electric field as well as 
the longitudinal field created by Y, at R,. 


b) THE CASE OF A QUANTIZED FIELD COUPLED TO CLASSICAL SOURCES 


In §A,,.1 above we have examined the coupling of a system of 
quantized particles with a classical field. The opposite problem, which we 
now treat, is that of a quantized field interacting with classical currents. 
The Hamiltonian in Coulomb gauge for such a system has been given in 
Complement B,,, [Equation (7)]: 


H = Hp - | d?y jr, t) : A(n). (43) 


The current j.,(r,¢) 1s produced by classical particles with charge q, 
whose positions and velocities are described by the classical functions 
r,(¢) and ¥,(¢), with a given time dependence 


jG. t) = oy Qa r,(t) O(r — r,(t)) . (44) 


If the charges creating the current are localized near the origin in a volume 
of dimension a and if one considers only the dynamics of the modes with 
wavelength long with respect to a, it is possible to simplify the interaction 
Hamiltonian 


Hy = — | ariste t) A(t) = — 4, ¥,(t) + AC.) (45) 


by replacing A(r,) with its value at the origin: 
Hy = — Y)a,i,(t) + A@) = — d() - A(O) (46) 
d(t) being the electric dipole moment of the charge distribution, equal to 
L dol,(t). We then apply to the Hamiltonian 
H = Hp — W(t): A(O) (47) 


a unitary transformation similar to the transformations in §§A,,.1 and 
A,y-2 and aimed at giving rise to an electric dipole interaction term. 
Consider the transformation 


je exp | — + a(t) ; Ac | (48) 


analogous to (3) and (14), but where d(¢) is now a classical function 
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depending on time and A(0) an operator acting on the radiation variables. 
The transformed Hamiltonian is given by Equation (5). The calculation of 
TH,T™ is identical to that presented in (34) and gives 


TH, T* — d(t) > 22 oe (49) 


where D’(0) /e, corresponds to the operator of ais evaluated at r = 0 and 
where €,,, is now a classical function of time gotten by replacing the 
operator d of (37) with the function d(t). Here TH,T* is unchanged, since 
H, commutes with T. Finally the term in ih(O0T/0t)T* is equal to 
d(t) - A(0) and thus offsets H, [see (46)]. The new Hamiltonian is then 


H = H, — dt): —— + bain (50) 


The last term here is a classical function of time and can eventually be 
dropped. 

Note that, just as in §A,,.2, D’(r) represents the displacement. The 
interaction between the quantized field and the classical sources is thus, in 
the new representation, proportional to the product of the classical electric 
dipole with the displacement at the point about which the dipole is 
localized. 
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COMPLEMENT B,y 


ONE-PHOTON AND TWO-PHOTON PROCESSES: 
THE EQUIVALENCE BETWEEN THE INTERACTION 
HAMILTONIANS A> pANDE:-r 


We show in this complement that the transition amplitudes calculated 
using the interaction Hamiltonians A: p and E-r are identical for a 
resonant one- or two-photon absorption process. The equality of the two 
amplitudes is demonstrated by direct calculation of the evolution-operator 
matrix elements. We examine various possible extensions of this demon- 
stration and show, in particular, how a one-photon nonresonant process 
can often be considered as part of a two-photon resonant process. This 
allows the resolution of several paradoxes involving the equivalence of the 
two Hamiltonians for calculating line shapes. 


1. Notation. Principles of Calculation 


Consider an atom at R = 0 which interacts with an incident wave 
packet with central frequency w. The external field associated with this 
wave packet is described by a vector potential whose value at R = 0 is of 
the form 


A(0, t) = A(t) €,; = A(t) cos ot ¢, (1) 


where ¢, is the polarization vector of the wave and A(r) the envelope of 
A(t) (see Figure 1). The transit time of the wave packet is characterized by 
a time T which is of the order of the half-maximum width of A(t). We 
assume that the field oscillates many times during 7, that is, that 


oT > 1. (2) 


We propose to examine one- and two-photon resonant absorption 
processes induced by such a field between two atomic levels a and b such 
that 


E, — E = hw (3 .a) 


a 


and 
£, — £, = 2 ho. (3.b) 


respectively. To this end, consider the matrix element of the evolution 
operator between a and b, (b|U(t,, t,)|a), t, and t, being the initial and 
final times for the transit of the wave packet (see Figure 1). It is clear that 
(b|U(t,, t,)|a) must present a resonant character for w,, = & OF W,, = 2W 
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Figure 1. The shape of the envelope A(t) of A(t). The duration @ of the switching 
on and off of the incident field is assumed small compared to the interaction time 
T. Between — 7/2 and +7/2, A(t) is constant and equal to A,. One assumes that 
T and @ are very large with respect to 1/w. 


(we have taken E, — E, = hw,,). In fact, it is more appropriate here to 
calculate the S-matrix, whose element S,,, is 


Sha = lim ¢ b | eiHota/h U(ts, t,) e 7 iHoti/h | a » (4) 


tz7 +a 

ti7> - @ 
where H, is the unperturbed Hamiltonian (the atomic Hamiltonian in the 
absence of an incident field). 

Such a calculation can be made starting either with the Hamiltonian in 
the Coulomb gauge or with the Géppert-Mayer Hamiltonian [see (B.33) of 
Chapter IV or (8) of complement A,yv]. Let U’(t,, t,) be the evolution 
operator in the new representation, leading to the new matrix S’. If we 
assume that A(t) is zero for ¢ < t, and ¢ > ¢, (Figure 1), the Hamiltoni- 
ans and state vectors are the same in either representation for ¢ < ft, or 
t > t,. It follows then that the general treatment in Chapter IV (§B.3.d.1) 
leads to the identity 


S,, = Si, (5) 
Rather than using this general proof here, we are going to calculate S,, 


and S;, and show directly, using the resulting expressions, the equality of 
the two transition amplitudes. 


2. Calculation of the Transition Amplitudes in the Two Representations 
a) THE INTERACTION HAMILTONIAN A - p 


Consider first the case of a one-photon resonant transition, w,, ~ w. 
To first order in g and with the long-wavelength approximation, the 
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matrix element S,, becomes 


= i _ &. ‘ i@bat . 
Ss = F( aa dte Cb|p A(0, t) | a > (6) 


The resonant behavior of S,, near w = w,, comes from the term e~ '*” of 
COS wf appearing in Equation (1) for A(O, 7). If one neglects the contribu- 
tion of the term e'“’—which, in the neighborhood of w = w,,, is much 
smaller and nonresonant— this gives 


1 + aw Att 7 
Sra = Mp [ dr AD) gen oy: (7.a) 
where 
My, = — 4 ble+ pla> = —F (vidoe: (7.) 


We now calculate the value of S,, when A(t) corresponds to the curve 
given in Figure 1, A(t) increasing from 0 to A, over the time interval 8, 
remaining constant between — 7/2 and 7/2, then decreasing from A, to 
0 over the same interval 8. When the interaction time 7, assumed much 
larger than 6, becomes very large, the integral over 7 in (7.a) tends toward 
a delta function of width 1/T, denoted 5‘), and (7.a) can be written 


22 
a ih 


It is clear from (7.c) that S,,, is only important at resonance. 

Assume now that the levels a and 5b cannot be connected by a 
one-photon transition. For example, a and b might have the same parity, 
so that the matrix element of the odd operator e, - p between |a) and |b) 
is zero. It is then necessary to calculate S,, to higher orders in g. To order 
2, the contribution of the term q¢’A’*/2m is, in the dipole approximation, 
proportional to (b|a) and thus zero. The second term of the perturbation 
series for —qgA - p/m gives 


l 2 q 2 ple 12 
s.= (8) (-8) [ae orae— 0» 


x i STC bl[ p> AO ca r>e i Cr|p- AO, 7) ]a@ >] e” i@at’ 
(8) 


The sum 2). is taken on all the intermediate levels which are coupled to 
|a) and |b) in the electric dipole approximation. @(7 — 1’) is the Heavi- 
side function, which is zero when + < 7’ and 1 when +> 1’. We have 
taken w, = E,/h (i =a, b, r). By retaining only the terms in e '®” and 


Sia = =e M, Boar ™w,, — @). (7.c) 
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e}”T" for cos wt and cos wt’ which give rise to a resonance for w,, = 20, 
we get 


S I z q ; ae oe ‘@ 1 al(@pa— 2a) 
= (5) (a8) Jae] arenes 


< Lee Pra AW) AC) -- tor ore-#) 6) 


To enable the integration in (9) to be carried out seuies on 7 and 
7’, it is useful to introduce the following integral representation: 


e” iQ(r— tt’) 


(Q — w,, + @) +18 (10) 


1 + 00 
— i(W@ra — @)(t— tT’) ee) eee 
e Ot — tT’) TH {_ dQ 
where e is a vanishingly small positive number. Note that (10) can be 


demonstrated quite simply by integrating the second term by residues. 
Taking account of (10), Equation (9) becomes 


Sia = (yz 9 zi Ti 2 (p pr (p ra x 


A(t) A(t’) ei(@ba- 20-—2)t eit’ (1 1) 
[| | ee aear — 4A! ‘ (2 — w,, +) + le 


Finally, we transform (11) by introducing the Fourier transform f(Q) of 
A(t) defined by 


AQ) = A(t) e'@ dt. (12) 


l 
a ae 
Eguation (11) becomes 


a <n A (Q) A (o,, — 2@ — Q) 
Sia = (3 7d (Poor (Pda : eee (13) 


The function .() is centered about 2 = 0. If the one-photon transi- 
tions are not resonant (w — w,, * 0) and if the width of &(Q) is 
sufficiently narrow, one can replace {2 by 0 in the denominator of (13) and 
drop the factor ie. If A(¢) has the form represented in Figure 1, (92) 
appears like a peak of width 1/7 superimposed on a background of width 
1/8. For the following calculations to be valid we assume |w — w_,| => 1/6. 
By using this approximation we find then 


Sra = z(4 ) om (Di)or (p;) ra jpie Pons | 7 qo2 @ ss 2@ — (2) (14) 


h(w — @,,) o 
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It remains only to use the Fourier transform of a convolution product to 


get 
Sta = o Oy. ; a ella 2a} (15.a) 
with 
(Pi, (p; dor Piva 


Comparison of the two transition amplitudes (/7.a) and (15.a) shows 
that things occur as if one had a perturbation [A(t)/2]?e~ 7" coupling 
the levels a and 5 (via all the intermediate levels r) with an effective 
matrix element Q,, given in (15.b). By taking for A(t) the function 
represented by the curve in Figure 1, we find 


A 2 
Soa = = 0..( $2) 6 (a, “— 2 @) . (15.c) 


It is clear here that S,, is only important at resonance (w,, = 2w). S,,, is 
then a resonant two-photon transition amplitude. 


Remark 


Equation (15.a) shows that, in the case where one does not have an intermedi- 
ate level r which can be resonantly excited by a one-photon process, the 
transition amplitude involves the square of the vector potential rather than the 
product of the vector potentials taken at two different times. This result arises 
from the fact that under these conditions the two photons are almost simulta- 
neously absorbed. 


b) THE INTERACTION HAMILTONIAN E - r 


To compare the results from the two interaction Hamiltonians A - p 
and E - r, it is necessary that A(t) and E(t) represent the same field. From 
the form (1) postulated for A(O, ft), we get 


E(0, 1) = [A(t) @ sin wt — A(t) cos ef] e,. (16) 


Remark 


It would be more satisfactory a priori to start with the time dependence of the 
electric field, which is the quantity with a clear physical meaning, and then to 
derive the time dependence of the vector potential. Such a procedure would 
most certainly lead to equivalent results, but can also raise a problem. The fact 
that the electric field is zero for tj < t, and #5; > ¢t, does not assure that the 


B,y-2 One-Photon and Two-Photon Processes 321 


vector potential will also vanish on the same time intervals. Since A(t) is gotten 
by integrating E(1), A(t; ) — A(t/) can be equal to a nonzero constant. It is not 
possible to nullify the interaction Hamilton A - p simultaneously for ¢ < 4, and 
t > t,. In the general case, this is only a formal difficulty. The electric field 
oscillates a huge number of times between ¢, and ¢,, and the constant depends, 
in fact, only on the contribution of a fraction of period whose relative effect 
becomes negligible when T > oo. 


The calculation of the amplitude S/, is analogous to that in the preceding 
subsection, the interaction Hamiltonian being henceforth equal to — qr - E, 
where E is given by (16). Note that E is the sum of two terms and the 
second term of E is, in order of magnitude, equal to [A(t)/@]cos wt. It is 
then on average smaller than the first by a factor w@, so that its 
contribution in calculating the two-photon excitation probability will be 
negligible. In the limit where T > 0 > 1/w, we can then follow the proof 
in the subsection above and retain only the first term of (16). We then get 
for the one-photon resonant transitions 


ee Ao 
ba — TR My 8, — @) (17.a) 
Mj, = — img (ble, + tla) = — iwg(r)s. (17.b) 


which correspond to (7.c) and (7.b), and for the two-photon resonant 
transitions 


2 
Sia = a 0%,( 3) bo, — 2 w) (18.a) 
0;, = — 0 2 ae (18 .b) 


which correspond to (15.c) and (15.b). 


c) DIRECT VERIFICATION OF THE IDENTITY OF THE TWO AMPLITUDES 
We will start with 
(Piba = ID, Mba (19) 


relating the matrix elements of the operators p and r [see (B.43)]. Compar- 
ison of (7.b) and (17.b) gives, using (19), 


63) 
M,. = = M',, (20.a) 


that is, 
M,,= M,, if o,, =o. (20 .b) 
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The two amplitudes (7.c) and (17.a) are then identical: at resonance the 
equality results from (20.b), and off resonance, the delta functions being 0, 
the transition amplitude is zero in the two representations. 

We will now show that the two-photon amplitudes (15.c) and (18.a) are 
identical. For this it suffices to show that 


Qn4 = OF if Dba = 2 W. (21) 


For this we use the identity (19) to transform (15.b). Q,, is equal to Q;, 
only if 


Op, OralTi)or (Tira _ 2 (Ti)py (‘ira 
d WM — Wra gee rear ia 2) 


To prove (22) algebraically, we introduce the difference D between the 
two terms of (22): 
2 
O,, O,, — @ 
. oO (Tie (Tira (23) 


@M— 


d= 


r 


and show that, when w,, = 2w, D is zero. The resonance condition 
implies 
Oy, = 20 — Org (24) 
and thus 
WO, 0,, — O* = — (w — o,,)’ (25) 


D, defined in (23), can then be transformed into 


D = » (@ _ ya) (rior (Tia : (26) 


Consider now the commutator [7,, p;] = 14, and calculate (b[[7,, p;]|@)- 
We find 


> Lor (Para — (Pade (Y Jal = 1h bla> =9 (27) 


r 


since |b) and |a) correspond to distinct eigenstates of Hy. Using (19), this 
yields 


> (Op, — Oa) (or dra = O- (28) 


Using the two-photon resonance condition (24), we get finally 


¥ (© — Oa) (Tor Fra = 0. (29) 


Biy-2 One-Photon and Two-Photon Processes 323 


Comparison of (26) and (29) shows that D = 0, which implies that 
Q,, = Qj, if w,, = 2, and thus the equality of the amplitudes S,,, given 
in (15.c) and S/, in (18.a). 


Remarks 


(i) In everything above we have only calculated amplitudes. To get the transi- 
tion probability from a to b it is necessary to take the square of the modulus of 
(7.c) or (17.a) for a one-photon excitation and of (15.c) or (18.a) for a 
two-photon excitation. One then gets the square of a function 8'7)(x). To 
within terms in 0/T that are negligible because we have assumed T > @, 
5) (x) is 


re a) ! sin x7/2 
6x) = =| et dy = — cue (30) 
s{6 


We conclude that [8'7(x)]* is a function equal to T*/4a7 at its maximum (at 
x = 0), and whose width is of the order of 27/T. The area under this curve 
being proportional to T, we can see that for large 7, [87)(x)]? is proportional 
to 78'")(x). A more precise calculation starting from (30) gives 


[IMI = FHM, 31) 


It then appears that near resonance, i.e. for w,, = w or w,,, = 2, the transi- 
tion probability from a to b, |S,,,|? = |S{,|*, is proportional to the duration of 
excitation, 7, which allows us to define the transition probability per unit time, 


| Spal? _ | Sha? 


Tr a (32) 


Wha as 


For resonant one-photon transitions, using (7.c), (17.a), and (31), one gets 
Woa = 22 (5 4) | M,, |)? i (ho,, — ho) 


= 2(5 3) | Mi, 2? 6 (Ro,, — he) (33) 


where 6'’)(w,, — w) has been replaced by #8 (hw,, — hw), and for the 
two-photon resonant transitions, using (15.c), (18.a), and (31), 


Ag 
Wra = ** (2 “) | Qha & IAD, ae hw) 


. -2E(3 2) | Os. 2 (iw, — 2 ho). (34) 


The results (33) and (34) have a form analogous to that of Fermi’s “golden 
rule” 
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(u) In practice it is often impossible to perform exactly the summation on all 
the intermediate levels in the series (15.b) and (18.b). It is thus useful to know 
which equation gives the best approximation when the sum is limited to a few 
intermediate levels. In the case of a two-photon transition between two bound 
levels, the equation derived from the interaction Hamiltonian — gr: E will 
most often give the best approximation if one restricts the sum to the essential 
intermediate levels. This holds because the ratio of the two terms corresponding 
to a given intermediate level and derived respectively from the Hamiltonians 
A-pand E - ris (w,,w,,)/w*. All the levels situated above the levels |a) and 
|b») (see Figure 2) have a more important contribution in the series correspond- 


MMMM 


Figure 2. Two-photon resonant transitions between the levels a and b. The 
nonresonant levels 7,, 7,,... are the intermediate levels. 


ing to the Hamiltonian A - p than that in the series corresponding to E- r. 
Since the two sums are equal, it follows that the convergence of the first series 
is generally slower than that of the second. A classic example of this is the 
ls—2s hydrogen transition (*). If one limits oneself to the 2 p intermediate level 
in the sum, one gets zero with A - p, and the value gotten with E - r has a 50% 
error from the exact result. If the sum is taken on the first three p-levels 
(2 p,3p,4p), one gets with E - ra result with a 20% error, while with A - p this 
sum is three times smaller than the true value. (See Exercise 2.) 


(iii) The equality between the transition amplitudes at resonance is only true if 
exact wave functions are used. With approximate wave functions for the states 
|b) and |a), different results can be obtained from the two points of view. One 
of the two interaction Hamiltonians may give more accurate results than the 
other one for a particular type of approximate wave functions. 


(*) The contribution of each intermediate level in the A - p and E - r approaches has been 
studied by F. Bassani, J. J. Forney, and A. Quattropami, Phys. Rev. Lett., 39, 107 (1977). 
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3. Generalizations 
a) EXTENSION TO OTHER PROCESSES 


The discussion above can be extended to other processes, for example 
two-photon resonant absorption, where the atom interacts with two elec- 
tromagnetic fields with different frequencies w, and w,, the resonant 
condition becoming w,, = w, + w,. In this case, two types of amplitudes 
appear, corresponding to different time orders for the two interactions, 
either first with w, and then w, or in the reverse order. It is only when the 
two time orders are taken into account that the predictions with A - p and 
E - r agree. 

Other important examples of two-photon processes are scattering pro- 
cesses: an incident photon vanishes, and a new photon w’ appears while 
the atom goes from state a to a’. Resonance is then given by E,, + hw = 
E.,, + hw’. Exercise 7 proposes a direct proof of the equality between the 
two transition amplitudes by using the general expression for these ampli- 
tudes given by (D.3), (D.4), and (D.12) of Chapter IV. 

Other processes involving more than two photons can also be treated. 


b) NONRESONANT PROCESSES 


The equality of the transition matrix elements M,, and M;, given by 
(7.b) and (17.b) for the one-photon transitions and Q,, and Qj, given by 
(15.b) and (18.b) for the two-photon transitions and derived from the 
Hamiltonians A - p and E - rr is only valid at resonance. The direct proof 
in §B,,.2 above rests on the use of Equation (19) and on the resonance 
conditions (3.a) or (3.b), which express the conservation of energy. Recall 
also that the general reasoning of Part D concluded with the identity of 
the transition matrices on the energy shell. 

What happens when one goes away from resonance? One can easily 
imagine, for example, that an atom is excited from a state a by a photon 
hw which does not have the requisite energy fw,, to transfer the atom 
into an excited state b. If the states a and b are stable, the transition 
probability per unit time (33) is zero when w # w,, because of the delta 
function. If level b is unstable and has a width I, it can be tempting to 
generalize (33) by replacing the delta function 6“ (hw,, — hw) with a 
Lorentzian with width AI. However, such a step immediately leads to 
difficulty, since the matrix elements M,, and Mj, are not equal when 
w # w,, [see (20.a)]. The two lines of (33) are then not equal. Can one 
imagine, for an off-resonance excitation, nonidentical transition probabili- 
ties in the two approaches? 

The answer is clearly no. The use of the S-matrix to find the transition 
rate assumes implicitly that the duration of the interaction with the 
electromagnetic field has been sufficiently long so that the uncertainty in 
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the definition of its frequency will be smaller than I’. This implies that the 
duration of the process has been much longer than the lifetime of the level 
5. It is therefore incorrect in this case to calculate the transition probabil- 
ity into b, since the latter is disintegrating to other states, for example, by 
spontaneous emission. The real process then is not a one-photon transi- 
tion to an unstable state b, but rather a two-photon Rayleigh (Figure 3a) 
or Raman (Figure 38) scattering, the atom ending 1n a final stable state 


a’ (*). 


(f) 


Figure 3. Nonresonant excitation. In the complete process, the incident photon 
hw disappears and a new photon appears (a) at the same frequency (Rayleigh 
scattering) or (8) at a different frequency (Raman scattering). 


In seeking to define in a precise experimental fashion the absorption of 
a nonresonant photon, we are then led quite naturally to substitute for a 
nonresonant one-photon process a two-photon process conserving energy, 
for which we know that the transition probabilities are identical in the 
A - p and E - r approaches. It would be incorrect in this case to calculate 
the nonresonant one-photon amplitudes, since the “final” state in these 
amplitudes, that is, an atom in state d, is not a true final state, but rather 
an intermediate state. It should be also noted that the amplitudes associ- 
ated with the processes in Figure 3a and 8 involve a summation on all the 
intermediate states b. Even if a particular excited level is very near 
resonance, neglecting the other states would lead to erroneous predictions 
and different results for each representation. The nonresonant process 
being only one step in a higher-order process, it is not possible to state 
with certainty through which intermediate level the atom passes, and only 
the sum on all the possible “paths” has physical meaning. 


(*) An analogous problem is analyzed by G. Grynberg and E. Giacobino, J. Phys., B12, 
L93 (1979), and by Y. Aharanov and C. K. Au, Phys. Rev. A 20, 1553 (1979). 
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Another important, often studied example is the line shape of the 
25, /2-2 P, 2 hydrogen transition (*). We review the experimental situation 
briefly. Hydrogen atoms initially in the metastable 2s, ,. state are sub- 
jected to a microwave with frequency w near that of the 2s, ,.-2p, , 
transition, w,. The microwave resonance is detected by the Lyman-a 
photons spontaneously emitted in the 2p, ,.-1s,,. transition. As stated, 
the experiment seems to involve only the states 25,,. and 2p,,.. A 
calculation limited to these two states does not, however, give the same 
results in the two representations A - p and E - r for the line shape, that is, 
for the variations with w — w, of the 2s, ,.-2p,,. transition probability. 
This anomaly is due to the fact that the 2 p, ,. state is not a true final state, 
but an intermediate state among others in a two-photon resonant process, 
which consists of an induced emission of one photon w and a spontaneous 
emission of one photon w’ with frequency near that of Lyman-a, the 
resonance condition being Aw + hw’ = E(2s, ,.) — E(1s,,2), as shown in 
Figure 4. Even if the 2p, ,. level appears to have a major importance in 
the two-photon emission process, it is wrong to neglect the contribution of 
the other intermediate np levels (**). 


2 S142 


2 Pry 


5} f2 


Figure 4. The nonresonant transition between the 2s,,, and 2p, ,) states, the 
Lamb transition. The stimulated emission of the microwave photon fw is accom- 
panied by the spontaneous emission of the ultraviolet photon hw’. 


(*) This problem was raised by W. E. Lamb, Phys. Rev., 85, 259 (1952). 
(**) See Z. Fried, Phys. Rev. A, 8, 2835 (1973). 
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COMPLEMENT C,, 


INTERACTION OF TWO LOCALIZED SYSTEMS OF 
CHARGES FROM THE POWER-ZIENAU-WOOLLEY 
POINT OF VIEW 


The Power—Zienau—Woolley transformation has been presented in 
Chapter IV for the case where the positions of all the charges are 
measured from a single point of reference, taken as the origin. The 
generalization to the case of two subsystems “, and %,, spatially 
separated and localized about two different points R, and R, respec- 
tively, presents no difficulties. We give in this complement the 
Power-—Zienau—Woolley Hamiltonian for such a system with the assump- 
tion that Y, and Y, are both globally neutral. The essential motivation 
of this complement is to show that in this new Hamiltonian, all the terms 
describing instantaneous interactions of the particles of Y, with the 
particles of SY, have vanished. The two systems interact solely via 
retarded fields: the displacement and the magnetic field. 


1. Notation 


The charges of the system “,, denoted by index a, are grouped about 
point R,; their positions with respect to this point are denoted s,: 


s =r, — Ry. (1) 


Similarly, the charges of the system Y,, denoted by index £, are confined 
about R z, and their positions with respect to this point are denoted s,: 


Sz =, — Rz. (2) 


The charge distribution of .%, can be described by its total charge in R ,, 
which we have assumed zero, and by its polarization density 


P(r) os | du Ya Sy or — R, —u S,) (3) 


which generalizes (C.2). The longitudinal electric field created by Y, is 
given by (C.11): 


B40) = — = Pai) (4) 


Analogous expressions can be written for the polarization P,(r) of the 
system “, and for the longitudinal electric field created by Fz. 
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The total polarization density P(r) is the sum of the polarizations 
relative to Y, and S;: 
P(r) = P,(r) + P,(r). (5) 
Likewise, the total magnetization density is the sum of the contributions 
of Y, and F;: 


M(r) = M,(r) + M,(r). (6) 


2. The Hamiltonian 


In Part C of this chapter, we have derived the Power—Zienau—Woolley 
Lagrangian (C.26) by adding dF‘/d? to the Lagrangian in the Coulomb 
gauge, F being given by (C.20): 


Pac | d3+ P(r) + A(r). (7) 


In this case, with two localized systems of charges, it is necessary to use 
the same transformation, but P(r) is now the total polarization given in 
(5). All the results gotten there remain valid under the condition that we 
replace P(r) and M(r) by their expressions (5) and (6). We get, in 
particular, for the Hamiltonian the following generalization of (C.37): 


1 ; 2 
H,. = Ys | Pa — | udu q, B(R, + us,) x .| + 


a 2m, 0 
2 
B B 


0 


TM, + Piz~tPgsl 
+ py + & c? k? | SA P [+5 ECoul eo ECout 1 
a B 


Eo 
Y Y Gp 4p YE dp (8) 
ae 4 Reg |T, — Ty | pap 4 ME |Tz — Fp | ap + ME |K, — Tel 


The different terms of H’ can be regrouped as follows: 
Hy = Hay + Hi + HE + fy + HE + V42 0) 


Hp, is identical to the Hamiltonian (C.39). Hj, and H;;, are the copies 
of the interaction Hamiltonian (C.40) for the systems Y, and %, respec- 
tively. Likewise, H/,, and HZ,. are the respective Hamiltonians of the 
particles in Y, and ¥,, given by expressions analogous to (C.38). The 
only new term is 


da Up 
fe, = Tel 


1 
AB _ 31  - PX 1 Pt. —P y 
V 5) Ey {a k[ LA LB + LA tpl + a 476, (10) 
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This is the sum of a self-energy term for the transverse polarization and 
the Coulomb interaction energy VZ?, between the charges of “, and 
those of Yp. 

We are now going to show that V4? is identically zero. To this end, 
note that the final term of (10) can be written 


AB __ Tot AA BB 
V oul = Vcout a Voout = V cout 


é 
a d°r[(Ey 4 ae E ys)” ca Ej, = Eis] 


= fo fer Ey = E\,- (11) 
Using (4) and the analogous expression for E,,, we get finally 
Veout = a Pua’ Pip (12) 
0 
with the result that (10) can be written in real space as 


y4s 


= favre Pi p(t) + Py) ° Pi a(t) | 


= Z [erry Pyle, (13) 


Since P,(r) is rigorously zero outside “,, and P,(r) outside .,, we see 
that V4? reduces to a contact term which is zero when the distance 
|R, —R,] is greater than the sum of the radii of the two systems of 
charges. Thus, in the new approach, there is no longer an instantaneous 
Coulomb interaction between two separate, globally neutral systems of 
charges. The interaction between these systems is only via the fields B(r) 
and II,.(r), which propagate between the systems with finite velocity c. 
(Recall that outside a system of charges, II,. corresponds to the total 
electric field to within a factor —€,). 


Remark 


The results above can be generalized to the case where the systems of charges 
SF, and £, are not globally neutral. It is then necessary to add to V4? the 
energy of the polarization density of , in the static field produced by the 
reference distribution py), of “%, and the symmetric term, as well as the 
Coulomb interaction energy between the reference distributions p), and poz. 


D,y-1 The Poincare Gauge 331 


COMPLEMENT D,, 


THE POWER-ZIENAU-WOOLLEY TRANSFORMATION 
AND THE POINCARE GAUGE 


We are going to show in this complement that when the polarization of 
the system of charges is defined with respect to a single reference point, 
the Power—Zienau—Woolley transformation reduces to a gauge change 
from the Coulomb gauge (V - A = 0) to the Poincaré gauge, in which 
A’(r) is everywhere orthogonal to r. Furthermore, in this new gauge, A’ 
and U’ can be simply expressed as functions of the B and E fields. The 
expressions for A’ and U’ generalize the expressions A = B, X r/2 and 
U = —r- Ep, valid for uniform static fields B, and Ep. 


1. The Power-—Zienau-Woolley Transformation Considered as a Gauge 
Change (*) 


In a gauge transformation defined by a function x(7, ¢), the potentials 
become 


A’(r, t) = A(x, t) + Vy(r, 2) (1 .a) 
U(r, t) = UG, t) - £ ur, ae (1 .b) 


The Lagrangian is also transformed and becomes [see (B.11)] 
; d 
L=L+ dt be qa Wes 0 . (2) 


We know, in addition, that the Power—Zienau—Woolley Lagrangian can 
be derived from the standard Lagrangian L in the Coulomb gauge by the 
transformation (**) [see (C.20) and (C.22)] 


jae oe ¢ d3r P(r): A, (nr). (3) 


By using (C.2) for P(r) we get 


U=L- oa dur,» Ay(t, ¥). (4) 


(*) R. G. Woolley, J. Phys., B7, 488 (1974); M. Babiker and R. Loudon, Proc. Roy. Soc., 
A385, 439 (1983). 
(**) We reintroduce the notation A, , since in the Poincaré gauge A’ is no longer 
transverse. 


332 Other Equivalent Formulations of Electrodynamics D,y-2 


It is clear that (2) and (4) can be made identical if one takes for x(r, t) the 
following function: 


1 
xr, t) = — | dur - A,(ru). (5) 
0 

[The dependence on ¢ of the function x(r,¢) is associated with the 
temporal variations of the dynamical variables A , (r).] Note that we have 
introduced the gauge function (5) by using the definition of the polariza- 
tion (C.2) valid for a system of charges referred to a single reference point 
(the origin). In the case where the system of charges involves several 
subsystems localized about several different points R,,R,,... (as for 
example in Complement C,,), the proof above cannot be generalized. The 
expression which generalizes (C.2) is then 


1 
P(r) = | du Gulla =< R,) o[r — R, ~ u(T, _ R,)] a 
* /0 


+ | du Gg(¥p — R,) 6[r — R,; — u(T, - R;) | ++ (6) 


where the index a designates the particles localized about R, and the 
index # those localized about R,. When one substitutes (6) in (3), one 
discovers, because of the multiplicity of reference points, that the match- 
ing of (2) and (3) is no longer possible. The Power—Zienau—Woolley 
transformation reduces to a gauge change only if all the charges are 
localized about a single reference point. In this complement we treat only 
that situation. 


2. Properties of the Vector Potential in the New Gauge 


In the new gauge, the vector potential 1s no longer transverse, since we 
find using (1.a) and (5) the following expression for A’: 


1 
Ai(r) = — v| dur - A, (ru). (7 .a) 


0 


The transverse part A, of A’ remains unchanged: 
A‘ (r) = A,(r). (7 .b) 
We take now the scalar product of r and A’, 
r-A(r)=r- A.) +1r- Air) 
1 
=r-A,(r) — | du(r - V) (r - A,(ru)). (8) 


0 
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To transform (8) we use the identity 
G 
ua” f(ru) = (r > V) f(ru) (9) 


which allows us to rewrite (8) in the form 


r* A‘(r) 


r:Aj(r) — | du (1 - V) (ru + A, (rw)) 


0 


1 
r-A,(r) — | as - A (ru)]. (10) 
. Ou 
The integral in Equation (10) is found immediately; its value[—r- A , (r)] 
exactly cancels the first term of (10), so that 


r- A‘(r) = 0. (11) 


It thus appears that the new vector potential is everywhere perpendicu- 
lar to the vector r. The new gauge, called the Poincaré gauge (*), appears 
in some ways as Symmetric with the Coulomb gauge: in the former, 7 (k) 
is normal to k at every point k, whereas in the latter, A’(r) 1s normal to r at 
every r. 


3. The Potentials in the Poincaré Gauge 


A major interest in the Poincaré gauge is that the potentials are easily 
expressed as a function of the magnetic field B and the electric field E. We 
are going to show that 


Ar) = — | udur x Bru) (12.a) 


0 


1 
U'(r) = — | dur + E(ru). (12.b) 
0 

It is already interesting to note that these potentials generalize the 
well-known potentials for a uniform magnetic field Ay = —r X B,/2 and 
a uniform electric field U, = —r- Ep. It is also clear that (12.a) satisfies 
the orthogonality relation (11) between A’ and r. 

We now detail the process for getting (12) from (1) and (5). First of all, 
consider the scalar potential. In the Coulomb gauge, 


E,(r) = — VU(r) (13) 


(*) B. S. Skagerstam, Am. J. Phys., 51, 1148 (1983). 
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U(r) can thus be gotten to within a global constant, as the line integral of 
—E, along the line joining the origin to r: 


U(r) = — | d(ru) - E, (ru). (14) 
0 


Using (1.b), (5), (14), and the fact that EE, = —A_, , we get 


U'(r) = — | dur + E,(ru) — | dur - E, (ru) 


0 


dur + E(ru). (15) 


ll 
| 
2 


0 


We now examine the vector potential and find first the gradient of x 
which appears in (1.a) for A’: 


Vxy(r) = — v| dur + A, (ru) 


0 


— | du A, (ru) — r| dur, VA, (ru). (16) 
t Jo 


0 


Integration of the first term of (16) by parts gives 


1 l 1 
— | du A, (ru) = — uA, (ru) +| du UZ A(ru) 
0 ) 


0 


1 


= — A,(r) + | du(r - V) A, (rw) (17) 


0 


where the second term has been gotten using (9). We now use (1.a), (16), 
and (17) to get A’. Since the first term of (17) cancels the first term of (1.a), 
we obtain 


A'(r) 


| du ( - V) Aj (ru) — » rj v4) 


8) 


— | dur x (V x A,(rwu)). (18) 


0 
It suffices then to note that 


V. x A.(ru) = uV,, x A, (ru) = uB(ry) (19) 
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to get finally 


A‘(r) = — | udur x Bru) (20) 


0 


which is the expression sought (12.a). 


Remark 
It is possible to show directly from Equations (12) that 
V x A(r) = Bir) (21.a) 
— VU(r) — A(n) = E(n). (21.b) 


The vector and scalar fields A’ and U’ then define a gauge. In addition, it is 
clear from (12.a) that A’(r) is everywhere orthogonal to r. We will show that this 
latter condition uniquely defines the Poincaré gauge to within a constant. 
Assume that another gauge {A”,U”}, related to the first {A’,U’} by the 
function x’, has the same property. The relation A” = A’ + Vy’, along with 
A” -r = 0 and A’ - r = 0, shows that 


r- Vy =0 (22) 
which gives in spherical coordinates 
Ox 
ra 0. (23) 


The function x’ at any point in space is then equal to its value at the origin and 
thereby reduces to a constant. 
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Exercise 1. 


Exercise 2. 


Exercise 3. 


Exercise 4. 


Exercise 5. 


Exercise 6. 


Exercise 7. 


Exercises E,-1 


COMPLEMENT E,, 
EXERCISES 


An example of the effect produced by sudden variations 
of the vector potential. 

Two-photon excitation of the hydrogen atom. Approxi- 
mate results obtained with the Hamiltonians A - p and 
E -r. 

The electric dipole Hamiltonian for an ion coupled to an 
external field. 

Scattering of a particle by a potential in the presence of 
laser radiation. 

The equivalence between the interaction Hamiltonians 
A-p and Z-(VV) for the calculation of transition 
amplitudes. 

Linear response and susceptibility. Application to the 
calculation of the radiation from a dipole. 

Nonresonant scattering. Direct verification of the equal- 
ity of the transition amplitudes calculated from the 
Hamiltonians A- p and E -r. 


1. AN EXAMPLE OF THE EFFECT PRODUCED BY SUDDEN VARIATIONS OF THE 
VECTOR POTENTIAL 


Consider an atom located at R = 0 and whose states la), |b>,... have 
energies FE, E,,.... 


a) This atom interacts with a field whose vector potential at R = 0 is 


A,(0, t) = A(t) e, cos wt (1) 


with A(t)=0 for t< —T/2 and t>T/2 and A(t) =A, for 
—T/2<t< T/2. Find the transition amplitude from |a) to |b), 
U,(T'/2, —T'/2), to first order in the field, using the Hamiltonian 
—(q/m)p- A,(0, t). One takes T’ > T. 


5) Assume now that the atom interacts with the electric field 


E{(0, t) = wA(t)e, sin wt. (2) 
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Find the transition amplitude U,,.(7T’/2, — T’/2), to first order in the field 
using the Hamiltonian —gqr - E7(0, f). 


c) Show that at time t= —T7’/2, the ket |a) represents the same 
physical state from both points of view. Show that this same property is 
also true for the ket |b) at T’/2. Compare the transition amplitudes 
calculated in a) and b). Why are these different when w # w,,? 


Solution 
a) Applying first-order, time-dependent perturbation theory, we find in the interaction 
representation 


T/2 
T° T° l q 
— — ene — — oe A 1@pat 
US >| Al )<oip.la> | are COS wt 


= =(- 4) < ole, Ja) Ao( ee — w) T/2 " sin (w,, + @) 7). 


ih (W,, — @) (w,, + @) 


b) Proceeding in the same fashion with the Hamiltonian — qr - E,(0, ¢), we find (3) 


T/2 


_f{T' | hae ee ee 
US. tS) R- O<blzla>ady| dee sin wt 


(4) 


c) At times —7’/2 and T’/2, the vector potential A,(0, ¢) is zero. The operator p/m 
then represents the velocity variable, and the particle Hamiltonian is associated with the 
same physical variable, the sum of the kinetic and potential energies, in both A- pandE-r 
descriptions. It then follows that |a) and |b) represent the same physical states in both 
approaches at — 7’/2 and T’/2. If A,(0, ¢) and E‘(0, ¢) correspond to the same field, the 
transition amplitudes U,,.(7'/2, —T’/2) and U,,(T’/2, —T’/2) should be identical from 
(A.47), whatever w is. 

Now, if we transform (3) using (B.43) relating the matrix elements of p, to those of z, we 
find 


T’ T’\ sq sin(w,, — @) T/2 | sin(w,, + w) T/2 
Un 5 FZ) =~ EC bl 21a) ty Aa( Ae — OT? 4, Sine + OFT?) (3) 


_ 4 - sin(@,, — @)T/2  sin(@,, + w) T/2 
7 fc blz1a> oof (@,, — ®) (M4, + @) 


which obviously does not coincide with (4) when w,,,  w. This difference is a result of the 
fact that A.(0, ¢) and E‘,(0, t) do not represent the same field. More precisely 


E(0, 1) # — A,(0, 1). (6) 


The difference between — A, and E’, arises from the discontinuities of A,(0, 1) at — 7/2 and 
T/2, which introduce into A, the functions 8(t + 7/2) and 6(t — T/2). The field E,(0, 1) 
associated with A,(@, ¢) is written 
E(0, 1) = E,(0, t) + Ay e, (6(¢ — T/2) — d(t + T/2))cos wT/2. (7) 
The second term of (7) gives a contribution U;,’,(T'/2, — T’/2) to the transition amplitude, 
equal in first order to 
ne = ova T wT 
unl. — 5) = = (- q)< b|z|a) do(2i sine, 5 Joos SP 


= — <b|z|a)> Ao[sin(w,, — w) T/2 + sin(@,, + ©) T/2] (8) 
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which one can then write 


ee ae a T’\ | q - On, —~ OO. 
ui(Z. 5) aa <bl|zla) Ao] oe = = ID (ba w) T/2 + 


Dp, +O... 
ba) Se T/2|. 
err ao (w,, + @) | (9) 


By adding (4) and (9), one finds a result identical to (5). This shows that the transition 
amplitude is the same in the two approaches at resonance and off resonance provided that A, 
and E, correspond to the same physical field. 


2. TWO-PHOTON EXCITATION OF THE HYDROGEN ATOM. APPROXIMATE 
RESULTS OBTAINED WITH THE HAMILTONIANS A- P ANDE-R 


The purpose of this exercise is to compare various approximations used 
in the calculation of the two-photon excitation probability of the 
metastable 2s level of the hydrogen atom from the ground state 1s. 

One recalls that when an atom interacts with an incident wave of 
frequency w, it can be excited from a state |a) to a state |b) when 
E, — E, = 2hw. The transition amplitude ts proportional to an effective 
matrix element whose form in the case of a wave polarized along the 
Z-AXIS 1S 


Colzlr><rizlaD 


a=, ae 
Or, = q 2, Orr Ora h(a _ @,,) d .a) 
in the A - p picture, and 
Cblzlr><rlzla> 
0,,= - 97 oY} (1.b) 


h(m — @,, 


in the E-r picture (see §B,,.2). The values of Q,, and Q,, are equal 
when one sums over all the intermediate levels |r), but can be different if 
the sum is limited to a finite number of intermediate levels. It is then 
important to know which result is closest to the exact result. 


a) Show that the only discrete states which contribute to the sums (1.a) 
and (1.b) in the case of the 1s—2s transition are the np, m = 0 States (one 
ignores the electron spin here). 


b) Evaluate the contribution of the discrete state np, m = 0 to the 
sums (1.a) and (1.b). One writes this contribution in the form 


2 
CO 
iad ‘a an ne ae Ji (2) 


for the sum (2.a), and in analogous fashion where J, is replaced by J, for 
the sum (2.b) (a, is the Bohr radius, and E, the ionization energy of the 
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hydrogen atom). Express the dimensionless quantities J; and J, as 
functions of n and of the radial integrals 


arr r? RAr) Ry) = ay Ro (3) 


involving the hydrogen radial wave functions (see the end of the statement 
of this exercise). 

c) Compare the approximate values obtained for Q,, and Qj, taking 
into account only one intermediate state, 2p, or the two intermediate 
states 2p and 3p. Compare these approximate values with the exact value 
taking into account all of the iniermediate states in the discrete and 
continuous spectrum (*), 


2 
; @ 
?0,,, a Osa ras re T 35 % x (11,8) . (4) 


d) A frequently used approximation to find the sums appearing in (1.a) 
and (1.b) involves replacing all the energy denominators A(w — w,,) by a 
single one, which will be denoted by xE,, where x is a dimensionless 
quantity. Show that Q), and Q,, are then respectively proportional to 
(2s|r7\1s) and (2s|p*|1s). 

Take x = —0.5. Is this a reasonable choice? Now find Q,, and Q,,, 
and compare the results with the exact result. 


Data for the hydrogen atom: 

— The energy of a state nlm: E, = —E,/n’. 

— A few radial wave functions: 
Ryo(t) = Aag)” 3? e-7! (5.a) 
Ryo(r) = 22 ag) *'? (1 — (7/2 ap) 07%. (S.b) 


— A few radial integrals (**): 


a a 


n (n al 
R" = 24 y iia (6.a) 
n—3 
RF = 2(n? — ciel al pour n#2 ~~ (6.b) 


De 4 Ga 


— 3/3. (6.c) 


(*) F. Bassam, J. J. Forney, and A. Quattropani, Phys. Rev. Leit., 39, 1070 (1977). 


(**) H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-Electron 
Atoms, (§63), Springer-Verlag, New York, 1957. 


21 
R56 


I 
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Solution 

a) The vector operator r can only couple an s-level (/ = 0) to a p-level (/ = 1). The 
levels r of the sums (1.a) and (1.b) are then necessarily the p-levels. The calculation of the 
matrix element (7|z|a) is broken up into a product of a radial integral and an angular 
integral which is nonzero only for m= 0. More precisely, in the case of a discrete 
intermediate level, 


«r|[zla> |? dr dQ R,,,(r) Y7(6, p) r cos 6 Ry (rv) YE(6, @) 


ni 
[ar rP Rin) Ry) [aa Y™(0, p) cos 6 (8, ~) = — 963 (7) 


In an identical fashion, we find 


Chie = Fes. (8) 


/3 
b) The contribution of an intermediate level to the sum (1.b) is 


22 KOlzir><rizia>d (9) 


h(w — 0,4 


Q,(7) = — 4 


The product of the matrix elements is calculated from (7) and (8). To find the energy 
denominator recall the two-photon resonance condition 


Qo =~“ +B = 55, (10) 


Hence hw = 3E,/8. With hw,, = —(E,/n*) + E;, we can write (9) in the form 


az R") Rt 
OOS gO a (11) 
3 Ey 5 1 
—3R 
Comparing this expression with (2), we get 


(12) 


Between an element of the sum (1.b) and the corresponding element of the sum (1.a), there is 
a multiplying factor (w,,w,,/w*). The relationships E, = —E,/n? and hw = 3E,/8 permit 
the calculation of the factor 


On, Org __ E; 1 1 Py fey (iced ae (13) 
Wo Rata wile) TNS) ae) 


and lead to 
f8\> 71 l l 
= — 43) (3-)('- 2) a 


c) To calculate J, and J? (n being 2 or 3), we calculate the necessary radial integrals 
using (6.a) and (6.b). We find R?} = 1.29, Rij = 0.52, and R35} = 3.06, R5} being given by 
(6.c). Substituting these values in (12) and (14), we find Jj = 17.9, Jj = —3.1, J, = 0, and 
J; = 2.7. 

These results are given in the following table, which includes also the contribution of the 
other intermediate np levels in order to clarify the discussion. 
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The contribution of the intermediate levels to the two-photon 
transition amplitude between the 1s and 2s levels 


A-p E-r 
Hamiltonian Hamiltonian 
Exact result 
(including continuum) 11.8 11.8 
1 intermediate level, 2 p 0 17.9 
2 intermediate levels, 2 p, 3p a 14.8 
3 intermediate levels, 2p,3p,4p 3.6 14.1 
10 intermediate discrete levels, 
2p,3p,...,llp 4.5 13.5 


It is clear from this table that, if a partial sum is used, the most satisfactory results are gotten 
from the E - r Hamiltonian. For example, Jj + J; differs from the exact result by only about 
25%. Note that in the E - r description the contribution of the 2 p level has a sign opposite to 
that of the more excited states. In this description, the sum on all the discrete levels is equal 
to 13.4, the contribution of the continuum being equal to — 1.6. 

With the A - p Hamiltonian, the sum on two intermediate levels leads to a very poor 
result, differing from the exact result by about one order of magnitude. Even if one takes into 
account all the discrete levels, the result (4.7) is still far from the exact result. This comes 
from the contribution of the continuum (7.1), which is predominant in this representation. It 
is related to the factor w,,w,,/w*, which favors the highly excited states and causes a much 
slower convergence in the summation over the intermediate levels. 


d) When all the energy denominators are replaced by xE;, Q;,, becomes 
2,2 
fay sca : 2 
Qe = — Seb ele <rizia> 


ee 


“2 2 
$e cbltlay = - (GEC (15) 


since the levels |b) and |a) are s-states and thus rotationally invariant. To use the closure 
relation in an analogous way for the case of Q,,,, it suffices to express the matrix element 
(r|z{a) as a function of (r{p,{a) using (B.43). We find then 


_—@ oe CPlelr><ripla> 
Oe ae ee h(w 7 Dra) 
2 


2 


ej eee es 2 
ie Pe el Be le) axe 1a (16) 
or finally 


2 2 
) 2q ( \ (4 2a et ( F ) 
roe, meee Peterman ay Se [ee ee A 17 
Cre (; E,/ 4 1&q mx . / 3 =) x r|% “0 
since the matrix element of H, = (p’/2m) — (q7/4m&q7) is zero between the orthogonal 1s 
and 2s states. 


For the discrete intermediate levels, the energy denominators vary between — 2£, for 
n=2 and — 2E, for n= oo, the value —0.5E, being a reasonable compromise. Note 


l 


r 
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however that this approximation overestimates the contribution of the continuum intermedi- 
ate levels, for which the denominators have a modulus greater than 2 E, (and a fortiori than 
0.5E;). 

By taking x = —0.5 and using the radial wave functions (5.a) and (5.b) we find from (15) 


and (17) 


(60) 
Oba = — F 55M (6,0) (18.a) 
I 
~_ g@lig 
QO, ~ — 4 7 4 * (23,8) . (18.b) 
I 


If one compares these approximate results with the exact result (4), one sees that the 
amplitude gotten in the E - r description is two times too small, while in the A - p description 
it is two times too large. In both cases, the use of a unique energy denominator increases the 
contribution of the most excited intermediate levels and most particularly that of the 
continuum. In the E - r representation, the contribution of these levels has a sign opposite to 
that of the predominant 2p level. It is then reasonable that the result in this approximation 
will be smaller than the exact result. On the other hand, in the A - p representation, the 
contributions being of the same sign, one overestimates the result by taking a single value 
0.5E£, for the energy denominator. It is of course possible, knowing the exact result, to 
improve the approximation by changing the denominator, but the choice, a prion, of a 
denominator twice as large or twice as small is rather arbitrary. 

In conclusion, for the precise problem studied in this exercise, the best approximation 
consists of making the calculation with the E - r Hamiltonian and retaining the first discrete 
intermediate levels as seen in the table. 


3. THE ELECTRIC DIPOLE HAMILTONIAN FOR AN ION COUPLED TO AN 
EXTERNAL FIELD 


The purpose of this exercise is to show that if a localized system of 
charges coupled to an external field is not globally neutral, as in the case 
of an ion, then new terms appear in the electric dipole Hamiltonian which 
can be used to describe the system. These terms describe the coupling of 
the global motion of the ion’s charge with the external field. 

The various particles a with charge g,, and mass m, for an ion with 
total charge 


Q=) 4, (1) 
are localized about the center of mass 


R =a Lm, (2.a); M = im, (2.b) 


of the ion in a volume of dimension a. The ion interacts with an external 
field described by the vector potential A,(r,, 7). The long-wavelength 
approximation (A > a) involves replacing A,(r,,7) by A,(R, 7) in the 
ion’s Hamiltonian, which is then written 
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H() = D5 [h, — 4 ALR OY + Veou 3) 


a a 


a) Consider the unitary transformation 


T(t) = exp | — 29 g(r, — R) > AAR, at = exp — id ALR, 0 
(4) 


where 


d = > q.A¥, ~~ R) (5) 


is the electric dipole moment of the ion with respect to the center of mass. 
Find 7(t)p,7*(t). One should take into account the dependence of R on 
r, in 7(t), but neglect the spatial derivatives of A(R, ¢), which introduce 
higher-order corrections in a/AX. 

b) Find the Hamiltonian H’(1) which describes the temporal evolution 
in the new representation. What is the physical interpretation of the new 
terms which appear, beyond those for the globally neutral system (Q = 0)? 


Solution 

a) Equations (4) and (5) generalize Equations (3) and (4) of Complement A,,. Rather 
than being referred to a fixed point taken as the origin, the various charges g, are now 
referred to the center of mass R. Since R appears in (4) for T(t), and since R depends 
through (2.a) on r,, which does not commute with p,, Equation (2) of Complement Aj, is 
not applicable and must be replaced by 


T(t) p, T*(t) = p, + MT) * ~V,, T*(t) 
m 
= Px + G2 AAR, 1) — Dd 7g AAR 1) 


=P, +4, A(R, 1) ~ Sm, ALR, 1). 6) 


We have used (1) and neglected the terms arising from V,,A-(R, ¢), which are of higher order 
in a/X. 

b) The Hamiltonian which describes the temporal evolution in the new representation is 
equal to 


H(t) = T(t) H(t) T*(t) + nf TO | T*(t). (7) 


Equations (3) and (6) give 


2 
T(t) H(t) T*(t) = Yeo |. _ £m, A(R, a za V cout 


Vou -ZP-AR +2 AR)  @) 
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where 


P=)'P, (9) 


is the total momentum of the system of charges. For the last term of (7), a calculation 
analogous to that of Complement A,y gives, using (5), 


if SO |r (t) = Y at —R)-A,(R,1) = — d-ER,1). (10) 


Finally by adding (8) and (10), one gets 


2 
H() = YP + Voom — a: E(R, 1) - SP - A(R, 1) + 555 — AR, 1). (11) 


The last two terms of (11) are in addition to those of Equation (8) of Complement A,,. They 
exist only for an ion and go to zero if Q = 0 (neutral atom). They depend only on the 
variables R and P of the center of mass. They describe the interaction of a fictitious particle 
of mass M, charge Q, position R, and momentum P with the external field A,. 


4. SCATTERING OF A PARTICLE BY A POTENTIAL 
IN THE PRESENCE OF LASER RADIATION 


A charged particle, scattered by a static potential V(r) and simultane- 
ously interacting with laser radiation, can absorb (or emit in a stimulated 
fashion) many laser photons in the course of the scattering process. The 
purpose of this exercise is to show how the Henneberger transformation 
allows one to calculate such processes simply in the lowest order in 
Vir) (*). 

A particle with mass m and charge q interacts, on one hand, with a 
static potential V(r) localized about the origin, and on the other hand with 
incident monochromatic radiation taken as an external field. This latter is 
described by the vector potential A,(r,¢), the scalar potential U-,(r, t) 
being zero. One neglects the interaction of the particle with the vacuum 
field and considers only the interaction with the incident radiation, whose 
wavelength is assumed long compared to the range of the static potential 
V(r). The particle Hamiltonian is then written, within the long-wavelength 
approximation, 


_ I 2 
H= am [p — gA,(0, t)]? + Va) (1) 
with 
A,(O, t) = A, cos wre, (2) 


the incident radiation having amplitude A,, frequency w, and polar- 
ization e,. 


(*) See Y. Gontier and N. K. Rahman, Lett. Nuevo Cim., 9, 537 (1974), and N. M. Kroll 
and K. M. Watson, Phys. Rev. A, 8, 804 (1973). 
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a) Carry out the unitary transformation 


T(t) = exp[iF(t)/h | (3 .a) 

with 
F(t) =p: &(t) + Z| A2(0, t’) de’ (3.b) 
E(t) = — ciel sin wt e, . (3 .c) 


Let (~(t)) and [~(t)) = T(t)|b(t)) be the state vectors describing 
respectively the state of the system in the original representation and in 
the new one. Give the Hamiltonian H® describing the evolution of 
|\~p(t)). Show that H® can be written 


2 
DA = Fa 7, 4 
Ht) 5 t VO (4) 
and give the expression for V(r, f). 


b) Interpret §(t) physically. Derive a “geometric” interpretation for 
the transformation (3). What is the physical significance of the operator r 
(multiplication by x, y, z) in the new representation? 


c) Expand the new potential V(r, ¢) in a Fourier time series of the form 


V(r, t) = y e mor V ir). (5) 


n=—-® 


Give V(r) as an integral involving the spatial Fourier transform ¥(k) of 
V(r) and the Bessel function of order n, J,. Recall that 


+ 
e iasing es 2 J (a) ae ing (6) 


d) We are interested here in the static part V(r) of the expansion (5) 
for V(r, t). In addition, we limit ourselves to the Coulomb potential 
V(r) = —q?/4aeor. 

Using the Poisson equation, find the charge distribution which one can 
associate with the potential V,(r). One can use the relationship 


J (au) “du =< VF — (7) 


r es ¢ Lol < lel 
~e 0 if |a| <b]. 


What is the physical interpretation of the result? 
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e) Consider the problem of the scattering of an electron by the 
potential V(r) in the presence of the external field A,(r, t). The electron 
goes from an initial state with energy E, and momentum p, to a final state 
with E, and py. 

By applying the results of first-order time-dependent perturbation 
theory, show, starting with the expansion (5), that the possible final 
energies £, associated with a given initial energy £, form a series of 
discrete values labeled by an integer n. Interpret the result physically. 


f) Calculate, to first order in V(r), the scattering amplitude associated 
with a given transfer of energy and momentum. What happens to the 
elastic scattering amplitudes (E,= E;) and the inelastic amplitudes 
(E, # E,) when A, > 0? 


g) Starting with the preceding results, can you get, without calculation, 
an expression for the differential scattering cross-section (do/dQ),_, , for 
an inelastic process associated with one of the energies E, in the series 
defined in part e)? Relate this cross-section to the effective differential 
elastic cross-section (do/d{2), associated with an electron scattered by the 
potential V(r) in the absence of any external field. Do not try to calculate 
(do/dQ),. 


Solution 
a) Since F(t) depends on ¢, the new Hamiltonian H is written 


H®) = T(t) HT*(t) + in( $ r) T*(t). (8) 
Since dF /dt commutes with F, the last term of (8) is equal to 
~ Fe py - Lar0.0 (9) 
—that is, finally, from (3.c) and (2), to 
zs al = “Pp - A,(0, 1) — £4320, t). (10) 


In addition, 7(?f) is a translation operator for r: 
T(t) rT *(t) =r + &(4) (11) 
with the result that the first term of (8) is written, following (1), as 


l 
T(t) HT *(t) = 7, UP — qA(0, t)]? + V(r + &(2)). (12) 
Finally, the sum of (10) and (12) gives 
2 p* 
(27;) — F_ ; l 
H%) = 5— + V(r + 8) (13) 
The transformation 7(f) is nothing but the Henneberger transformation studied in §B.4, the 


last integral of (3.b) causing the term g*A2,(0, ¢)/2m to vanish in H®, This term is actually 
a c-number. 
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b) As we have seen in §B.4, &(7) represents the vibrational motion of the particle in the 
incident wave. In the new representation, the operator r represents the mean position of the 
particle, about which it effects the vibrational motion described by §(¢). Under the influence 
of the incident wave, the particle averages the static potential about the point r over an 
interval characterized by &(1). It is this effect which is described by the last term of (13). 


c) Let ¥(k) be the spatial Fourier transform of V(r): 
V(r) = oom iG k ¥ (k) e'* (14) 
Replace r by r + &(f) in (14), and use (3.c) and (6). This gives 


Vir + &(t)) = oO ap7 [a d°k ¥ (k) eM" exp( — joy -e, sin or) 


= Ye" V (4) (15) 
with 
YY l ik.r 
V(r) = Ont fox ¥ (k) Jk ° &) e . (16) 
where we have set 
A 
bp = “Se... (17) 


As a result of its vibration at the frequency w in the potential V(r), the particle “sees” a 
potential periodic in ¢ whose Fourier series expansion is given by (15). 


d) If Vir) = —q?/4meor, then ¥ (k) = —q7/(27)?/7e,k", so that from (16) 


V(r) = | d°k a Jo(k + Eo) e™. (18) 


q’ 

Ce: oy 
Let p9(r) be the effective charge density which creates, for the particle with charge q, the 
potential energy Vo(r), and let po(k) be the Fourier transform of p9(r). Poisson’s equation 

A(Y%/q) = —eo/€ is written in reciprocal space as py = egk*¥,/q, where Vo(k) is the 
Fourier transform of V(r). Since % is given by (18), one concludes that 


poll) = — Gaysedolk * bo) (19.a) 
and consequently 
pelt) = — 4G rea | dk el™ Ig(k, 0) (19.b) 


where £) = gA,)/mw is the maximum amplitude of the vibration. It is sufficient then to use 
(7) to get (“) 


1 
if O< jz] <& 


po (r) = —98(x) 8(y) x ¢ mye} - 2? (20) 


0 if O0< & < |z|. 


(*) W. C. Henneberger, Phys. Rev. Lett., 21, 838 (1968). 
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To interpret (20), we note that in its rest frame, the particle sees the charge —q creating the 
potential V(r) oscillating at frequency w along the z-axis with amplitude §). Equation (20) 
gives the apparent static charge distribution associated with this oscillating charge — g. It is 
clearly localized on the z-axis. In addition, the function of z given in (20) is just the classical 
probability density for finding the charge —gq at a point z on the z-axis, which clearly 
diverges at the turning points —) and &, since the velocity of the charge —q is zero at 
these points. 


e) From first-order time-dependent perturbation theory, the transition amplitude for 
going from an initial state |g,), with energy E; to a final state |y,) with energy E, is 
proportional to the Fourier transform of (q,| Vir, t)|~,) evaluated at the frequency 
(Ey — E,)/h. Since V(r, t) is a sum of exponentials e~'"*’, the transition amplitude will only 
be important for 


BE, = E; + nho (21) 


where n is an integer, positive, negative or zero. The case n > 0 corresponds to the 
absorption of n incident photons by the particle in the course of the scattering process, and 
the case  < 0 to the stimulated emission of n photons (*). 


. f) The scattering amplitude {p, = Ak,, E;} > {p, = hk,, E,} with the absorption of n 
incident photons is given by 
l = +T/2 
F | V alt) 1 QD eilEy— Ei— noo qy (22) 
Cae 


where 7 is the duration of the collision. The integral over ¢ in (22) gives 27hd'7)( Ee Ee 
nhw). As for the matrix element of V(r), it is proportional to 


Wk, — k,) JL, — kj) + &]. (23) 


As a result of the conservation of energy, k, and k; are connected by the relation 


h?k? = fi? k? 
paren 

a aa +nho. (24) 
The elastic scattering amplitude (£, = E,) corresponds to n = 0. Since J)(0) = 1, one gets, in 
the limit ) — 0, the Born amplitude ¥(k, — k;) with |k,| = |k,|. For n #0, J,(0) =0 
and the inelastic scattering amplitudes tend to zero with Ay as Aj. The presence of terms of 
arbitrary order in A, shows the nonperturbative character of such a calculation. 


g) Let (do/dQ2), be the effective differential cross-section in the absence of the external 
field. (do/d&2) is proportional to |¥(k, — k,)|? and to the density of final states, 
p( £, = £;). In the presence of an external field and for the process where n photons are 
absorbed in the course of the scattering, it is necessary to replace Y (k y — K,) by (23). On the 
other hand, since E, + E as a result of (24), the density of final states is different. Since 
e( £) is proportional to VE for a particle of mass m, one has then 


do do Ep 
ee (Su, - k)) J2[ 0k, — ki) * Eo] f# (25) 


(*) An experimental observation of this process is presented in A. Weingartshofer et al., 
Phys. Rev. Lett., 39, 269 (1977). 
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5. THE EQUIVALENCE BETWEEN THE INTERACTION HAMILTONIANS A : P 
AND Z- (VV) FOR THE CALCULATION OF TRANSITION AMPLITUDES 


Consider a particle bound near the origin by a static potential V(r). 
This particle interacts also with an external electromagnetic field described 
by a vector potential whose value at the origin is 


A(O, t) = A(t) e, cos wt (1) 


where A(t) is a slowly varying function of time. 
The Hamiltonian of this particle from the Henneberger point of view 
(see §B.4) is, in the dipole approximation, equal to 


HY _ +Vir + 470 t) +4 aro t). (2) 
2m m : 2m ; 


Since A(t) is assumed slowly varying, one can take 


Z(0,t) =~ — AO e, sin wt. (3) 


In what follows, we will split H® into a particle Hamiltonian 


_P 
H.= am + V(r) (4) 


and a Hamiltonian of interaction with the electromagnetic field: H; = 
H®) — H,. The purpose of this exercise is to show that the transition 
matrix element for one- or two-photon processes is, at resonance, the same 
in this representation as in the usual one where the interaction Hamilto- 
nian is A: p(*). 

a) Find the expansion of H; to second order in q. 

6) Using the commutator [ p,, H,], establish the equation 


(b|eVi/ez|a > = i@y, (5p, | a> (9) 


relating the matrix elements of dV/dz to those of p,. The states |a) and 
|b) are two eigenstates of Hy with eigenvalues E, and E,, and hw,, = 
FE’, — E,. Show that in the case of a resonant one-photon transition, the 
transition matrix elements are identical in the two representations. 


c) In the case of a two-photon transition, the transition amplitude is 
proportional to the matrix element Q,, of an operator connecting the 
initial level to the final level (see §B,,.2.a). In the A - p representation, 


(*) W. C. Henneberger, Phys. Rev. Lett., 21, 838 (1968). 
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this matrix element is written 


_(a\ ob l pir) <rlpsla) 
Qa = (4) i Wo=aj ©) 


Explain why this expression should be replaced by 


q (b|oV/dz|r><r|eViez|a> 1 
Oma -(6 ab fio — +3 (6 


ma : W,4) 


eV 
62? 


ki 
if the calculations are done in the Henneberger representation. 
d) By using Equation (5) and the commutator [ p,, 0V/dz], show 


directly that Q,, = Qf in the case of a two-photon resonant excitation 
(as a hint, look to the proof in §B,,.2.c). 
Solution 


a) The expansion of V(x, y, z + (q¢/m)Z,(0, t)) to second order in g, 


Os a? V(r) 


u(x y,z t+ “2.10, 0) = V(r) +— 47Z, (0, t) +5 *  22(0, t sa +: (8) 
gives for H; 
2 2 
Hi=4 £200, pow 5 1 770, ye as 4A 420, 1). (9) 
2m Om m 
b) One starts with the equality 
— ih oa = = [p,, Ho] (10) 


and calculates the matrix elements of si on of (10) between two eigenstates |@) and |b) 
of Hp: 
—ih< b| éVi/ez\a> = Cb [p,, Hol |a> =(E, — £,)¢ bla lad. (11) 


By dividing both sides of this equality by —if, one finds the required relationship (5). 
In the usual description, the transition amplitude S,, is proportional to M,, = 
— q(P-)pq/m [See (7.a) and (7.b), Complement B,, ]. In the Henneberger representation, one 
gets for the transition amplitude S,,, an expression identical to (7.a) of Complement Byy, but 
the matrix element involved is, using (3) and (9), 
a ) ; (12) 


Mist (i 

wm 
Actually, of the three terms of (9), only the term linear in g having a component oscillating 
in e~'** can induce a one-photon transition. Equation (5) yields 


W 
Mi = ——* 2 blp,1a> (13) 


which is clearly equal to M,,, at resonance (w,,, = w). 
c) In the new description, there are two contributions to the two-photon transition 
amplitude. The first involves the first term of (9) (one-photon operator) in second order and 


E> Exercises 351 


corresponds to the successive absorption of two photons through the intermediate states r of 
the atom. This contribution may be gotten by replacing —(¢/m) p.[A(tye '#*]/2 by 
(g/m aVv/ Az)[A(t)e ‘“']/2iw in Equation (9) of Complement Byy. Using (15) of the same 
complement thus leads to 


Hes <b| dViéz|r><r|eV/éz|a> 
[ony = (4)  aeaaae’ (mara (14) 


r 


There is a second contribution to the transition amplitude, which is provided by the second 
term of (9) (two-photon operator in first order) and which corresponds to a simultaneous 
absorption of two photons. The contribution S;’, of this term is gotten through first-order 
perturbation theory by retaining only the oscillatory component in e~ 7‘ in Z2(0, 1) and 


leads to 
—_ l q? a2V A(t) e~ iat 2 ot 
55, = ar 5} ame ( b pape a ) {(o— me € (15) 
from which we get 
2 Az 
" q ec 
(ony = - > S(0]S4la). (16) 


The last term of (9) does not contribute to the two-photon transition, since it is a c-number. 
The sum of (14) and (16) is the same as Equation (7) and describes the two-photon transition 
in the new representation. 

d) Denote by D’ the difference 


ee | - (=) y AO ee aD, cg 


h(w — ,,) h(w — o,,) 


r 


The identity (5) allows one to write D’ in the form 


1 Sp (Cor Pra Colp.lr><rip.la> 
se ee as * ae a 


Now, in the case of a resonant two-photon transition [see Equation (25) of Complement 
Biy I, 


D,, O,, — 07 = —(w—,,)’. (18) 


Substituting (18) in (17.b), one finds 
; l 
D' = -s 5) (@- o,) bla lr><ripla>. (19) 


Consider now the commutator 
OV .. OV 
po |= =U oe 20) 


and take the matrix elements of both sides of (20) between |b) and |a). We get 


DK lp. lr >< rl evjez|a> — <b eV/dz |r >< rl p,la>) = — ikh< b| a V/éz? |a). 


(21) 
Equation (5) allows one to transform (21) into 


(pq — Oy) (bl pir ><rlp,la> =< 61 e?V/dz? |a> (22) 
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which can again be written, since w,, = 20 — w,,, 
2) rq — ©) Cb pir ><rlp.la> = AC b|PVi[ez7 |a>. (23) 

Comparison of (19) and (23) then gives 
2V 
! a ) . (24) 


oz? 


1 
Cet cer OF 
. a 


Consider finally Q//, — Q,,,. Taking (6) and (7) into account and the definition (17.a) for D’, 


we have 
2 
01 — Qu = (4) [or - s(0 «)| (25) 


which from (24) is zero. 

Thus, it is theoretically equivalent to calculate a two-photon transition with Equation 
(15.b) or (18.b) of Complement B,y in the A - p and E - r descriptions or Equation (7) in the 
Henneberger description, as long as one carries out the summations over ai! the intermediate 
levels. It should be noted however that, as a result of the ratio —w,,w,,,/w* between the 
contributions of each intermediate level r in the first term of (7) and (6), the summation on 
the intermediate levels in the new description converges much more slowly that in the A - p 
description, which itself, for two-photon absorption processes between two bound states, is 
less well suited than the E - r description (see Exercise 2). 


eV 
éz? 


6. LINEAR RESPONSE AND SUSCEPTIBILITY. APPLICATION TO THE 
CALCULATION OF THE RADIATION FROM A DIPOLE 


Consider a system described by the Hamiltonian H, and whose equi- 
librium state is described by the density operator p,, (which commutes 
with H,). This system is subjected to a perturbation. 


Vit) = — A(t) M (1) 


where A(t) is a time-dependent parameter and M an observable of the 
system. The purpose of this exercise is to find the linear response (*) of the 
system to this perturbation as evidenced in the evolution of the mean 
values of other observables, and to apply the results to the electromagnetic 
field. 

Let p(t) be the density operator describing the perturbed system at 
time f. 


a) Find the equation of motion of the density operator in the interac- 
tion representation 


p;(t) = exp(iHy t/h) p exp(—iHy t/h). (2) 
as a function of the operator M in the interaction representation 
M,(t) = exp(iH, t/h) M(t) exp(—iH,t/h). (3) 


(*) See for example, P. Martin, in Many-Body Physics, Les Houches 1967, C. de Witt and 
B. Balian, eds., Gordon and Breach, New York, 1968. 
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6) Integrate the equation of motion for p, to first order in V by 
assuming that the system is in the state Peg at t = —oco. Show that the 
mean value of an observable N at time ¢ in the perturbed state, to first 
order in V, can be written 

+ 20 
CN PSG eg | dit" Ywalt — t’) A(t’) (4) 
where (N ),, is the equilibrium mean value of N in the unperturbed state 
P.q and where x yy can be written as the mean value of an operator in p,.,. 
Give the expression for yyy(t — 0’). 

c) The Hamiltonian of a quantized field coupled to a classical source 
formed by a classical electric dipole d(t) localized near the origin in a 
region of extent a can be written (see Complement A,,, §3.b) 


H = H, — = d(t) - D0) (5) 


where Hp = L,hw,(a;a;+ 5) is the radiation Hamiltonian and where 
D’‘(0) is the displacement at the origin. Recall that 


2) _ > i6,, (&; a, elki-r — & a; e7 iki) (6) 
0) i 


coincides with the total electric field outside the system of charges. 

By using the results of the foregoing question and the commutators 
from Complement C,,,, find the mean value of the total electric field 
radiated by the dipole at a point r such that r > a. Give the field as a 
function of the dipole components, their velocity, and their acceleration. 
Show that the field radiated in the far zone is proportional to the 
acceleration of the dipole. 


d) Apply these results to the case where the dipole is oscillating, 
d(t) = gag COS Wy t. (7) 
and compare the result with that of Exercise 6, Chapter I. 
Solution 
a) Take the derivative of Equation (2) with respect to time: 
d . d A 
q, PAO = ; Hy pt) — 5 pt) Hy + exp( i 7% Ws ato | exp( — i= ‘). (8) 


The rate of variation of p({7) is given by the equation of evolution of the density matrix under 
the action of the perturbed Hamiltonian Hy + V(t), 


ih p(t) = (Ho. 0(8)] + [Valo]. 9) 
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This gives for the last term of (8) 


exp(i 9 ) E pt) exp( - i ‘) = -F | Ho exo = 1) 09 exp - i= ‘)] + 
+(- = )exe(i4 — 21) [ V(t), p(t) ] exp( - i 7 


= — 5 [Ho el] - 5 [- A) M0, px] 10) 
and consequently 
£ p,(t) = ; A(t) (M(t), p(2)] . (11) 


The initial condition is given by p(t) > p,, for f-» — oo. Since p,, commutes with Hp, one 
gets 
P(— 0) = Peg: (12) 
a 
b) If A(t) remains identically zero, dp,/dt is also zero, and 


P(t) = p(— ©) = Peg. (13) 


To first order in A, one can replace p;(t) by p,, in Equation (11), which is then written 


d iA(t) 
§ ortt) = 2 [0,00 Poa] (14) 
and integrated to give 
- t 
Plt) — Peg = ; dt’ A(t’) [Mi(t’), peg] - (15) 


oC 


We return to p(t) by using (2) and the fact that p,, commutes with Hp: 
a eee Ho,., 
P(t) = Peg + ; dt’ A(t’) } exp i (t — t) > Mexps — i S80" - 1) >> Peq|- (16) 


One can extend the integral on ¢’ to + oo by multiplying the term to be integrated by the 
Heaviside function @(¢ — t’), which is zero for t’ > ¢. The mean of the observable N at time f 
is then found: 


<N >, = Tr (p(t) N) = Tr(p.q N) + ; | di’ Ot — #2) A(t’) Tr { N[Mj(t’ — 1), peg] } 


oC 


SCN 2g dt! At) Xnne(t — €/) (17) 


iorat < 


where 
tum(t) = 5% Tr { NM(— 2) Pog ~ Nog Mi(— 1) } (0). (18) 


Using trace invariance under circular permutation of the operators in the second term, we 
get 


twat) = 5 Tr {NMA ~ 1) ag — Mi(— 2) NP ag } (2) 


= 5 CIN, Mi(~ 21 eq (0). (19) 
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We note that M,(—7) is nothing more than the observable M having evolved in the 
Heisenberg picture from 0 to —7 under the action of H, (free evolution). Thus, x,y, is the 
mean in state p., of a commutator involving unperturbed operators taken at two different 
times (N at time 0, M at time —7). Equation (17) shows that x, defines the linear 
response of the system in state p,, to a weak perturbation. It is thus a linear susceptibility. 


c) We now look for the linear response of the field to the perturbation caused by its 
coupling to the classical dipole d(t). This is measured through the components of the total 
electric field E’(r) at point r situated well apart from the region of dimension a about the 
origin where the charges forming the dipole are located. It has been shown in Complement 
Ajy that one then has 

, Di(r 
E(y = 22 (20) 
£9 
where D’ is the displacement given by (6). One can then apply the theory of linear response 
in part b) by taking 


D,(r) 


N = Er) = (x = x, y, Z) (21.a) 

Eo 
A(t) M = d(t)- ~— = Ldn (t ya (0) (m = x, y, Z) (21.b) 
TOSCO, (21.c) 


Note first of all that, according to (6), the mean of D’(r) in the vacuum is zero. The second 
term of (17) then remains, which is given here by 


( EL@) >. = dt") Mgt = 1) de) = dt >) Xnm(t) d,,(¢ — 7) (22) 


where rt = t — ¢’ and 


hea: 
Yom(t) = ; (0 | e-aeeee-a | 0 ) O(r). (23) 


Equation (6) shows that the mathematical expression for D’/eg is, in the new representation, 
identical to that of E, in the Coulomb gauge. The radiation Hamiltonian, Hp, is also the 
same in both cases. As a result, the value of the commutator in (23) is identical to that for 
the commutator of the components of E, found in Complement C,,;; (Equation 22), where 


one pur r, =1r, t; = 0,r, = 0, and ¢, = —7. We get in this way 
ific ce a d(r — ct) — 0(r +ct) — d(r — ct) — Hr + ct) 
Knm(T) = = Oe ) 4 NE, | [ate iG, | (peo ee) ae 


_ (“9 _ ban (ee — ct) = br + 2). (24) 


The functions having r+ cr as an argument do not contribute, since 6(7) gives 0 for 
T= —r/e. 
Substituting (24) in (22) and using the properties of the 6-function and its derivatives, 


; dz d(r — ct) d,(t — t) = dy! — “) (25.a) 
. ¢ 


E dt d(r — ct) d,(¢ — 1) = — 1a,(1 — ‘) (25.b) 


E dz 6’(r — ct) d,(t — tT) = ar dal — “) (25.c) 
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we obtain 


] Cc 
E! eg eee Se = Be ee 
€ ni) Uy 4 Eg ( 3 San r3 + cr? ae 


(9 
+ (‘ys ian : : (26) 


cor 


At large distance only the term in 1/r remains, which describes the radiation field. It is 
proportional to the dipole’s acceleration or rather to the part of it that is orthogonal to the 
radius vector r. 

d) Applying (26) to the case where the dipole is given by (7), one gets, setting ky = w/c, 


< E(r) ! a 


4 1, r r> r 


l * May*t) | je (at —kyr) ko sin(@ t — Ko a 
ine = Sd RE LOR, 


r(a,-°r cos(m,t— kyr 
q ee a0] 3 0 0) 


4 TE, r r 


One then again gets the results from Exercise 6 of Chapter I [Equation (14)]: the mean of the 
quantized field is identical to the classical field. 


7. NONRESONANT SCATTERING. DIRECT VERIFICATION OF THE EQUALITY 
OF THE TRANSITION AMPLITUDES CALCULATED FROM THE HAMILTONIANS 
A-PANDE-R 


Consider an electron bound near the origin by a static potential V(r). 
This electron can pass from a state |a) with energy E, to a state |a’) with 
energy £,. in a scattering process in the course of which an incident 
photon with wave vector k and polarization e is absorbed and a photon 
k’,e’ is emitted in a different mode (k + k’). Denote by |g,) = |a,ke) and 
lp,>) = |a’,k’e’) the initial and final states of the global system with 
energies E, = E, + hw and E,= E,, + hw’; there are no photons in the 
other modes, and |ke) = a7(k)|0), |0) being the vacuum state. Assume 
that the scattering process is nonresonant, that is to say, there is no 
discrete atomic level |b) whose energy £, is equal to E,. The purpose of 
this exercise is to show that the transition amplitude to second order in the 
electric charge gq, 


= : H,|0;>< ;|4,19;> 
6, = (9¢,| H7|@;> + lim C5 | Hr 15> < 951 Hr 19> 
, _—" ie E, = E+ 16 (1) 


has the same value in the A- p and E- r representations, on the energy 
shell, that is, when E; = E, (*). The energies E;,, E,, and £, are those of 


(*) See also Dirac (§64). 
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the global system atom + radiation. In the long-wavelength approxima- 
tion, the interaction Hamiltonians are respectively 


I 


2 
H, = — 4p- A@) + + A70) (2.a) 
Hi = — qr‘ E, (0) (2.b) 


the quantized fields at R = 0 being 
3 by + 
A(0) = | d°k  — [a,(k) + a,"(k)] € (2.c) 


E, (0) = | dk ¥ i6,[a,(k) — at (k)]€ (2.d) 
where &, = [hw/2e,(27)7]!”. 


a) Find G,;, in the E - r representation to second order in the electric 


[ 


charge g. Show that the result is of the form 


a (r . E)ap(k . ©) 5a _ (r E) y(t . Ena 
aoe cy] i= aor Aree | ~) 


where C 1s a constant to be found, and where the sum is over the 
electronic levels |b). 

b) Find G,, to the same order in the electric charge, using the interac- 
tion Hamiltonian H, given in (2.a). Denote by G,{2) the contribution of 
the quadratic term of H,, and by G,,(1) the contribution of the linear term 
to second order. 

c) Let D be 

r Ss £ PAU : E)ya (r . t apt S| . (4) 


( 
D = ) (@,, Wyq + Oo’) | ——————_ -—- 
2 il ( O — Whq WO + Wy, 


Show that when E,, + hw’ = E, + hw, D is equal to 
h 
D= m gece On'a (5) 


One can, to begin with, prove that w,,,w,, + ww’ = (w — w,,)(w’ + w,,)- 
d) Show that the values of G,; gotten in a) and b) are equal on the 
energy shell. 


Solution 


a) From the E - r point of view, the interaction Hamiltonian (2.b) is linear in a and a* 
and cannot directly couple |,) and |g). The transition between these states is exclusively 
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via an intermediate state [second term of (1)]. This state |g; ) can have no photon (|5,0)) or 
two photons (|b, Ke, k’e’)). In the first case, one has absorption of the photon ke followed by 
emission of the photon k’e’, the energy E, of the intermediate state being E,. In the second 
case, the emission of the photon k’e’ precedes the absorption of the photon ke, and the 
energy E; of the intermediate state is E, + hw + hw’. 

We now calculate (b,0|H;|a,ke). By using (2.b) and (2.d), we obtain 


£b,0|Hilake> = —q Pk" Did (01 a,(k") | ke ) (Fr * 8"), (6) 
Since |ke) = az (k)|0), by using the commutator 
[a,(k"), a,'(k)] = 6,,. (Kk — k") (7) 
we get 
(b,0|Hjlake) = — q(r-s);,i8,. (8) 


A similar calculation gives 


<a’,k'e'| Hj |6,0> = —q PK" YT (— 16) CK’ |ah(k’) 0 > (r+ €)en 


Q(r * &')a4 16,,: - (9) 
The matrix elements 
(b,ke,k’e’|H;|a,ke) and (a’,k’e’| H;|b,ke,k’e’) 


are found in an identical fashion, which gives finally for 6’, 


(in (r ° £') 4" (r . €) a (r : £)q(F E £ ba 
Gi, = Gb, Ey py ee ey Cea i (10) 


This equation is the same as Equation (3) if one takes 
2 q° h 
’ el / e l l 
C=4q bu bw = 35 yeere (11) 


We have assumed that no denominator in (10) can vanish, which allows us to take e = 0 in 
Equation (1). 

b) In contrast to the above, it is now possible to directly couple |g,) and |q,) using the 
quadratic term in g in H,. One first finds this initial contribution to G;;, called G,{2)- Since 
q°A’(0)/2m does not act on the particles, it is clear that &,,(2) is proportional to 6, ,,. To 
find the matrix element, it is sufficient to retain in A’(0), expanded with the aid of (2.c), the 
products ay (ky’) a.,(k) and a,.( 1)ae4( 5). After an integration over kj and k3, we get 
using (7) 

g? 6,6 


2g. g'§ 
m wo 


G,p(2) = ata (12) 
The second term &',,(1) requires a sum on the intermediate states |p, >. This second term is 
found like G’,; in a) by replacing —qr- E with —qp- A/m. Using (2.c) for A(0), one finds 


> 6, Ey 3 Ie * &)alP * ba PAP | (13) 


Giiyss 
sl) m wo h(w — ,,) h(w' + wy,,,) 
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Equation (B.43), relating the matrix elements of p-e to those of r-e, allows one to 
transform (13) into 


G,(l) = q? &, 6 ¥. (- Oars ve) gee oe _ eee | (14) 


con’ h(wo — Wp,) A(w' + @yq) 


c) To show 
Dan Voa + aw! = (w = Oya) (c' so Mya) (15) 


note that when E,, = E, + A(w — w’), one can replace w,,,, by 
On, =O — w' — O,, (16) 


in the first term of (15) and equate the two sides of (15). Equation (15) then allows us to 
rewrite (4) in the form 


D= > [(o’ + w,,) (0° &')oy(F ° £),, — (O — Wy) (F° E)ap(F * B')ya] - (17) 


Now, on the energy shell, w — w,, = w’ + w,,. By transforming the second term in the 
brackets with this equality, we find 


D=a’ » [r+ &')as(F * Ey — (Ft Egy (F ° f),.] _ 
b 


_ —) [(r : £) (Pp : E)ba ~ (p ° E)ap(T ; £’)ba | (18) 


after having again used (B.43) to write the second sum on |5). Using the closure relation this 
then becomes 


D=o'Ca' lire) A ha>—— Calle) Ola>. (19) 


The first commutator is zero, and the second is a c-number equal to ife - e’, which proves 
Equation (5). 
d) Using (4), (10), (12), and (14), one can write 


26 &, 26 &, 
= DMe Kat py — 4 So Co's . 95 (20) 


b.—Ce ban 
ue fi how moos’ _ 


The equality (5) then gives 
CpG. (21) 


The transition matrix on the energy shell is thus the same in the A-p and E-r 
representations. Note that the proof of this equality assumes nothing about the values of w 
and w’, with the exception of the long-wavelength approximation and the absence of 
resonant atomic levels. The preceding result can then be applied to various problems such as 
Rayleigh scattering, Thomson scattering, or Raman scattering. 


CHAPTER V 


Introduction to the Covariant Formulation 
of Quantum Electrodynamics 


The purpose of this last chapter is to give the reader a first view of 
relativistic quantum electrodynamics and to introduce the necessary back- 
ground for the study of more advanced books in this field. 

Thus far, by choosing the Coulomb gauge, we have deliberately re- 
nounced the use of manifestly covariant equations for the electromagnetic 
field. We have also treated the particles nonrelativistically. Such an 
approach is sufficient for low-energy physics and simplifies the theoretical 
formalism as much as possible. 

We now return to these two limitations and try to give some idea about 
other more elaborate approaches which are essential at high energy (when 
the particles have a high velocity or the incident photons have a frequency 
large compared to m,c*/h) or for the study of radiative corrections 
(virtual emissions and reabsorptions of high-frequency photons, covariant 
introduction of renormalized charges and masses). This chapter essentially 
treats the covariant formulation of classical and quantum electrodynamics 
in the Lorentz gauge. For simplification, our treatment will be limited 
either to the free field in the absence of sources, or to the field interacting 
with external sources whose motions are given a priori. The relativistic 
description of the particles and of their coupling to the field is a much 
broader and more complex problem. The particles must then be consid- 
ered as the elementary excitations of a relativistic quantized matter field 
coupled to the photon field. We will give in Complement A, an elemen- 
tary introduction to the theory of coupled Dirac and Maxwell fields in the 
Lorentz gauge. We will also show in Complement B, how, starting with a 
completely relativistic theory, it is possible to justify the nonrelativistic, 
Coulomb-gauge Hamiltonians used in the rest of this book. 

Recall first of all the procedures followed in Chapter II to quantize 
electrodynamics. Starting from the standard Lagrangian which leads to 
the Maxwell—Lorentz equations, we eliminated all the redundant degrees 
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of freedom of the potentials to transform this Lagrangian into an equiva- 
lent one where only the essential dynamical variables, each having a 
conjugate momentum, appear. The canonical quantization of the theory is 
then straightforward. 

If it has the advantage of simplicity, such a procedure also has the 
disadvantage of not retaining the manifest covariance of the field. Al- 
though it does not alter the fundamental relativistic nature of the field, the 
elimination of the scalar potential has broken the symmetry between 
the four components of the potential four-vector. In the same way, the 
dynamical variables of the vector potential in the Coulomb gauge, that is, 
the transverse components »~,(k) and .,(k) in reciprocal space, do not 
transform simply under Lorentz transformations. Now there are problems 
in quantum electrodynamics, such as renormalization and the elimination 
of divergent quantities, for which it is essential to deal only with mani- 
festly covariant equations. 

Here we are going to treat the vector potential A and the scalar 
potential U symmetrically. The simple approach in Chapter II must thus 
be abandoned. Indeed, the symmetry which we desire to preserve between 
A and U prohibits us from eliminating the redundant degrees of freedom 
of the potentials in the Lagrangian itself, as in Chapter II. We are now 
obliged to consider A and U as independent dynamical variables in the 
Lagrangian, each with a conjugate momentum. As a result, after canonical 
quantization, there are four kinds of photons associated with the four 
components of the potential four-vector. The problem of the redundancy 
of the potentials, which we have ignored in the Lagrangian, necessarily 
arises later. We will indeed see that the solutions of the equations of 
motion no longer coincide in general with the solutions of the Maxwell 
equations. It is then necessary to introduce, in addition to the Lagrangian, 
a subsidiary condition allowing one to select from all the possible solutions 
those that have a physical meaning. One of the essential purposes of this 
chapter is precisely to discuss the problems brought up by the realization 
of such a project in quantum theory and to give an idea of the way in 
which these problems can be resolved by constructing a state space for the 
radiation with four kinds of independent photons and then characterizing 
a subspace of physical states by means of the subsidiary condition. 

We begin (Part A) by introducing a new, manifestly covariant La- 
srangian for the classical fields, differing from the standard Lagrangian in 
the sense that it contains U, so that U has a conjugate momentum. This 
Lagrangian leads to equations of motion which agree with Maxwell’s 
equations only if a subsidiary condition—that is, the Lorentz condition —1s 
imposed on the potentials. Starting with this Lagrangian, we then calcu- 
late the momenta conjugate with the potentials, the Hamiltonian, and the 
classical normal variables of the field, that is, the variables evolving 
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independently of one another in the absence of sources. The canonical 
quantization of this theory is done in Part B, the normal variables 
becoming the creation and annihilation operators for transverse, longitu- 
dinal, and scalar photons. We establish manifestly covariant expressions 
for the commutators of the free potentials, and we analyze the difficulties 
arising in quantum theory and due to the Lorentz condition. We then 
study (Part C) a possible solution to these difficulties, involving the 
introduction of an indefinite metric in Hilbert radiation space. The preced- 
ing ideas are finally illustrated by a simple example, the effect on the field 
of its interaction with two fixed charges. This leads to a new derivation of 
the Coulomb interaction and its interpretation as resulting from an 
exchange of photons between the two charges (Part D). 
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A—CLASSICAL ELECTRODYNAMICS 
IN THE LORENTZ GAUGE 


1. Lagrangian Formalism 


a) COVARIANT NOTATION. ORDINARY NOTATION 


Before beginning we give the notation to be used for the potentials. 

The covariant notation A” for the potential four-vector uses a Greek 
index p which can take on four values: 1, 2,3 for the spatial components 
and 0 for the time component. It is desirable then to distinguish the 
contravariant components A* with superscript index from the covariant 
components A, with subscript index, related by 


A, =) Gy A” (A.1) 


where g,,, is the diagonal metric tensor (299 = +1, 81. = 822 = 833 = —1). 

The ordinary notation for the vector potential, A,, uses a Latin index 
which can take on the values x, y, z. For the sesiar potential U we also 
use the notation 


(A.2) 


sO as to have a potential with the same dimension as the vector potential. 
The upper or lower position of the indices j and s has no importance in 
A, and A,. 

Finally we give the equations relating the different components which 
have just been introduced: 


mm Aw 
iw) _ 
ll | 
| | 
mm 
i) ~~ 
|| 
ae 


, 
Ai =—A,=A,. (A.3) 


b) SELECTION OF A NEW LAGRANGIAN FOR THE FIELD 


In the standard Lagrangian [(B.5) of Chapter II], the scalar potential U 
does not have a conjugate momentum, since 0.Y/ aU is identically zero. If 
we want to treat U(r) and A,(r) symmetrically, it is necessary to modify 
the standard Lagrangian so that U(r) has a conjugate momentum. For this 
property to be true a priori for the free field, the radiation Lagrangian 
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density “2, has to be modified. We must impose two conditions on .Y,: 
(i) &p must be manifestly covariant 
(ii) #, must contain U. 

We consider then the following Lagrangian density: 

ae oa 


A= 


>, (6,4 ") (6"A,). (A .4) 


yy 


which is also written in the usual notation as 


Gf = Eo A2 U ; 2 2 2 
R= > ai be ane 2, (24) +(VU)* |. (A .5) 


Equation (A.4) is clearly covariant, and U has a conjugate momentum, 
since U appears explicitly in (A.5). 

We analyze now several properties of #,. Note first of all that Y, 
involves only quadratic functions of A,. This insures that the Lagrange 
equations derived from (A.4) or (A.5) are linear with respect to the 
potentials. In addition, &, involves only the first-order derivatives of the 
potentials, which is not surprising, since only the time derivatives of first 
order are permitted in the Lagrangian formalism and the covariance 
imposes the same condition for spatial derivatives. Note finally, and this is 
an important point, that the new Lagrangian is not equivalent to the 
standard Lagrangian, whose free-field density #,' is written (see Equa- 
tion (B.26), Chapter IJ] 


st & c uv 
Lr = - 7 2 Py F (A .6) 
where 
P= 0,A, = OA, (A .7) 


is the electromagnetic field tensor. We show in Part C below that the 
Lagrange equations associated with (A.4) differ in general from those 
derived from (A.6), which, as shown in Chapter II, are the Maxwell 
equations. One thus gets the Maxwell equations again only if a subsidiary 
condition is imposed on the potentials. 

Heretofore, we have only considered the free field. To describe the 
interaction between the field and the particles, we retain the same density 
£, as that in the standard Lagrangian [see (B.4.e) of Chapter II], 


L,=j+A~pU=-Yj, A" (A.8) 
ue 


where j, is the current four-vector (cp, j). In what follows in this chapter, 
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we will be interested principally in the fields (the equation of motion of 
the fields, the commutation relations of the fields, etc.), and we will use 
only the Lagrangian densities Y, and &,. 


Remarks 


(i) In relativistic quantum electrodynamics, the particles themselves are de- 
scribed by a relativistic field—the Dirac field, if the particles are electrons and 
positrons. The Lagrangian of the particles, Lp, is the Lagrangian of the free 
Dirac field, and the current j,(x) is equal to qcw(x)¥,4 (x), where the y, are 
the Dirac matrices, and ¥ and y the Dirac field and its relativistic adjoint. 
After quantization, the Dirac field becomes a quantized field whose elementary 
excitations describe the electrons and positrons (see Complement A, ). 


(ii) In the covariant formulations of quantum electrodynamics, one frequently 
uses another Lagrangian density for the field, called the Fermi Lagrangian, 


2 
Pie g, ape ae Fe 4 3(¥ 3,4") | (A.9) 
which differs from L,, but is equivalent to it. An elementary calculation shows 
that (A.4) and (A.9) differ by a four-divergence 


eG 
Z 


L,- GF = ¥ 0,[4" 0,4” — A°0,A4]. (A. 10) 
TAY 

The first term of (A.9) is the standard Lagrangian density £;'. Thus, to go from 
Ls to LF, it is necessary to add a term proportional to (©, 0, A")’, which is 
not a four-divergence. The densities Y3' and Y, and as a result Yg' and 
¥#,p, are thus not equivalent. 


c) LAGRANGE EQUATIONS FOR THE FIELD 


Since the new Lagrangian density Y= £, + £%, is not equivalent to 
L, + £,, there is no reason that the new Lagrange equations for the field 
should coincide with the Maxwell equations [(A.11.a, b) of Chapter I]. The 
latter can be put in the form 


OA =—=j-VA (A.1].a) 


Ue Sp nk (A.11.b) 
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where 0 is the d’Alembertian and where 


1 eU 
A=s=— >A. 11. 
aa, + V (A.11.c) 
The form (A.11) for the Maxwell equations makes it easier to compare 
them with the new Lagrange equations. 
The new Lagrange density is the sum of (A.5) and (A.8), 


i T\2 
FL = | a — (=) — c? )' (6,4; + wu) —pU +j-°A. (A.12) 
ij 
Consider first the Lagrange equation relative to the components 4,(r) 
of the vector potential. A, and the space derivatives of A, arise only in the 
Lagrangian density of the field (A.S), whereas A, arises only in the 
interaction term. It follows that 


CL 0A, = & A, (A.13.a) 
OL /6A; = j,. (A .13.c) 


By applying the Lagrange equations relative to a system having a continu- 
ous infinity of degrees of freedom [Equation (A.39) of Chapter II], we then 
find 


- 7A] 
ef A = a2 | = j (A. 14) 
that is, 
I 
DA = —>]. (A .15.a) 
Eq 


An analogous calculation gives for the Lagrange equation relative to the 
scalar potential 


Hu Sp: (A.15.b) 
Eo 


The equations (A.15.a, b) differ from the Maxwell equations (A.11.a, b). 


Remark 


We have considered here the Lagrange equations for the fields. If one takes for 
the particle Lagrangian the Lagrangian of the Dirac field y(x), and if one takes 
as the current j, = gcWy,y (see Remark i of §A.1.b), the Lagrange equation 
relative to y is just the Dirac equation in the presence of the potential A, (see 
exercises 5 and 6). 
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d) THE SUBSIDIARY CONDITION 
There is actually a choice of potentials for which Equations (A.11) and 
(A.15) agree. It suffices to set 


A=V-A+50=0 (A .16.a) 


that is, to use the Lorentz gauge. The condition (A.16.a) is also written in 
covariant notation as 


¥ 6,4" =0. (A.16.b) 
i 


The two approaches (siandard Lagrangian, new Lagrangian) then lead to 
the same result if the Lorentz condition (A.16) is imposed as a subsidiary 
condition. 

We will now verify that (A.16) is compatible with the equations of 
motion (A.15). A combination of (A.15.a) and (A.15.b) leads to the 
following equation of evolution for A: 


1 . op 
A= Vv: —j= 
@ . al j+ 2 0 (A. 17) 


as a result of conservation of charge. Thus, if initially A = A = 0, then A 
remains identically zero at all times. Now it is always possible at the initial 
instant to impose the condition A = 0 between the generalized coordi- 
nates A, U and the generalized velocities A, U. As for A, one can find its 
value at the initial time by using the equation of motion (A.15.b) to 
reexpress U as a function of AU and p. One gets 


A=V-(A+VWU)+l=—-V-E+ (A.18) 
E EQ 


which is also zero if the initial conditions are such that E obeys the 
equation V - E = p/é). One can then take A = A = 0 at the initial time 
and have subsequently, from (A.17), A = 0 at all times. 

Note finally that the condition (A.16) still allows certain gauge changes: 


A,7>A, =A, — 6, f. (A. 19) 
It suffices that 
a, Hf = Of = 0 (A..20) 


in which case A/, is also a potential satisfying the Lorentz condition. 
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e) THE LAGRANGIAN DENSITY IN RECIPROCAL SPACE 


To conclude this part, we will write the Lagrangian density Y, of the 
field when the dynamical variables are expanded in reciprocal space: 


Lp = {arr Lp = fee Zy (A.21) 


Recall that the k integral in (A.21) is only over a half space, as in §B.1.5 
of Chapter II. By using the Parseval—Plancherel relation to transform the r 
integral of (A.5) and by using A, and its Fourier transform », in place 
of U and & [see (A.2)], one gets 


G, = bb * + A — 0? A*+ Af — A* A +0? A* Al (A.2) 


with w = ck. The Lagrangian density (A.22) describes four independent 
harmonic oscillators associated respectively with the three spatial compo- 
nents and the time component of the four-potential. For ., the sign 
differs from the usual sign, which, as we shall see, has important conse- 
quences for the quantization. 


2. Hamiltonian Formalism 


a) CONJUGATE MOMENTA OF THE POTENTIALS 


Let 7, and 7(, be the conjugate momenta of 7, and .v,. By using the 
definition (A.54) of Chapter II for the conjugate momenta and (A.22), one 
gets (with 7 = x, y, z) 

Te, = OL_/aA* = by of (A.23.a) 
Nl, = 6L,/0A* = ~ & of (A.23.b) 
which gives in real space 
Il, = & A, (A.24.a) 
Il, = — & A,. (A.24.b) 


Ss 


Equations (A.23) and (A.24) remain valid in the presence of interaction 
with particles, since the interaction Lagrangian does not involve A, and 
sf, and therefore does not contribute to 7; and 7(,. 

It is useful for what follows to rewrite the Lorentz subsidiary condition 
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(A.16.a) in reciprocal space by using (A.23.b) to reexpress Y = A/c asa 
function of 7: 


| I 
ik + of =—— 7. (A.25) 
Eg C 


5) THE HAMILTONIAN OF THE FIELD 


The Hamiltonian Hp of the field alone can be gotten from Y,. Then 
Hp is given by the integral over a reciprocal half space of the Hamiltonian 
density #, equal to [see Equation (A.59), Chapter II] 


Hy =(N A 4 A +1, AX + 71* AL-F. (A. 
that is, also from (A.23), 


— l 
Hy = | 5 | alee (4 + 0? + of — 7 7, — oF oft of), 


0 EQ 
(A .27) 


We identify in (A.27) four harmonic-oscillator Hamiltonians, three with 
the + sign for the three components of the vector potential (.%,, 7.) and 
one with the — sign for the scalar potential (.%,,7T,). This negative sign 
seems to pose a problem, since the energy of the radiation can apparently 
become negative. We will see later that the subsidiary condition (A.25) 
prevents that from happening. 


Remarks 


(i) The Lagrangian of the field, L,, is invariant under spatial translation. A 
treatment analogous to that of Complement B,, (§ 4) allows one to find the 
constant of the motion associated with this invariance of Lz, which is just the 
global momentum P, of the radiation (see also Exercise 5 of Chapter II). P, is 
given by 


P, = ~ i fERKTES «of + M3 of, — Ts of — TE, oh). (A 28) 


(ii) Since we have not explicitly given the expression for the Lagrangian Lp of 
the particles, it is impossible here \to find the total Hamiltonian H. If, in 
contrast, the sources have an externally imposed motion, L, no longer appears 
in the Lagrangian, which reduces to Lp, + L,;. One then finds for the Hamilto- 
nian # of the field coupled to such external sources 


=A, 2 L, = + fara B, A" + 5, B"”) (A .29) 


where the currents 7,, are given functions of k and t. 


V.A3 Classical Electrodynamics in the Lorentz Gauge 371 


c) HAMILTON-JACOBI EQUATIONS FOR THE FREE FIELD 


—< 
Application of Equations (A.60) of Chapter II to the Hamiltonian 
density (A.27) gives the equations of evolution of /, and 71, 


of, = 0#/01* == i, (A .30.a) 
i, = — O#,(00* = — 6,07 of (A .30.b) 
and those of .~, and 7,,, 
Jb = b#JOn* = — ~ It. (A.31.a) 
TN, = — 0H ,/09* = 60? A. (A.31.b) 


Equations (A.30.a) and (A.31l.a) have already been seen in (A.23.a) and 
(A.23.b). It is important to note the sign difference between the right-hand 
sides of (A.30) and (A.31), due to the sign difference between the first and 
last terms of (A.27). 


Remark 


In the presence of external sources, it is necessary to use (A.29}. Equations 
(A.30.a) and (A.31.a) remain unchanged. It is necessary to add 4,, to the right 
side of (A.30.b), and —7,, = —cp, to the right side of (A.31.b), which gives 


Tl, = — a9 0? A, +7, (A.30.b’) 


J 


TN. = 6,07 of, — Cp, - (A.31.b’ 


s 


3. Normal Variables of the Classical Field 


a) DEFINITION 


The normal variables of the classical field are linear combinations of 
the dynamical field variables and their conjugate momenta which have the 
property of evolving independently of one another in the absence of 
sources, 1.e., for the free field. Thus if one takes 


ae a 


it follows from (A.30.a) and (A.30.b) that 
a, + ima, = 0. (A .33) 
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In the absence of sources, the normal variable a,(k, ¢) is only coupled 
with itself and evolves as e~'*’. Note that the definition (A.32) agrees with 
that used in Chapters I and II [see (C.46) of Chapter IT]. 

On the other hand, because of the sign difference between the right-hand 
sides of (A.30) and (A.31), it is necessary to take 


ee a Pee eee A.34 
oer Ok 7) nga ae (A . 34) 


to have for a, an equation analogous to (A.33), 
a, + iwa, = 0. (A .35) 


If one took the + sign on the right in (A.34) as in (A.32), a, would evolve 
as e*!“! and not as e 1%. 
The solutions of (A.33) and (A.35) are written 


a(k, 1) = a,(k) ei (A .36.a) 
a(k, 1) = a,(k) 7, (A .36.b) 


Remark 


Equations (A.32) and (A.34) continue to define a, and a, in the presence of 
interaction. But the equations of motion (A.33) and (A.35) then contain source 
terms. For example, with external sources, (A.33) and (A.35) must be replaced 
by [see (A.30.b’) and (A.31.b’)] 


A Lbs rs 
1 


af 2 Eq Aw a 


0; + 14, = (A. 33’) 


t +iwa, = (A.35’) 


b) EXPANSION OF THE POTENTIAL IN NORMAL VARIABLES 


Recall first that the potentials A, and A, are real, which implies 
ALK) = AS*(— k) (A .37.a) 
Ak) = of,*(— k) (A.37.b) 


and analogous equations for 71; and 7... 
We then replace k by —k in (A.32) and (A.34) and take the complex 
conjugate. Using (A.37) and taking a* = a*(—k, t), af = af(—k, ¢), we 
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get 


at = jos -— m, (A. 38.) 


x __ £0 1 
a = i wd, + — Te, (A .38.b) 


Starting with (A.32), (A.34), (A.38.a), and (A.38.b), we then derive the 
Fourier components of the potentials as functions of the normal variables: 


i(k, t) = a lakh 1) + aX(—k,t)] — (A.39.a) 


Ak) = |y8 [alk ) + oX(— kd}.  (A.39.b) 
0 


Finally, we substitute (A.39) in the Fourier integrals defining 4 ,(r, ¢) and 
A,(r, t) and change k to —k in the integrals of the second term in (A.39). 
We get the equations 


h at 
Afr, ) = jen JTawa a Late De + af, em] 


(A .40.a) 


[ a 
Ar, t) = {o% 2 &, oA2 BE [a,(k, t) e™" + a*(k, te x] 


(A .40.b) 


which give the expansion of the potentials in normal variables. In the 
special case of the free field, it is possible to use Equations (A.36) and to 
get 


| h 
A: ‘ i; = d*k ees 5 i(k.r — wt) * ~ i(k.r— wt) 
fe 1) | 5 = wm [a,(k) e + at(k)e ] 


(A .40.c) 
h , 
A t) = d°k i(k.r — wt) * — i(k.r — wt) 
sr, ¢) | 5 as = wm [ o,(k) e + a*(k)e ]. 
(A .40.d) 


Equations (A.40.c) and (A.40.d) give the expansions of the free vector and 
scalar potentials in traveling plane waves. 
Since the vector and scalar potentials are considered as independent 
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dynamical variables in the new Lagrangian, there are at each point k of 
reciprocal space four independent degrees of freedom, described by the 
three Cartesian components a,(k) of a(k) and by a,(k). Rather than 
project a(k) on a fixed Cartesian basis in reciprocal space, one can project 
a(k) on the two unit transverse vectors e and ©’, perpendicular to k and to 
one another (see Figure 1 of Chapter 1), and on the unit vector k = k/k 
along k. The transverse normal variables a,(k) = ¢ - a(k) and a,(k) = 
e’ - a(k) are the same as those used in Chapters I and II. In addition to 
these transverse variables one now has a longitudinal normal variable 


a(k) = K -a(k) = otk a, +k, % +k, o,) (A.41) 


and also the normal variable a,(k) associated with the scalar potential. 
For each value of k, there are then four normal modes of vibration of the 
free potential—two transverse, one longitudinal, and one scalar—de- 
scribed by the set 


{ a.(k), a.(k), at,(k), a,(k) } . (A .42) 


The elementary excitations of these four types of modes give rise after 
quantization to four kinds of photons for each value of k. 


c) FORM OF THE SUBSIDIARY CONDITION FOR THE FREE CLASSICAL FIELD. 
GAUGE ARBITRARINESS 


Until now we have considered the vector potential and the scalar 
potential as independent dynamical variables. We will now introduce the 
subsidiary condition (A.16.a), which is written for the free field using 
(A.40.c) and (A.40.d): 


A h 
es Poe: es ea i(kr-ot) 4 oe (A.43 
VA | Te wa mp | a — ka,je + cc, (A.43) 


If one wishes the subsidiary condition to be satisfied for all r and all ¢, it is 
necessary that the coefficient of each exponential in (A.43) be zero, that is, 
using the definition (A.41) for a, (which implies k - a = ka,), 


a(k) — «(k)=0 Vk. (A.44) 


The subsidiary condition then takes a very simple form for the free field in 
terms of the normal variables. Among all the solutions (A.40.c) and 
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(A.40.d) of the equations of motion, only those for which at every point k 
the normal longitudinal variable a,(k) is equal to the normal scalar 
variable a.(k) have a physical meaning. 

The very simple form for the subsidiary condition (A.44) suggests 
introducing for each value of k two orthogonal linear combinations of a, 
and a,, one of them being precisely a, — a,. We thus take 


Oy = Fle — &,) (A.45.a) 
aC, = 2G, + o,). (A .45 .b) 


Fh 


We have introduced two new types of normal variables, a, and a,. With 
this new notation, the condition (A.44) is written 


a, = 0. (A .46) 


The condition (A.46) restricts the number of degrees of freedom for the 
physical field: the normal variable a, is zero for a free physical field. We 
will now examine how the gauge arbitrariness associated with the gauge 
transformations (A.19) satisfying (A.20) is evidenced. A given physical 
field can be described by many sets of normal variables (A.42) satisfying 
(A.44) and derived from one another by a gauge transformation. Since all 
real functions f satisfying (A.20) can be written 


h : 
= d7k a ham oe i(k.r — wt) ¢. A.4 
f | Denon + cc (A .47) 


the gauge transformation associated with f [A’=A+ yf, Al =A, —- 
(of/c et) involves, for the normal variables (A.42), the following trans- 
formation: 
“=o 
a= a + ikF (A . 48) 
Oo = a + kF 


Expressed as a function of the variables a, and a, defined by (A.45), the 
equations (A.48) become 


f , 


C0 Oe = ay 
= of (A.49) 


d 
a= a, + i /2kF 
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A gauge transformation does not modify a,, which is zero for a physical 
field, and transforms only the normal variable a,. Finally, the gauge 
arbitrariness appears only in the value of a,. 


Remark 


Since a, = 0, one sees that by taking F= —a,/iky2 , one can always in a 
given Lorentz frame cancel a, and thereby a; and aj. This shows, as in 
Chapters I and II, that the relevant degrees of freedom of the physical field are 
described at each point k by the two transverse normal variables a, and a,. It 
is however impossible to cancel a, and a, in all the Lorentz frames, since if A, 
is zero in one frame, it no longer is in another. This explains why the 
construction of a manifestly covariant theory necessitates the retention of four 
types of normal variables combined with the condition (A.46) and the arbitrari- 


ness of gauge (A.49). 


It will be useful in what follows to reexpress the free potentials as a 
function of the variables a, and a,. For this we use (A.40.c) and (A.40.d), 
which can also be written in their covariant form (*) 


Vv, 3 h —ikyx” * ikyx 
Ass) = | ak ow Eeullo € he” 4 t(k) ef" ] (A. 50) 


where k#" is the four-vector (w/c, k) with w = c|k| satisfying 
hk. = 0 (A .51) 


To give a, and a*:as a function of the variables a,, a,, aj, and a,, we 
start from 


a,(k) = a(k) ¢, + o,(k) &, + a(k) x, + «,(k) 7, (A .52) 


€é, and e/ are two four-vectors having only spatial components and 


constructed from the transverse vectors € and e’: 


ce“ = (0,68) 


ee (A.53) 


k, 18 a four-vector having only spatial components and constructed from 
the longitudinal vector k: 


K* = (0, k) (A. 54) 


(*) To simplify the notation, we use in the exponentials the convention of summation on 
repeated indices (k,x” = L,k,x”). 
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Finally, 7, is a four-vector having only a time component: 
ne = (1,9). (A .55) 


We express then the last two terms of (A.52) as a function of a, and a, 
thanks to (A.45). This gives 


at,(K) Ky + at.(k) Nn ee 


vin 


ak) (kK, + ny) + = ak) (n, — K,). (A.56) 


z 


A, = AT +A 4 A? (A.57) 


We finally get 


where Af, A’, and A? are respectively the contributions to A, of the 
terms in a and a,, in a, , and in a, from a,. AT is the transverse vector 
potential, having only spatial transverse components. It agrees with that 
studied in Chapter I, 


ae 7 | ss ootem le, a(k) + Ey o,-(k)] Ee 
0 


+ [e, oF(k) + €), ak(ky} ec" }. (A.58) 


Before giving A© 2» we note that the components of the four-vector 
K* + yh ea multiplies a, in (A.56) are, from (A.54) and (A.55), equal 
to (1,«) = k~\(k,k), which are just the components of the four-vector 
k*/k. Since on the other hand k, exp(—ik,x”) = 1d, exp(—ik,x”), one 
sees that 

Ap (x’) = — 0, f(x’) (A .59) 


where 


yy 3 h —ikyxY ak ikyx¥ 
f(x’) = [a k rane SEE = aoa we [a,(k)e om(k) ec" ] (A.60) 


The function / satisfies 


Df= 6,07 =0 (A.61) 


since .,k,k” = 0. Thus A? has the structure of a gauge term. 
Finally, using, (A.56), AP is written 


Dryv se - 3 h 
An) a3 | Jrxoaa* 


x (my — K,) Log) 0” — a (ke) ce"). (A.62) 
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From (A.46), a physical state of the field is characterized by A? = 0. 

We consider finally the electric and magnetic fields, that is, the tensor 
F., = 0,A, — 0,A,. Now Ay does not contribute to F,,, by virtue of 
(A.59), as expected for a gauge term. We find finally for a physical state 


(a, = 0) 
Fy = 6,Ay — G,At = |e (A .63) 


The free electric and magnetic fields are purely transverse, and their 
expressions as functions of the variables a,, a,, a*, and a* agree with 
those of Chapter I, since this is the case for the transverse potential. 


d) EXPRESSION OF THE FIELD HAMILTONIAN 


To get the expression for H, in terms of the normal variables, it suffices 
to substitute into (A.27) the expressions (A.39) for , and .%, and the 
analogous expressions for 71, and 7T, derived from (A.32), (A.38.a), (A.34), 
and (A.38.b). As in §C.4 of Chapter I, one retains the order between a and 
a* as it arises in the calculation, so as to get a result immediately 
generalizable to quantum theory. One then gets, after a process analogous 
to that in Chapter I, 


He = eae a, + ao, a) + (ak a, + a, of) + 


+ (a* a, + o, oF) — (oF a, + a a*)]. (A.64) 


One then sees clearly how the difficulty of the negative sign in (A.64) is 
resolved by the subsidiary condition. Although the energy (A.64) can be 
negative for some values of the normal variables, the subsidiary condition 
(A.44) implies that, for a physical state, the energy associated with the 
longitudinal variables compensates exactly that associated with the scalar 
variables, the only nonzero contribution being provided, as it must be, by 
the transverse variables. 


Remarks 


(i) By expressing a, and a, as functions of a, and a, by means of (A.45), we 
can write Hp, in the form 


ho 
Hy, = fer os [(a* a, + a, oF) + (at a, + a ok) + 


+ i(af a, — oF a4) + i(a, oF — oy of)]. (A.65) 


It thus appears clear that for a physical state (a, = 0), a, does not contribute 
to the energy of the free field, which is then exclusively due to the transverse 
field and so is positive. 
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(ii) An analogous calculation for the momentum of the field, P, given in 
(A.28), yields, after symmetrization of the products, 


hk 
Pam [Q'S [at a + 1 a8) + (ab ap + ap ab) 4+ 
+ (oF 0, + a, oF) — (a®¥ o, + ow, o*)]. (A. 66) 
As for the energy Hp, only the transverse normal variables contribute to P, ina 
physical state. By using covariant notation, P* for the momentum-energy of 


the field (ordinary components: Hzp/c, Pp) and k* for the four-wave-vector 
(w/c,k), the two expressions (A.64) and (A.66) can be regrouped in the form 


Aik" 
pr = | Pk [lat a, + 0B) + (Ot ay + oy a8) + 
+ (af o + 0 af) — (ok 0, + 0, a). (A.67) 


(iii) Before quantizing the theory, we return to the definition (A.34) of a, and 
imagine that we take the same plus sign as in (A.32), then replacing (A.34) by 


; Eo ; 
oe om Paaee ‘ . 
Js fon +i 7,| (A.34’) 


What will be the modification of the results found in this subsection? First of 
all, as we have already indicated above, a’ evolves as e’“! and not as e '“. The 
cancellation of the coefficient of exp[i(k - r — wt)] in the subsidiary condition 
gives then in place of (A.44) 


a(k) ~ «(*(— k) = 0 (A .44’) 


which is less satisfactory than (A.44). Finally, one can easily prove that 
Equation (A.64) for H, remains unchanged, although Equation (A.66) for P, 
will be modified, all the signs becoming positive, which then prohibits regroup- 
ing the two expressions into one as in (A.67). All these reasons indicate that the 
definition (A.34) for a, should be preferred to (A.34’) in establishing a 
covariant theory. 
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B— DIFFICULTIES RAISED BY THE QUANTIZATION 
OF THE FREE FIELD 


1. Canonical Quantization 


In this section, we will proceed with the canonical quantization of the 
preceding theory without wondering at this stage about physics, that is to 
say, by considering all the degrees of freedom as independent. Then, in the 
next section, we will discuss the difficulties which arise in quantum theory 
when one tries to introduce the subsidiary condition and to construct 
physical states with an arbitrary number of photons. 


a) CANONICAL COMMUTATION RELATIONS 


As in §A.2.e of Chapter II, we associate operators with the dynamical 
variables and their conjugate momenta. The reality conditions in classical 
theory become for the quantum operators 


A,r) = A;*(r) (B.1.a) 
oA {k) = f}'(—k) (B.1.b) 


and the analogous relations for A, and #,, II, and 7, and II, and 7, 
When the range of variation of k is limited to a reciprocal half space, all 
the foregoing dynamical variables can be thought of as independent. 
Quantization then is accomplished by means of the canonical commuta- 
tion relation (A.61) of Chapter IT: 


[.A(k), 70*(k’)] = ih 5,, 5(k — k’) (B.2.a) 
[.4.(k), 70°(k’)] = ih 5(k — k’) (B.2.b) 


all other commutators being zero. The extension of equations (B.2) when k 
and k’ vary over all space is done as in §C.4.a of Chapter II, using (B.1.b) 
and analogous expressions for 7,, ~,, and 7, 

The commutators (B.2) are equal-time commutators (Schrédinger ap- 
proach). Canonical quantization thus favors time, which, at first sight, 
seems poorly adapted to a covariant formalism. We will see below, 
however, that it leads in the Heisenberg picture to manifestly covariant 
expressions for the commutators of free potentials at any two points in 
space-time, r, f and r’, ¢’. 
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b) ANNIHILATION AND CREATION OPERATORS 


The classical normal variables a, and a, become after canonical 
quantization the annihilation operators a; and a,, which are related to the 
operators ~,, 7,, #,, and 7, by expressions identical to (A.32) and 


(A.34): 


ak) = ovate) +2 09) (B.3.a) 


Eo 
2 hw 
€ 
a{k) = 2 = 
+ 


The adjoint operators of a, and a,, a; and aj, 
operators. 

The sign difference between the last terms on the right in (B.3.a) and 
(B.3.b) introduces important changes in the commutators between the 
creation and annihilation operators. Indeed, the canonical commutation 
relations (B.2) for the operators defined in (B.3) and their adjoints (k and 
k’ now vary over all space) imply 


[a,(k), a; (k’)] = 6,; (k — k’) (B.4.a) 
[a,(k), a°(k’)] = — d(k — k’) (B.4.b) 


29,00 = = 7, | (B.3.b) 


are the creation 


all other commutators being zero. For the three spatial degrees of freedom 
(i, j = xX, y, z), one gets the usual commutation relations for a quantum 
harmonic oscillator. On the other hand, for the scalar degree of freedom, 
(B.4.b) differs from the usual relation by a — sign. We will see below the 
difficulties which arise from this — sign in the construction of state space. 
Note finally that Equations (B.4.a) and (B.4.b) can be regrouped into a 
single expression with covariant notation 


[a,(k), a;'(k)] = — gy, 6(k — k’). (B.5) 


Remarks 


(i) a, is the operator associated with the normal variable a,. We should point 
out that, in spite of the notation used, the a, are not the components of a 
four-vector. 


(ii) The operators a,, a,, and a, can always be replaced by a,, a,, and ay. 
Since the corresponding transformation is orthogonal, Equation (B.4.a) be- 
comes 
[a,(k), a,5(k’y] = 6,. 5(k — k’) (B.6.a) 
[ a,(k), a, (k’))] = 6(k — k’) (B.6.b) 


all other commutators being zero. 
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It is also clear that the important physical variables, such as the field 
energy H,, the momentum P, and the fields, can be given as functions of 
the creation and annihilation operators. Thus, the energy H, of the field is 
gotten by replacing the normal variables a and a* with the operators a 
and a~* in (A.64), which gives 


Hp = | oP te? a, + a,a,) + (a; a, + a,ay) + 


+ (a; a, + a,a,') — (af a, + a,a,)] (B.7) 


and more generally, starting from (A.67), 


| 
P,=- |e hk, L(A, a, + a,a,). (B.8) 


¢) COVARIANT COMMUTATION RELATIONS BETWEEN THE FREE POTENTIALS 
IN THE HEISENBERG PICTURE 


The free potentials in the Heisenberg picture are gotten by replacing a, 
and a* with a, and a, in the classical expression (A.50), which gives, 
using covariant notation, 


vy, _ 3 h — ikyx¥ + ikyx” 
A(x’) = a k Creer NCE [a,(k) e + a;(k)e"™"]. (B.9) 


The commutation relations (B.5) then show that 


[A,(r, 1), A\(r, t’')] = 


h ° ¢ ° ? 
ae d3k ik.(r—r)-io(tt—-t) __ ge B.10 


The triple integral of (B.10) can be transformed into a quadruple integral 
fd*k, the constraint (A.51) being introduced through a delta function 


5(ky — Ik), oko +1k) 

u as 2_ 422) — 0) 0 : 

d(k" k,) = d(ko — k*) 1) sae say 5 (B.11) 
which has the additional advantage of absorbing the factor 1/w = 1/c|k| 
in (B.10). By introducing the sign function of ky, (Xo), one can finally 
rewrite (B.10) in the manifestly covariant form 


[4,(r, 0, A,r, )] = an Dir — r,t — £ (B. 12) 
0 
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with 


Dir, t) = O | dtk oe ” 6(k, k") n(k°). (B. 13) 


Note finally that it is possible to calculate the triple integral of (B.10) 
directly and thus to establish 


l 
D(x, t) = Les [ d(r — ct) — o(r + ct) ] (B. 14) 
which shows that D is zero throughout except on the light cone. 


Remarks 


(i) Note that the function D has been already introduced in Complement Cy. 
It is possible to get the commutators between the components of the electro- 
magnetic field by using (B.12). One then gets expressions identical to those 
found in Complement C,,, [Equations (20)]. 


(ii) Starting from (B.8) for P, and the commutation relations (B.5), it is 
possible to show that 


[P,, a,(k)] = — Ak, a,(k) (B.15) 
and also, using (B.9), 
[P,, Ai, )] = — if 0, AG, 0). (B. 16) 


The P, appear then as the generators of space-time translations in state space. 
We have derived (B.16) from (B.5) here, that is, from the canonical commuta- 
tion relations. A completely covariant quantization would follow the inverse 
path. It would start from the study of the symmetries of the Lagrangian, 
establishing the expressions for the physical variables associated with the 
generators of the Lorentz group; one would then postulate (B.16) and the 
analogous equations for the other group generators, to finally derive (B.5) 
from (B.16). 


2. Problems of Physical Interpretation Raised by Covariant Quantization 


The approach followed in the preceding section permits us to derive 
manifestly covariant commutation relations like (B.12) or (B.16) and then 
to construct a theoretical framework better adapted to relativity than 
those of Chapter II, where the symmetry between A and U was broken. 
We are now going to examine the problems of physical interpretation 
posed by covariant quantization. Some difficulties appear at this level, 
which are much more serious than in the classical theory examined in the 
section above, where it was sufficient to impose the subsidiary condition 
(A.44) to get good physical states. 
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a) THE FORM OF THE SUBSIDIARY CONDITION IN QUANTUM THEORY 


A treatment identical to that of §A.3.c above for the free field leads to 
a condition analogous to (A.44), where a, and a, are replaced by a, and 
a, respectively. It is clear however that an identity like (A.44) cannot be 
satisfied by operators like a, and a,, which act in different subspaces of 
the state space—the subspace of longitudinal photons and the subspace of 
scalar photons. In the covariant quantum theory, Maxwell’s equations can 
no longer hold between operators, since it is not possible to impose the 
subsidiary condition as an operator identity. ; 

One can then try to use the subsidiary condition to select the physical 
states |y) by requiring these states to be eigenvectors of Ld, A” with the 
eigenvalue zero: 


¥a,A*|w> =0. (B.17) 


This relation must be true for all r and for all ¢, so that an expansion 
analogous to (A.43) leads to the following two conditions (valid for all k): 
[a,(k) — a(k)]|y > = 0 (B.18.a) 

[a;"(k) — aS (K)] | y > = 0. (B.18.b) 

In fact, such conditions are too strong, and it is possible to show that the 


equations (B.17) or (B.18) do not have a physical solution. A condition 
less strong than (B.17) or (B.18) is that for all r and all ¢ one has 


Cwl¥ 0,47 )|w>=0 Vre. (B.19) 


The physical states |) are then such that the subsidiary condition is 
satisfied for the mean value in these states. The concern with (B.19) is that 
its solutions do not necessarily form a vector subspace of the state space. 
For this reason one prefers to use the subsidiary condition in the form 


yA P> =0 (B.20) 


where A‘*)# is the positive-frequency component of A*, containing only 
the terms in e~'“'. For the free field, (B.9) shows that this condition is 
satisfied for all r and all ¢ if 


[a(k) —a(k)]|y>=0 Vk. (B.21) 
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The solutions of (B.20) or (B.21) form a vector subspace of state space and 
are all solutions of (B.19). 

It is in the form (B.21) that we hereafter use the subsidiary condition to 
characterize the physical states of the free field (*). 


b) PROBLEMS RAISED BY THE CONSTRUCTION OF STATE SPACE 


It seems logical first to postulate the existence of a state |0) with no 
photons, on which the action of every annihilation operator a,,(k) gives 
zero, Since it is impossible to remove a photon from the vacuum: 


a(k)|0>=0 Vuk. (B.22) 


Note in particular that (B.22) implies that the vacuum obeys (B.21) and is 
therefore a physical state, a satisfying result. 

The next stage then involves trying to construct states having any 
number of photons by the repeated action of the creation operator a," on 
the vacuum. For the transverse and longitudinal photons this poses no 
problem, since the commutation relations (B.4.a) or (B.6) have the usual 
form. For example, a state having 7 ,(k) photons k, e, n,(k’) photons k’, e’, 
and n,(k’”) photons k”, «” is written with simplified notation as 


_ aye (ay (at 


n,'n, 'n,! 


10>. (B.23) 


|, M5 My > 


On the other hand, for scalar photons, serious difficulties appear. Calcu- 
late for example the norm of the state having one scalar photon, 


ly> = | a0 a; (k)|0>. (B.24) 


By using the commutation relation (B.4.b) and (B.22), one gets 


Citi | | Bk dk’ g*(k) glk) < 01 a,(k’) a*(k) | 0) 
(B.25) 
— (010 | a% 140k)? 


(*) In §D.3.a below and in §A,.3.c, we indicate how one can generalize (B.21) for a 
quantized radiation field coupled to external sources or to the Dirac field. 
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It appears then that the vacuum |0) and the state |) having one scalar 
photon have norms with opposite signs, which is wholly unacceptable in a 
Hilbert space, where all the norms must be positive to permit a probabilis- 
tic interpretation. 

It seems necessary then to generalize the notion of norm in the state 
space so as to include in this space states with negative norms, besides the 
physical states which are distinguished by the subsidiary condition and 
which should have finite and positive norms. 


Remark 


One may be tempted to think that the interpretation of a, (a;) as an 
annihilation (creation) operator is erroneous and that one should exchange 
their roles. We take then 

5.(K) 

5 (k) 


and treat 6, as an annihilation operator and b.” as a creation operator 
satisfying a commutation relation identical to (B.4.a): 


a, (k) (B.26..a) 
a,(k) (B.26.b) 


[b,(k), ,'(k’)] = 6(k — k’) (B.27) 
and derived from (B.4.b) and (B.26). The scalar photon vacuum then satisfies 


b(k)|0 > = at (kK)|0> = 0. (B. 28) 


On the other hand, the subsidiary condition (B.21) gotten by cancelling the 
coefficient of exp[i(k - r — wf)] in 0, A‘ remains unchanged and is written, 
with the notation (B.26), 


La(k) — b()]|y> =O Vk. (B.29) 


But new difficulties then arise. First, the new vacuum defined in (B.28) no 
longer satisfies (B.29) and can no longer be thought of as a physical state. 
Additionally, it is possible to show (see Exercise 2) that the solutions of (B.29) 
with this new interpretation of a, = 6,” as a creation operator are not normal- 
izable. Thus the — sign in (B.4.b) leads us either to a one-scalar-photon state 
with negative norm (if we take a, as an annihilation operator and a; asa 
creation operator), or to physical states with infinite norm (if we reverse the 
interpretations of a, and a;). The second eventuality is in fact much worse 
than the first, since it involves physical states, which is not the case for the 
one-scalar-photon states (B.24). It is for this reason that we revert to the 
original interpretation of a, and a). 
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C—COVARIANT QUANTIZATION WITH AN 
INDEFINITE METRIC 


In this third part we present a method which solves the difficulties 
mentioned in the discussion of §B.2. First, we show (§C.1) that it is 
possible to introduce in a Hilbert space a second scalar product leading to 
a second norm not necessarily positive definite (indefinite metric). This 
new scalar product allows us to define a new adjoint for each operator and 
a new mean value. Canonical quantization is then done (§C.2) by replac- 
ing the Hermitian conjugate operators with the new adjoints throughout 
the preceding theory, the new metric being chosen so as to resolve the 
difficulties associated with the scalar potential. We then construct (§C.3) 
the physical kets obeying the subsidiary condition (B.21), and show finally 
(§C.4) that for these kets all of the predictions about physical variables 
only involve the transverse degrees of freedom and conform to the usual 
quantum interpretation. 


1. Indefinite Metric in Hilbert Space 


Consider a Hilbert space with the usual Dirac notation (ket |f), bra 
(|), with the usual scalar product (|) = (¥|)*, linear with respect 
to |) and antilinear with respect to (|, and with a norm (|) which is 
positive definite, that is, strictly positive, and zero if and only if |~) = 0. 

Starting with a Hermitian, unitary linear operator M in this space, that 
is, such that 


M=M* =M"} (C.1) 
we introduce a second scalar product defined by 


Cely> =CO|M|yP). (C.2) 


We will use the “round” Dirac notation | > and C | for this new scalar 
product. It is equivalent to say that one associates with the old ket |y) 
and bra (| the new ket |~> and bra C9| defined by 


aie de (C.3.a) 
Col=<od|M. (C.3.b) 


From (C.1) and (C.2) it follows that 
Colwo =  CYH¥l|er* (C.4) 
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and that C@|y>_ is linear with respect to |~> and antilinear with 
respect to Cd@|. The new scalar product then has some of the usual 
properties of an ordinary scalar product. In contrast, the new norm 
Cy|~>D is not necessarily positive definite. To see this, consider the 
eigenvectors |m,) of M with eigenvalues m,. As a result of (C.1), m, is 
real and necessarily equal to +1 or —1. Replacing M by L,m,|m,)<m,| 
in (C.2), one gets 


Cyly> =<¥IMIy>=Tmicmly>l. (C.5) 


Since some m, can be equal to —1, it appears clear from (C.5) that 
Cy|Y> although real can take zero or negative values. The new metric 
associated with M is called indefinite in this case. 

Starting from the new scalar product, one can introduce new matrix 
elements for a linear operator A, 


COIAl\WD =(O|MAlY> (C.6) 


and a new adjoint of A, which we denote A to distinguish it from the old 
A* and which is defined by 


CHlAlW > = CHlAlg>* (C.7) 
for all y and @. Equations (C.4) and (C.7) also imply that 


lw > =AlWDd @& CwWIl= CHIA. (C.8) 


What is the relationship between the new adjoint A and the old A*? To 
get this relationship, it is sufficient to express the two terms of (C.7) in 
terms of the usual kets: 


Codl|AlW dD =KG|MAly) (C.9.a) 
CWlA|@d*=<W|MA|O>* =< G| At M*|W>. (C.9.b) 


Comparison of (C.9.a) and (C.9.b) then gives MA = A+tM*—that is, 
finally, since M* = 1 and M = M*, 


A= MAtM (C.10) 
A is Hermitian in the new metric if 
A=A (C.11) 


and then has, by (C.7), real diagonal elements. By definition, the new mean 
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value in state ¥ of an operator A is the quantity 


CWIlAlyD 
CAD,= Ce1D 
YOU eer 
which is real if A =A and which generalizes in the new metric the 
well-known usual mean value. We suppose of course that Cw|~D is 
different from zero in (C.12). 


Remarks 


(i) The notion of eigenvector and eigenvalue is independent of any metric. The 
eigenvalues A, of a linear operator A are therefore the same whether one uses 
the old or the new metric. One can also say from (C.3.a) that the equation 


Al|9;> = 4,1 9;> (C.13.a) 
implies 
A|l@, 2) =4,;|9,2. (C.13.b) 


Note incidentally that the eigenvalue A, of A can be thought of as the old mean 
value of A as well as the new in the eigenstate g,. Actually, by projecting 
(C.13.a) on (qg;| and (C.13.b) on Cq,|, one gets, if C¢,|¢,> is nonzero 
(recall that (g,|p;) is always nonzero except if |;) is zero), 


<9; |A1@;> 

, = —— C.14.a 
Cole) nee) 
C g,|A|Q; > 

De raese eN  , C.14.b 

C 9;| 9; D ( ) 


If C@|¢,> is zero, the second equality (C.14) is no longer valid (inde- 
terminate form). 


(ii) Assume that A = A but A # A* (for example A = —A*, the operator A 
being antihermitian in the usual sense). Since 


(9,14 |p; = (@;|A* \p;)* = —(9|Alp,)* 


is then purely imaginary, the first equality (C.14) implies that A, is purely 
imaginary. In contrast, since A =A, Cgy,|A|g¢,> is real and the second 
equality (C.14) seems to indicate that A, is real. This contradiction is only 
apparent, insomuch as one can show (see Exercise 3) that if A = A and if A, is 
not real, then C¢,|¢,> is necessarily zero, with the result that (C.14.b) is no 
longer valid. 


(iii) Let {|u,)} be a basis of the state space, orthonormal in the usual sense 
and satisfying the closure relationship 


> | u,> <u, | = 4. (C.15.a) 
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Using (u,,| = Cu,|M, which follows from (C.3.b) and M? = 1, this relation 
can then be written 


Ylu,> Cu,|M=1. (C.15.b) 


Equations (C.15.a) and (C.15.b) are useful in relating the two types of compo- 
nents (u,|y) and Cu,|y> of a vector |y) in the state space (Exercise 3). 


We must finally emphasize that the new mean value does not have the 
same physical content as the old. Even if A = A, it is not possible in 
general to give a probabilistic interpretation to (C.12) like that given to 
usual mean values of a Hermitian operator in the old sense, A = A*. 
Recall this interpretation: (A), = (¥|A|~)/<¥|Y) is, when A = A”, the 
average of the eigenvalues A, of A (which are real, since A = A‘) 
weighted by the probabilities 7, = |(p,|¥)|?/<|) of finding A, for the 
system in state |f). When A = A and A # A’, it can happen that certain 
eigenvalues of A are not real, so that it is out of the question to interpret 
them as results of a measurement. One can then question the interest of 
introducing (C.12). The new mean value is in fact interesting for variables 
like the potentials, which, although real in classical theory, are not truly 
physical variables in the sense that their precise value varies according to 
the gauge. The quantum measurement postulates do not apply in fact to 
potentials, and it is not absurd to associate them with operators A # A™. 
(This indeed can be very useful, as we shall see below.) However, it is 
important that the potentials satisfy A = A, so that their new mean value 
(C.12) is real. Such a reality condition is actually essential if one wants the 
mean values of the quantum equations of motion to coincide with the 
classical equations of motion, where the potentials are real functions of r 
and t. If we abandon the Hermiticity of the potentials in the sense of the 
old metric and replace it by Hermiticity in the new sense, we will have to 
check afterwards that the old and new mean values of measurable physical 
variables like the electric and magnetic fields agree when they are taken in 
physical states. 

Finally, the generalization given here offers the possibility of admitting 
new states with negative norm and of considering operators that are 
non-Hermitian in the old sense (A * A*) but Hermitian in the new 
(A = A), which allows one to associate with these operators new real 
mean values. It is this flexibility in the formalism which will allow us to 
resolve the difficulties associated with the scalar potential in what follows. 


2. Choice of the New Metric for Covariant Quantization 


To resolve the difficulties mentioned at the end of Part B, we are now 
going to introduce a new metric in the radiation state space. Since all the 
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mean values will ultimately be calculated in this new metric and these new 
mean values must be real for the potentials, we must require that the 
potential operators be Hermitian in the new sense 


A(t) = A,(r) (C.16.a) 
Ab,(k) = J(—k) (C.16.b) 


and analogous conditions for IZ, and 7t,. All the calculations in Part B 
above remain valid under the condition that all the old adjoints are 
replaced by the new throughout, in particular a, by a,. For example, 
starting from Equations (A.40.a), (A.40.b), (B.4), (B.7), one gets 


= h ik.r = —ik.r 
Ar) = | a Ts; Om [a,(k) e“" + a(k)e"™"] (C.17) 


Lak), a{k’)] = 0,; o(k — k’) (C.18.a) 


[a,(k), a,(k’)] = — 6(k — k’+) (C.18.b) 


Ap = [ant [(a@, a, 1 a, a,) an (a,, a, 20 ay a.) a 
+ (@, a, + a, a) — (@,a, + a,a,)] (C.19) 
How can one choose the metric M? Since all the difficulties come from 
the — sign in (C.18.b), the simplest idea is to use the possible difference 


between a, and 4a, to correct this sign. Assume, for example, that one has 
succeeded in finding M such that 


a; = Ma; M= a; (C.20.a) 


a, = May M=— a; . (C.20.b) 


In other words, M commutes with a, but anticommutes with a,. The 
commutation relations (C.18.a) remain valid for the operators a; and a; 
relative to the spatial degrees of freedom, whereas (C.18.b) becomes 


[a,(k), a, (k’)] = 6(k — k’) (C.21) 


a, and a; then become completely “normal” annihilation and creation 
operators and allow one to construct the state space of scalar photons 
without difficulty. In addition, since (C.20.a) implies a@, = a7, a, = az, 
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and a,=a;, the Hamiltonian (C.19) written as a function of the old 
adjoints becomes, using (C.20.b), 


ho 
H, = [oxy [(a;," a, + a, as) + (az a, + a, at) + 


+ (a; a, + a, a;") a (a; a, + a, a;')] (C.22) 


and has only + signs. The energy then becomes positive definite (recall 
that the eigenvalues of an operator are independent of the metric; see 
Remark i of §C.1 above). 

Before going farther, note that a@,= —a; implies that the scalar 
potential A, is now anti-Hermitian in the old sense (A; = —A,), since 
one requires it to be Hermitian in the new [Equations (C.17)]. The 
reestablishment of the + sign in (C.21) 1s then achieved at the price of 
abandoning the hermiticity of A, in the usual sense. It is thus no longer 
possible to apply the quantum-mechanical postulates to A,. This is not 
troublesome, however, since A, is not a truly physical variable. 

We now show how it is possible to satisfy (C.20). First, we introduce a 
basis of states for each scalar mode (*), 


a)" 
ins 822165 (C.23) 
n, ! 
normalized in the usual sense: 
Cng [ny > = Onns- (C24) 


The action of a, and a; on |n,) is well known, since the commutation 
relation [a,, a] = 1 is “normal”: 


a; |n,> =/n, +1la,+1) (C.25.a) 
a,|n,> =./n,|n, — 1) (C.25.b) 
a,|0,> = 0 (C.25.¢) 


and that of a, is gotten from (C.20.b): 


G,\n,>= —/n,+1|n, +1). (C..26) 


(*) To ease the notation, we omit the index k for the mode. We also assume that the field 
is quantized in a box so as to have discrete modes k. 
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Consider now the Hermitian unitary operator M defined by 
M|n,> =(— I)" |n, >. (C.27) 
From (C.25.a), (C.26), and (C.27) it follows that 
Ma* |n,> = (— 1)**1/n, + 1 [n, +1) = — at M|n, > (C.28) 


which, since the set {|n,)} forms a basis, implies that May = —a;M 
and thus proves (C.20.b). Equation (C.27) then permits the calculation of 
new scalar products 


Caz|n; > = Cn,|M|n,> =(- D* 6 (C.29) 


Nsts ° 


The vacuum has a new positive norm, but the one-photon scalar states 
have a new negative norm. The generalization presented in this section 
then allows us to include in the formalism situations like those mentioned 
above (§B.2). 


Remark 


Suppose that we change the phase factors of the basis vectors (C.23) by taking 


Pe ae Co I 0, > (C.30) 
n 


S . 


so as to have a more satisfactory expression for |n,) as a function of a, and 


| 0, »s 
(a,)"* 
fng! 
Equations (C.26), (C.25.b), and (C.25.a) then become 
a,|n, > =./n, t+ 1[n, +1) (C.32.a) 


[n> = 


|0,>. (C.31) 


a,|n,> = —Jn,|n,—1) (C.32.b) 
a*\|n,) = —/n,+1|n, +1). (C..32.c) 


Equation (C.27), which does not depend on the phase factor of |n,), remains 
unchanged, as does (C.29), which follows from it. Depending on whether we 
choose (C.23) or (C.30), one can then say that, with respect to the usual 
harmonic-oscillator theory, it is sufficient to attach a — sign either to the 
matrix elements of a, [if (C.23) is chosen] or to the matrix elements of a, [if 
(C.30) is chosen]. 


3. Construction of the Physical Kets 


The very simple form of the subsidiary condition (B.21) suggests the 
introduction for each value of k of two linear “orthogonal” combinations 
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of a, and a,, thereby generalizing the normal variables (A.45) to the 
quantum case. We thus take 


rn ee (C.33.a) 
d /2 i Ss . 4 
4 = + a,). (C.33.b) 


Using (C.18.a), (C.20.a), and (C.21), the new operators a, and a , thus 
introduced satisfy the equations 


[a,(k), a (k’)] = 6(k — k’) (C.34.a) 
[a,(k), a, (k’)] = 5(k — k’) (C.34.b) 
[a,, a] = [a,, af] = 0. (C.34.c) 


The relationships (C.33) then allow the introduction for each value of k of 
two new types of modes, d and g, with two types of photons, the 
“d-photons” and the “g-photons” respectively. Note incidentally that the 
vacuum of d and g photons coincides with the vacuum of / and s 
photons, since the expressions (C.33) imply 


a4 (0,0, > = 0 (C.35.a) 
a,|0,0,> = 0 (C.35.b) 

which shows that 
|0,0, > = | 0, 0, >. (C. 36) 


With this new notation the subsidiary condition (B.21) is written 
a,|w>=90 (C.37) 


which generalizes (A.46) and implies that the physical kets have no 
d-photon. The subsidiary condition specifies nothing on the other hand 
about the state of the g-mode, which can be anything (nor, obviously, 
about the state of the transverse modes ¢e and ¢’). 

We now construct a basis for the space of physical kets. For each value 
of k we have 


at Ne tyne’ +\n, 
|, Me Og n> Se eG gy. (C. 38) 


/n, In 'n, | 


The numbers of transverse photons, n, and n,, can be anything, as can 
the number of g-photons. On the other hand, the number of d-photons is 
necessarily zero from (C.37). The set of vectors (C.38) forms an orthonor- 
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mal basis in the usual sense in the subspace of physical kets: 
Cn, ny Ogn, | a, my 047) > = One Onene Ongng - (C.39) 


What can be said, on the other hand, about the new scalar products 
involving the basis vectors (C.38)? Since Cu,n,|nini > = (n,n,|nine) 
= 8, Sntiny it suffices to find C0 ,n,|0,n,>. According to (C.38), 
|n, > = |n,) is expressible as a function of a7. In order to find C0,n,|, 
we must first determine the new adjoint a; of a7. Now the equations 


(C.33) give 


Ze i a 1 
a, = — —(a@, — a) = — —(a;, + a7) = — ia? (C.40.a) 
d Jo l eS) l g 
Fa l = ] 
a, = —(a4, + 4.) = —(a, — a{) = + iaj (C.40.b) 
g /2 l we i d 
which shows that 
a, = — ia. (C.41) 


Also, since from (C.34.c) a, commutes with az, and from (C.40.a) 


+ et 
a, = 1da,, one has 


[a,,a,] = 0. (C.42) 
One can then write, using (C.40.a), (C.41), and (C.42), 


Jn, tn! C0gn,|0un, > = € 0,0, 1 (a7 )"(a,)”* | 0,0, > 
= (i) C 0,0, | (a,)"*(a,)"" | 0,0, D 
aa (i)"2~ "0 C 0, 0, | (44)""(ag)" | 0, 0, J = Ong0 Ono : (C. 43) 


Finally, all the basis vectors of the subspace of physical kets have a zero 
new scalar product and a zero new norm unless n, = 0: 


Cn, ny, Ogn, | nin 04nd = Onn: Ongng Ongo Ono  (C-44) 
Consider now, for one value of k, a physical radiation ket 


lw > = lr? @ ls > (C.45) 


describing a situation where the transverse degrees of freedom are in the 
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State |y,) and the longitudinal and scalar degrees of freedom are in the 
physical state 


lwis > = dc, 10,7, > (C. 46) 


in which n, is always zero. Using (C.44), the new norm of |) becomes 


Cwly dD i Cr | Wr = C Wis | Wrs D 
= <r] rp >leol. (C. 47) 


This relation can easily be generalized to a situation where |) is ex- 
panded on all the transverse modes k, and |¥,.) on all the modes (k, g), 
with n, being zero always. Equation (C.47) remains valid, cy representing 
the component of |,,) on the vacuum of all the modes (k, d) and (k, g). 
It appears then that the new norm of a physical ket is proportional to the 
old norm of its transverse component, the coefficient of proportionality 
|co|? being the square of the modulus of the component of |~,,) on the 
vacuum of modes d and g—or equivalently, from (C.36), on the vacuum 
of modes / and s. 


4. Mean Values of the Physical Variables in a Physical Ket 


Having characterized the physical kets by the condition (C.37), we now 
find the mean value of the various physical variables (potentials, fields, 
energy) in these kets. 


a) MEAN VALUES OF THE POTENTIALS AND THE FIELDS 


As in (A.57), we write the potentials A, in the form 
A, = Aj + A? + A? (C.48) 


where A’, A%, A? are given by expressions identical to (A.58), (A.59), and 
(A.62) except that the normal classical variables a,, a,, aj, a,, a%, af, 
ay, af are replaced by the operators a,, a,, 23, 4,, 4,, Ay, Ag, Ay. 
Since the operators appearing in Ai act only on the transverse degrees 
of freedom, it follows that 


CWIATIW 2 — CUrlATIr > Cas las > 
Cwly > CWrlWr > C Wis |Wrs > 


_ <ul AT ord 


CW 10, > Cm) 
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The new mean value of the transverse potential agrees with the old. Such a 
result is satisfying, since Al, which is gauge invariant, can be considered 
as a truly physical variable. 

From (A.62), A? is a linear superposition of the operators a, and ay. 
Since the subsidiary condition (C.37) implies that a,|~> = 0Oand Cy|a, 
= 0, the new mean value of A? in the physical ket |y) is zero: 


CwlAP|y > 
Cwlwd 


Consider finally Ag. Since Ag does not act on the transverse degrees of 
freedom, its mean value involves only |¥,,) and using (A.59) is written 


- (C.50) 


CWlAP|lwd 
Cwlwd 


where Cf> is the new mean value in the state |W), of the operator /, 
gotten by replacing a, and a} with a, and a, in (A.60). 


Finally, the new mean value of (C.48) is written using (C.49), (C.50), 
and (C.51) as 


CWA IW _ <br AT Ibe? 
cwIy) Curl Ur > 


It differs from the old mean value of the transverse potential only by a 
gauge term. 

The mean value of the electromagnetic field tensor F, = d,A,— 0,A 
can be deduced from the previous results: CF? > = 0 because of (C. 50), 
and CFY>=0 because CA%> is a gauge term according to (C.51). It 
follows that 


=-a cfd (C.51) 


ey Bis. MC) 


Cwlw > cai | 


The new mean value of the fields agrees with the old one found by taking 
account of only the transverse degrees of freedom. 


(C.53) 


b) GAUGE ARBITRARINESS AND ARBITRARINESS OF THE KETS ASSOCIATED 
WITH A PHYSICAL STATE 


The above results permit us to understand the role played by the 
excitation of the g-modes, about which the subsidiary condition does not 
provide any information. 

To a given physical state of the transverse field there corresponds a set 
of physical kets of the form (C.45). For these kets, |) is fixed but |p, ,) 
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can describe an arbitrary excitation of the g-modes, the d-modes in 
contrast being always in the vacuum state. This arbitrariness corresponds 
to the remaining gauge arbitrariness on the potentials. Two different 
excitations of the g-modes correspond to two different gauges, and thus to 
two different mean values of the potentials but nevertheless to the same 
mean values for the truly physical variables F,, and AT. 

Covariant quantization with an indefinite metric finally allows us to 
introduce in the physical kets themselves the gauge arbitrariness, while 
preserving for the measurable physical variables predictions identical to 
those of Chapters II and II. 


c) MEAN VALUE OF THE HAMILTONIAN 
Starting from (C.33), it is possible to show that 
a; a, + ay a, = aj ay + af a,. (C54) 
Then, using (C.22), one can write 
H, = Hi + HE (C.55) 


where HZ is the purely transverse Hamiltonian of Chapters II and III, 
and where H;°* is written for a given value of k (and by omitting the 
zero-point energy) as 


Hy® = holay a, + az a4) 


= 1haw(a,a, — a, a,). (C. 56) 


where (C.40) has been used to replace a; by ia, and aj by —ia,. This is 
a natural generalization of the classical expression (A.65). Since in a 
physical state a,|\~> and Cy|a, are zero, it follows that 


Cc WHR lw > 


woo (C.57) 


and also 


CWlHelW> _ <br Ae | vr 
cCwly> Cr lYr> 


The new mean value of the total Hamiltonian H, in a physical ket then 
agrees with the old mean value of the energy of the transverse field. 


(C58) 
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Finally, by a generalization of the metric in the state space of the 
radiation, we have been able to solve all the problems posed by the 
subsidiary condition and by the sign of the commutation relation relative 
to the scalar potential. We have identified the different physical kets 
corresponding to a single given physical state, related the multiplicity of 
these kets to the gauge arbitrariness, and shown the equivalence of the 
theory thereby presented with that of Chapters II and III for all the 
predictions concerning physical variables and physical states. 
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D—A SIMPLE EXAMPLE OF INTERACTION: A QUANTIZED 
FIELD COUPLED TO TWO FIXED EXTERNAL CHARGES 


In the preceding parts we were essentially dealing with the free field. 
The main purpose was to establish how it is possible to reconcile the 
presence in the covariant theory of four kinds of photons with the fact 
that the only physical photons are free transverse photons. However, since 
we had not given the form of the particle Lagrangian, it was impossible to 
study relativistic quantum electrodynamics in the presence of interactions. 

We have however treated the simpler case of fields coupled to external 
sources, that is, sources with a given time dependence. It suffices then for 
the study of the evolution of the field to add to the Lagrangian or 
Hamiltonian of the free field an interaction term [see for example (A.29)]. 

In this final part, we consider a particularly simple example of this type 
of situations: a quantized field coupled to two external fixed charges. Our 
purpose is to illustrate here the role played in the interaction by the new 
types of photons (longitudinal and scalar) introduced by the covariant 
theory. 


1. Hamiltonian for the Problem 


Consider two fixed charges g, and gq, situated at r, and r,. The 
corresponding external charge density is given in real space by 


p.(r) = gq, 0@ — 1) + 42 Off — Fy) (D.1) 


and in reciprocal space by 


l — ik.r, —ik.r2 
pdk) = Sz lae a ge =), (D.2) 


In the presence of a current four-vector j,,,, it is necessary to add to the 
Hamiltonian of the free field, Hp, the coupling term V = ¥, fd°rj,,,A" 
[see Equation (A.29)]. The Hamiltonian H which describes the evolution 
of the field in the presence of the two charges is then written 


H =H, +V (D.3) 


where H, is given in (C.19) and where, since the only nonzero component 
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of Je, IS Joo = Ce» 
V= | d3rep,.(r) Ar) 
= Cqy A,(¥;) a CG2 A,(T2) (D.4) 


By using the expansion (C.17) of the potentials, one gets 


h , . 
= 3 k ik.r; ae ik.r> oe 
V [3 k C ) pa a2 n)° La,( ) (4; e€ q2 e ) 


+ a,(k)(q, e°™"' + qo e-™"2)] (D.5) 


that is, finally, using (D.2), 


y = | Wee | A fa) 92) +20) p00]. (0.6 


2. Energy Shift of the Ground State of the Field. Reinterpretation of 
Coulomb’s Law 


In the absence of sources (p, = 0), the ground state of H, is the photon 
vacuum |0). When one introduces the two charges q, and q, atr, andr,, 
the new ground state of the field, that is of (D.3), is going to be modified 
and shifted by an amount AE depending on q, and q,. We first derive 
here a perturbative expression for AE by studying the shift of the ground 
state of Hp to second order in V. We show that one gets in this way the 
Coulomb energy of the system of two charges. Coulomb’s law can thus be 
reinterpreted, in this approach, as being due to an exchange of scalar 
photons between the two charges. Finally, we shall see that the expression 
gotten for AE to second order in V is in fact valid to all orders. 


a) PERTURBATIVE CALCULATION OF THE ENERGY SHIFT 


We have already mentioned that the eigenvalues of an operator are 
independent of the metric (Remark i of §C.1). To determine the energy 
shift AZ of the ground state |0) of Hp, due to the potential V, we can thus 
apply the usual expression given by perturbation theory, with the matrix 
elements of V evaluated in the usual Hilbert-space metric. To second 
order in V, we then get, since |0) is not degenerate, 


AE = (0|V|0> +<0|V——Sa-V 10> (D.7) 
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where E, is the unperturbed energy of |0) and where Q is the projection 
operator on the subspace orthogonal to |0). Since the diagonal elements 
of a, and a, which arise in the expression (D.6) for V are zero, the first 
term of (D.7) is zero. In addition, since V can only create or destroy a 
scalar photon, the only type of intermediate state which can arise in the 
second term of (D.7) is the state |ks) of a scalar photon k. The energy of 
such a state is greater than that of the vacuum by fw, so that the energy 
denominator of (D.7) becomes E, — (E) + hw) = —hw. Finally, we get 
for AE 

Semmens aes (D.8) 


— ha 


According to the selection rules for the operators a, and a,, 


CO} V [ks > = c [are J" 0 | ak’) | ks > p2(k’ (D.9.a) 
2 &) W 


Cks|V|0> = c [ate "ee ks | 5k) 05 pk’). (D .9.b) 


” 
2 EW 


Finally, we have seen above that the matrix elements of a, and a, always 
have opposite signs, whatever may be the convention chosen for the states 
|n,) [see (C.25.b) and (C.26) or (C.32)], so that 


< 0| a,(k’) | ks > ¢ ks | a,(k”)|0> = — 6(k — k’) d(k — k”). (D. 10) 
Substituting (D.9) and (D.10) in (D.8) gives finally 


*(k) p(k 
ag = (axe. (D.11) 
2 &k 


This is the expression for the Coulomb energy of the charge distribution 
characterized by p,(k) [see (B.32) and (B.37) of Chapter I], which can be 
also written 


G1 942 


AE = V =e  +4+e2 0 + ———-—-— 
Coul Coul Coul . 
Ae, | 1y = 13. | 


(D.12) 


The first two terms of (D.12) represent the Coulomb self-energy of the two 
charges, g, and q,, and the last term the Coulomb interaction energy 
between them. 


Remark 


One should note the importance of the — sign appearing in (D.10), which 
implies that the product of the two matrix elements of V appearing in the 
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numerator of (D.8) is negative, so that AE is ultimately positive for charges 
with the same sign (see also D.11). If the operator associated with the scalar 
potential were Hermitian in the usual sense, so would V be, and the numerator 
of (D.8) would be positive, leading to an energy shift AE < 0. This result 
simply recalls the fact that the shift of the ground state due to a Hermitian 
potential is always negative to second order, the ground state being pushed 
downwards by the excited states. It is because the operator associated with the 
scalar potential is anti-Hermitian in the initial metric, but Hermitian in the new 
one, that we finally find a positive Coulomb energy. 


b) PHYSICAL DISCUSSION. EXCHANGE OF SCALAR PHOTONS BETWEEN THE 
Two CHARGES 


The Coulomb energy appears then as associated with a second-order 
perturbation term (D.8). The structure of this expression then suggests the 
following physical interpretation. The field, initially in the vacuum state, 
makes under the effect of V a transition to the intermediate state |ks) 
and then returns to its initial state. In other words, a scalar photon k is 
emitted virtually and then reabsorbed. 

The term in q,q, of AE is obtained either by taking the term in gq, of p 
in the matrix element (ks|V|0) and the term in g, in (0|V|ks), in which 
case it is the charge g, which emits a virtual scalar photon reabsorbed 
subsequently by q,, or the inverse process, in which case it is q, which 
emits a virtual scalar photon reabsorbed by g,. Quantum electrodynamics 
in the Lorentz gauge thus lets us interpret the Coulomb interaction 
between two fixed charges as resulting from the exchange of scalar 
photons between them. 

Note finally that the terms in g? (or g#) of AE—that is, e6.) (OF ou) 
—are gotten by taking the same term in gq, (or q,) in the two matrix 
elements of V. The Coulomb self-energy of a particle appears then as due 
to the virtual emission and reabsorption of a scalar photon by this same 
particle. 


c) ExacT CALCULATION 


Since the coupling Hamiltonian V is linear in a, and 4,, it is in fact 
possible to diagonalize exactly the total Hamiltonian H = H, + V. Con- 
sider the part H, of H relative to the scalar modes (V acts only on these 
modes). It is written 


H, = [are H,(k) (D. 13) 
with 


H,(k) = a €,(k) a,(k) + A*(k) a,(k) + AC) a,(K) + | (D.14) 
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A(k) being given according to (D.6) by 


A(k) = 5 Pelk). (D.15) 


io a 


The principle for the diagonalization of the Hamiltonian A,(k) for the 
scalar mode k involves imposing a translation on a, and da, so as to cause 
the linear terms in a, and a, in (D.14) to vanish and to get a harmonic- 
oscillator Hamiltonian. 

For this we introduce the new operators b, and b.: 


b(k) = a(k) — A(k) (D.16.a) 
b(k) = a.(k) — A*(k). (D.16.b) 

The commutation relation (C.18.b) gives for b, and 6, 
[5,(k), 6,(k’)] = [a,(k), a,(k’)] = — 6(k — k) (D.17) 


so that b, and b, can in fact be considered as annihilation and creation 
operators (*). In addition, since 


b,b, = Ga, — A* a, — da, + A*A (D. 18) 
it is possible to rewrite H,(k) in the form 
H(k) = to} Be bk) + A*(k) A(k) + | (D.19) 
which is, to within a constant, a harmonic-oscillator Hamiltonian. Let {0) 
be the state defined by 
b(k)|0> = 0 (D.20) 
so that 
ak) |0> = A(k)|0>. (D.21) 


The state |0) is then a coherent state of the mode ks, that is, an 
eigenvector of a,(k) with eigenvalue A(k). Using (D.20), \0) is an elgen- 
state of H,(k): 


H(k)|6) = a} 2° A(k) + 31° 5 (D .22) 


(*) Since b, and b, obey the same commutation relations as a, and a,, one can actually 
find a transformation 7, unitary in the new sense (that is, such that TT = TT = 1), which 
transforms the operators a, and a, into b, and b, (see Exercise 4). 
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with an eigenvalue hw[5 + A*(k)A(k)]. One concludes that the exact shift 
AE of the ground state of the field due to the presence of charges is the 
sum over all the scalar modes of 4wA*(k)A(k), so that, using (D.15), 


pe(k) p(k) 


are (D.23) 
0 


AE = er ha A*(k) A(k) = | d°k 


which coincides with (D.11). The result of the second-order perturbative 
calculation for AE agrees with the exact value of this shift. 


Remark 


It is easy to get the other states and eigenvalues of H,. Starting with the 
commutation relation (D.17) and from (D.20), one can show that 


A[b(K)]}? 10> = hol p + 5 + A*(k) 20 | [o(kK)}?}6) (D.24) 


The state [,(k)]”|0) is then a new eigenstate of H, at a distance phw above 
the new ground state |0). All the levels of the harmonic oscillator associated 
with the scalar mode k are then displaced together by the same amount AE. 


3. Some Properties of the New Ground State of the Field 


a) THE SUBSIDIARY CONDITION IN THE PRESENCE OF THE INTERACTION. 
THE PHYSICAL CHARACTER OF THE NEW GROUND STATE 


To see how it is possible to generalize (B.20) and (B.21), which 
characterize the physical states for the free field, one begins by calculating 
Y,9,A" starting from the expansion (C.17) for A, in a and a: 


h : a,\ , 
0, A* = | dk /————| ik —)e*r cc. (D.25 
Jinan a+%)e eo 


Consider now at a given time ft, the states |) which are for all k 
solutions of the equation 


ka i‘: 0] lw) =0 Vk. (D .26) 


It follows from (D.25) that the mean value of the operator L,d,A* in 
these states is zero at tf). It is possible on the other hand to express the 
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velocity 4, = [a,, H]/ih appearing in (D.26) by means of the equation of 
motion for a,, which is the quantum generalization of the equation of 
motion (A.35’) for the classical normal variable a,: 


i(k) + io a,(k) = —L— ep,(k). | 

afk) + iw a,(k) Tre, feo cp{K) (D.27) 
Putting (D.27) into (D.26) then gives, using (D.15) for A(k), 

La(k) — a,(k) + A(kK)]|y>=0 Vk (D .28) 


which reduces to (B.21) in the absence of sources (A = 0). 

An important property of (D.28) is that its solutions are independent of 
the time f,. In other words, the subspace of physical states selected by 
(D.28) is stable over time; a physical state |) at ¢, remains a physical 
state at all subsequent times. We will prove this important point in 
§A,.3.c by examining the temporal evolution of the operator a,— a, +A 
which appears in (D.28). This property assures that 1,0, A" keeps a zero 
mean value for all r and all ¢, and allows us to consider (D.28) as the 
generalization of (B.21) in the presence of an interaction. 

We return now to the new ground state of the field |0) defined in 
(D.21). It is easy to see that |0) satisfies (D.28) and is therefore a physical 
state. First, since the longitudinal modes are not excited by the fixed 
charges 


a(k)|0>=0 Vk. (D.29) 


It is sufficient then to use (D.29) and the definition (D.21) of |0) to see 
that |0) truly satisfies (D.28). 


b) THE MEAN VALUE OF THE SCALAR POTENTIAL IN THE NEW GROUND 
STATE OF THE FIELD 


Starting from the expansion of A,(r) in the scalar modes, one gets 
for the mean value (in the sense of the new metric) of A,(r) in the new 
state |0) 


Cc 0| Ar) | 0 > | h 
= —— | *k fc ike 
Cc 0/05 c0|0> 2 & w(2 2)? 


c Ofa(k) (65 + ec (D.30) 
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which is then written, using (D.21), 


0|A en > ate | ae eM + ce, (D.31) 
c 6 2 €, a2 2)? | 


The requirement that p,(r) be real implies that A(k) = A*(—k), which, by 
a change of k to —k in the integral (D.31), allows one to show that the 
complex conjugate term duplicates the first term. Using (D.15), one then 
gets for the mean value of U(r) = cA,(r) 


c 0] U(r) |0 > __! 3,, Pelk) on (D.32) 
c 010> (2 2)?” &, k? " 


which is just the Fourier transform of p,(k)/e,k7, that is, the Coulomb 
potential associated with the charge distribution p,(r). To see this it 
suffices to note that on Fourier transformation the Poisson equation 
AU + 0,/e€, = 0 gives Y= p,/egk?. 


4. Conclusion and Generalization 


We have shown that it is possible to transform the Hamiltonian of the 
quantized field coupled to fixed charges so as to make explicit the 
Coulomb interaction between charges. We have also proved that the (new) 
mean value of the scalar potential in the perturbed ground state of the 
field coincides with the Coulomb potential created by the charges. 

Such a treatment can be extended to the case where the sources are 
particles forming a dynamical system. We will see in Complement By that 
it is possible to apply a unitary transformation (in the new sense) to the 
Hamiltonian of coupled Dirac and Maxwell fields which generalizes the 
transformation studied here and which makes explicit the Coulomb inter- 
action between the particles. Along with the subsidiary condition selecting 
the physical states, such a transformation establishes a correspondence 
between the two possible formulations of quantum electrodynamics exam- 
ined in this book, that in the Lorentz gauge and that in the Coulomb 
gauge. 
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COMPLEMENT A, 


AN ELEMENTARY INTRODUCTION TO THE THEORY 
OF THE ELECTRON-POSITRON FIELD COUPLED TO 
THE PHOTON FIELD IN THE LORENTZ GAUGE 


The description of particles used in the preceding chapters is valid only 
when the particles are moving at velocities small compared to the velocity 
of light. Furthermore, the theoretical framework which has been estab- 
lished does not allow a treatment of cases where the total number of 
particles varies through pair creation and particle—antiparticle annthila- 
tion. It also appears that matter and radiation are not treated in the same 
way: a relativistic quantum field describes radiation with an arbitrary 
number of elementary excitations, the photons, whereas we consider only 
a fixed number of charged particles represented by nonrelativistic wave 
functions. 

The purpose of this complement is to show in a very elementary way 
how matter, especially electrons and positrons, can be described by a 
quantized relativistic field. We begin (§Ay.1) with a brief review of the 
Dirac equation treated as a one-electron relativistic wave equation (*). We 
then quantize the wave function of this equation, following the usual 
procedure for second quantization (§Ay.2) and thus get the quantized 
Dirac field, whose elementary excitations describe electrons (e ) and 
positrons (e*). Finally, we introduce (§Ay.3) the expression for the 
Hamiltonian describing the interaction of the quantized Dirac and Maxwell 
fields. This Hamiltonian is expressed in terms of the creation and annthila- 
tion operators of electrons, positrons, and photons. It forms the starting 
point for all calculations in quantum electrodynamics. 


1. A Brief Review of the Dirac Equation 
a) Dirac MATRICES 


A heuristic procedure to get a wave equation for a particle involves 
starting from the dispersion relation E = f(p) between the energy E and 
the momentum p and making the substitution 


E+ in < p— —ifV. (1.a) 


(*) The reader will find more detailed discussions in the books referred to at the end of 
this complement. 
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In the presence of an electromagnetic field described by the potentials A 
and U, one uses the following substitutions: 


yee ee —1iAV—> —-1AV-— QA _ (1.b) 
where g is the particle’s charge. This rule is related to the possibility of 
locally changing the phase of the wave function (see Exercise 5). 

If one seeks a first-order differential equation, like the Schrédinger 
equation, but in which r and ¢ play symmetric roles as in relativistic 
treatments, then one is naturally led to a linear relation in E and p of the 
form 


E = Bmc? + ca: p (2) 


where 8 and a are real and dimensionless. In addition, Equation (2) must 
be compatible with the well-known relativistic dispersion relation 


E? = m? c* + p*c’. (3) 
The square of (2) gives 


E* = m* c* ? + me* >) (a; B + Bo;) p; + ON PP; aX; o; (4) 
1 t J 


where i, j = x, y, z. Comparison with (3) leads to the following relations: 


p> =1 (5.a) 
ap + Ba, = 0 (5.b) 
Ma, + aja; = 20;;. (5.c) 


This shows clearly that 8 and a cannot be numbers. On the other hand, 
one can find matrices of rank at least 4 which satisfy these equations. The 
wave function y¥ 1s then necessarily a spinor, with at least four compo- 
nents, which implies the existence of internal degrees of freedom for the 
particle, described by «, 8, in addition to its external degrees of freedom 
described by r, p. 

The Dirac equation corresponds to the four-dimensional realization of 
Equations (5). One can check that the four Dirac matrices 


_ [1 0 0 |; 
6=(5 +) a= (5 2 (6) 


in which 1 is the two-dimensional unit matrix and go, is one of the Pauli 
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matrices 


_ {9 I _f0 —i _ fi 0 
a=? j) a-0 a) a(t) @ 
satisfy (5). 
Let’s give finally a few relationships satisfied by the matrices (6) and 


which will be used later. From the well-known commutation relations for 
the Pauli matrices, 


(e,;,, 18 the completely antisymmetric tensor), one gets the following 
relations for the matrices a;: 


“; 4, — 4,0, = 21) bin G, (9 ..a) 
k 
where 
~ _ { 0 9b 
oO, = 0 0; ; ( : ) 
Joined with (5.c), this equation gives 
a; 4; = Oy + iD, en G,. (10) 


If A and B are two vectors which do not act on the internal variables, the 
following expression generalizes (10): 


(n- A)(a: B)=A+B+i6°:(A x B). (11) 


b) THE DirRAC HAMILTONIAN. CHARGE AND CURRENT DENSITY 


The Dirac equation describes the temporal evolution of the spinor y 
with components y, (A = 1,2, 3, 4): 


+ O 
haw = Hyy. (12) 
Following (1) and (2), #5 is written 
KH, = Bmc*? + ca-p (13) 


for a free electron, and 


KH, = Bmc? + ca- [p — gA(r)] + qUu(r) (14) 
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for an electron in the presence of an electromagnetic field. Let yp be the 
transpose of y (it is a row vector), and * its adjoint. From Equation (12) 
and its adjoint one can show that the densities 


P= OVO = 4 VIO WO) (15.a) 
j = qew*(r) a(n) = ge » WN) Oy Wir) (15.b) 
satisfy the continuity equation 


d 
ap +V-j=0. (16) 


One interprets p and j as the charge and current densities respectively. It 
is noticeable that Equations (15) and (16) retain the same form in the 
presence of an electromagnetic field. 


c) CONNECTION WITH THE COVARIANT NOTATION 


Instead of the matrices a, and 8 introduced above, the matrices y” are 
used frequently to get a more symmetric form of the Dirac equation: 


yo = B (17.a) 
y' = Ba,. (17.b) 


By multiplying (12) by B/hc, we can rewrite the equation so obtained in 
the form 


b iy" 6, — ly = 0 (18) 


in the case of a free electron, and 


Zio, - Fly = 0 (19.a) 
m 
with 
- 
D, = 0, +i FA, (19.b) 


in the case of an electron in a field defined by the four-potential A ” 
Rather than the adjoint ~* of y¥, one then uses a different quantity 
called the relativistic adjoint and defined by 


y= pry. (20) 
With this notation, Equations (15.a) and (15.b) can be reassembled in the 
form of a current four-vector 


= qe) Y* Wr) (21) 
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d) ENERGY SPECTRUM OF THE FREE PARTICLE 


For a free electron, p and #, commute, so that they have a common 
system of eigenvectors, the plane waves. For each eigenvalue p, #, has 


two eigenvalues 
Za y age 
E, = +./m c* + p’c’. (22) 


The energy spectrum of #, is therefore made up of two continua, one 
above mc* and the other below — mc’. 
The form of the eigenstates is particularly simple for p = 0, since #%, 


then reduces to Bmc?. One finds two eigenvectors 


l 0 
0 re 

Uo+ =| 9 ten = 0 with eigenvalue + mc (23 .a) 
0 0 

and two others 

0 0 
0 0 ey R 

Yor =), ee with eigenvalue — mc (23 .b) 
0 | 


Thus an electron with momentum zero and energy mc’ can exist in two 
internally different states corresponding to the two states of a spin 5. This 
result persists for states with a momentum p # 0. The corresponding 
spinors have in general four nonzero components. Those relative to the 
eigenvalue + ¥p*c* + m’c* are derived from the spinors (23.a) by the 
transformation 


0 Ba- G ip-r 
T(p) = |cos ae ae sin 5 | exp = (24.a) 
P 
6 = arctan —. (24.b) 
mc 


We denote these by u,(r). To simplify the notation, the index p desig- 
nates collectively the three components of p and the + or — spin 
component. The spinors relative to the opposite eigenvalue are derived 
from (23.b) by T(p) and denoted »,(r): 


un(r) = T(p) uo + V(r) = T(P) v9 - (25) 
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Remark 


The spinors u, and v, defined in (25) are normalized as plane waves, since the 
transformation T(p) is unitary. In the covariant formulation, one uses other 
spinors which are derived from up, and uv), by a Lorentz transformation 
which is not unitary, so that they have a different normalization. 


e) NEGATIVE-ENERGY STATES. HOLE THEORY 


The existence of negative eigenvalues down to — oo for #, poses a 
problem of physical interpretation. 

One can first try to think of the corresponding states as mathematical 
solutions without physical significance and retain only the positive-energy 
states to describe the electron. However, the interaction with the radiation 
field couples the positive-energy states to the negative-energy states. An 
electron initially in a positive-energy state can, by photon emission, fall 
into a negative-energy state. 

This difficulty led Dirac to imagine that all negative-energy states are 
occupied. Since electrons are fermions, the Pauli exclusion principle then 
prevents the electrons with positive energy from falling into the already 
occupied negative-energy states. The stability of the positive-energy states 
is then reestablished. In addition, this point of view suggests new ideas. 
The absence of an electron with negative energy EF, charge g, momentum 
p, and spin yp is equivalent to the presence of a particle with positive 
energy —£, charge —g, momentum —p, and spin — yp. Such a particle is 
nothing else than the positron, the electron antiparticle, which appears 
then as a hole in the “sea” of electrons occupying the continuum of 
negative-energy states. Other predictions flow directly. Through photon 
absorption, a negative-energy electron can be promoted into a positive- 
energy state, leaving a hole in the negative-energy continuum. Such a 
process corresponds to electron—positron (e*—e ) pair formation. The 
inverse process, pair annihilation, is interpreted as the recombination of 
an electron and a hole. 

The preceding considerations show clearly that the Dirac equation 
cannot describe coherently a single relativistic particle. In relativity, mass 
is a form of energy and particles can be created or destroyed. The ad hoc 
approach of Dirac is actually one way of meeting this requirement with 
the introduction of electrons preexisting in the negative-energy states. To 
avoid the introduction of these not very physical electrons, it is preferable 
to quantize the Dirac wave function y¥(r) according to the second-quanti- 
zation procedure. The excitations of the quantized field Y(r) then allow 
the description of an arbitrary number of particles and antiparticles. 
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2. Quantization of the Dirac Field 


a) SECOND QUANTIZATION 


We will follow the general procedure also used in nonrelativistic 
quantum mechanics to describe a set of identical fermions. 

We begin by expanding the Dirac wave function W(r) in an orthonor- 
mal basis. Such a basis can be, for example, the plane-wave basis (25) 
formed by the eigenstates of #%, and p: 


wr) = > Ly, u(r) + y5 2,(r)] - (26) 


The index p designates the set of quantum numbers (—E£, —p, —p) 
Opposite to those designated by p. As we have seen in the subsection 
above, a hole with wave function uv; describes, in the Dirac approach, a 
positron with quantum numbers p. 

The wave function y(r) is then quantized by replacing the coefficients 
Y, and y, of (26) with the operators c, and c, annihilating an electron in 
the corresponding state: 


P(r) = >) [c, u(r) + cz v5(r)] - (27) 


Since electrons are fermions, anticommutation relations are imposed on 
these operators: 


Loos Calg _ les, Cal = [c,» Cal 4 = [Cp> cr ]4 = 0 
len Cy le = Sagi [es cg J+ = 5,,- (28) 


These anticommutation relations are necessary to preserve the positive 
character of the energy of the field (see the end of §A,.2.b following). 

Following the general line of §A,.1.d, we now reinterpret the operators 
c, and c;. Annihilating an electron (—p, —E,,—p) is equivalent to 
creating a positron (p, £,, »). We thus take 


ch = by (29 .a) 
and inversely 
c; = 5b, (29 .b) 


where b, and 5b,” are the annihilation and creation operators of a positron 
with momentum p, energy E,, and spin u. Finally, the quantized Dirac 
field W(r) and its Hermitian conjugate ¥*(r) are given by 


P(r) = > [c, u(r) + bF v,(r)] (30.a) 


P 


Y*(r) = > [es ut(r) + 5, v¥(n)] (30.b) 


Ay.2 Theory of the Electron- Positron Field 415 


v* is the spinor whose components ¥;* are the Hermitian conjugates of 
those of ¥. The anticommutation relations of c and b follow directly 
from (28) and (29): 

[c,. Cals am Lee b Js. = [c,» b\, = leis by, = 0 

[cp Co 4 = 9nq [5,, by J+ = Op, - (31) 


One can also extract from (30) and (31) the anticommutation relations of 
the field itself by utilizing the fact that the ensemble (u,,v;) forms a 
complete basis of the wave-function space: 


[Pn Y)], = (FF, VEC). = 0 
LY), PPO), = Oy, Or — vr’). (32) 


b) THE HAMILTONIAN OF THE QUANTIZED FIELD. ENERGY LEVELS 


The mean value of the Dirac Hamiltonian in the state described by the 
function (rr) is 


(ay = [a'r F002, v0) 
= 2 [err w*(r) | Bs mc? + “ Oy? v wir). (33) 


The second-quantized Hamiltonian H, is gotten by replacing the wave 
function W(r) with the field W(r): 


= [av PY *(r) Hy V(r) 


- fa" Y *(r) | pm 4 ne ane v) Wir). (34) 


Use of the expansions (30) and of the fact that u, and v, are the 
eigenfunctions of #, with eigenvalues E, and —E,, leads to the follow- 
ing form for H,: 


H, =D E,ctc, + Y(- E,)b, oF. (35) 
P Pp 


Now, from (26), 6,5," = 1 — byb,, so that 


Pp “Pp? 


Hy = Ep +¥ Ey cp cy + LE, by by . (36) 


The physical interpretation of (36) is quite clear. The energy Ey = 
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u,»(—£,) is the vacuum energy and is not directly observable. cy c, is the 
number of electrons of energy £,, which contribute E,c>c, to the total 
energy. The eigenvalues of cyc, can be only 0 and 1. This property, 
established in Exercise 8 of Chapter II, is a consequence of the anticom- 
mutation relations and justifies the Pauli exclusion principle. Likewise, 
b;b, is the number of positrons with energy E,, which contribute in a 
similar fashion to the total energy with a positive sign. It is notable that if 
one had imposed commutation rather than anticommutation relations on 
b, and by, the — sign in (35) would have persisted in (36) and the total 
energy would have been able to become infinitely negative. The anticom- 
mutation relations are thus necessary to prevent such an unphysical 
situation. 


Remarks 


(i) The vacuum energy £, has no true physical significance. One could remove 
it by defining H, in a more symmetric way between particles and antiparticles. 


(ii) In the presence of an external field, it is necessary to replace, in the 
equation (34) for H,, the operator #, by the expression (14) rather than (13). 


To classify the energy levels of the Dirac field, it is interesting to 
introduce the total charge 
Q=qcpc,—4) bF b,. (37) 
P Pp 
The importance of this quantity is due to the fact that it is conserved 


even in the presence of an interaction with the electromagnetic field. 
The lowest energy levels of the field are illustrated in Figure 1. The 


Vacuum 


Figure 1. The lowest states of the quantized Dirac field. 
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vacuum has energy E,, which we take as the origin, and the corresponding 
value of Q is 0. It is the ground state of the field. The lowest excited 
states, characterized by Q = +q and Q@ = —gq, form two continua begin- 
ning at E = mc? and stretching to +00. These are the one-electron and 
one-positron states respectively. Three double continua begin at E = 2mc? 
with Q = 2g,0, —2g, describing respectively two electrons, an 
electron—positron pair, and two positrons. One gets next the three-particle 
states: some with charge +q (above the one-electron states in Figure 1), 
others with charge 3g, and so on. 

The nonrelativistic formalism used in the foregoing chapters allows us 
to describe processes whose development occurs entirely inside one of the 
manifolds we have described. In the present relativistic theory, transitions 
between different manifolds with the same value of Q (vertical transitions 
in Figure 1) can take place, as we shall see in §A,.3 by studying the 
coupling Hamiltonian with the radiation field. 


c) TEMPORAL AND SPATIAL TRANSLATIONS 


To conclude this section devoted to the quantization of the Dirac field, 
we will show that the Hamiltonian H, and the momentum operator P, 
whose expression we will give, are the generators of the temporal and 
spatial translations of the field, as for all quantized free systems. 

For H,, this property is evident, since the Heisenberg equation for the 
field operator is written 


[HY 0] = 2 = HG, 0 (38) 
which integrates to 
exo( 5 Hy ) V(r, t) exp( — = Hp :) = Wir,t +t). (39) 


The momentum operator of the field, P, is gotten via a method identical 
with that which we used for H, (see also Exercise 6): 


| ae | d?r’ ¥ T(r’) 7 vee). (40) 


We take the commutator with ¥,(r), 
| 2 7 
[PYM] => [ax vite)| VVOAr ) Y (nr) — 
o 


— Fn) BP (r) E ver) (41) 
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W,(r) anticommutes with ¥,,(r’) and therefore with V(r’). By transpos- 
ing W, to the left in the first term, one gets the anticommutator of Vy (r’) 
and W,(r), which is equal to d(r — r’)d,,. Following integration over r’, 
(41) becomes i 

[P, Yn] = —- > VP Ar) (42) 


P is thus the generator of the spatial translations 
exp( — 7? ; a) (rr) exe (GP : a) = Wir +a). (43) 


Note that (38) and (42) can be condensed into a single expression by 
taking P® = Hy/c: 

[Pe Pel = Dy g’’ 0,W(x), x =(ct,r). (44) 
In a more elaborate approach to quantization, this fundamental relation- 
ship, which we have proven here starting from the anticommutation 
relations for the field, is instead postulated, so that the translations are 
represented by a unitary transformation of the field operators generated 
by P". The use of anticommutation relations for the fields is one of the 
ways to meet this requirement. The other involves using commutation 
relations, but it leads to an energy unbounded below and must therefore 
be rejected. 


3. The Interacting Dirac and Maxwell Fields 


a) THE HAMILTONIAN OF THE TOTAL SYSTEM. 
THE INTERACTION HAMILTONIAN 


In this chapter we have studied the quantized Maxwell field in the 
Lorentz gauge in the presence of external sources j.(r, 7) and o,(r, 6), 
whose dynamics are imposed. The free-field Hamiltonian H, is given by 
(C.19) or (C.22). The Hamiltonian for the interaction with the sources is 
written [see (A.29) and (A.8)] 


i= | 4 jade t) AM) = | a r[— (n+ AW) + cpl.) 40). 
(45) 


On the other hand, the Hamiltonian of the Dirac field, in the presence 
of external electric and magnetic fields whose dynamics are imposed, is 
gotten by using in (34) the expression (14) for #, rather than (13). This 
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amounts to adding to the Hamiltonian H, of the free field the following 
term: 
H, = [ar P *(r)[—cqu Ar, ) + qU, Dd] YG, 1) 


= | d°7[— j@) - AG, 2) + p(r) Uy, 2] (46) 


where the density of charge and the density of current operators are the 
analogues of (15.a) and (15.b) in second quantization: 


p(r) = q¥ *(r) P(r) (47 .a) 

j®) = qc? ‘(rH ah(r). (47.b) 

When each of the two systems, radiation field and matter field, has its 

proper dynamics, it seems natural to generalize (45) or (46) by replacing 

the external variables j,(r, ¢), 9,(r,¢), A,(r,¢), and U(r, t)/c with the 

quantum operators j(r), e(r), A(r), and A,(r). One then gets for the 

Hamiltonian of the two interacting quantized fields the following expres- 

sion, which can be justified more precisely starting from the Lagrangian 
formalism (see Exercise 6): 


H= Hy, + Hp + Hf, (48) 


In (48), H, is the Hamiltonian (36) of the free particles (we omit the 
constant £,), 


Hy =) E,¢) om + LE, by b (49) 
Pp 


H, is the proper Hamiltonian of the field expanded into transverse, 
longitudinal, and temporal modes, 


H, = | dk »¥ io) 3,0 a,(k) + | + 
A=6,e’,l 


+ | d3k ra} a(k) a(k) + 5| (50) 


and H, 1s the interaction Hamiltonian 


z | arf — ji) AWD) + cpr) 4,0). (51) 


This last operator is linear in a and a for the photons, and involves 
products such as c? cy, bby, cp by, and b,c, for the particles. The 
interaction thus changes the number of photons ‘by 1, and the number of 
particles by 0 (terms in c}c,, and b,b,;) or by 2 (the products c, 5) and 
b,c» create and destroy electron—positron pairs respectively). 

With slight technical changes, such as the use of products in the normal 
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order, (48) is the basic Hamiltonian for calculating any process in quan- 
tum electrodynamics. 


b) HEISENBERG EQUATIONS FOR THE FIELDS 


As we have not derived (48) from first principles, it is interesting to 
study the Heisenberg equations for the quantized fields which can be 
derived from this Hamiltonian. 

For the electromagnetic field, we determine the equation of motion of 
the operator a, (k): 


a,(k) = + [4,(k), H] 


= 7 [a,(l), He] + op [4(, Hy). (52) 


The first term gives simply —iwa,. In the second term, it is necessary to 
replace H, by its expression (51), in which A(r) and A ,(r) are expanded as 
functions of the operators a,,(k’) and a,,(k’) [Equation (C.17) of this 
chapter]. Only the commutator [a,(k), @,(k’)] is nonzero, being 
— 8,/5(k — k’). The integral over r in (51) for H; projects the four-vector 
jJ* = (cp,j) on the mode k: 


a,(k) = — iwa,(k) + ra j,AK) (53) 
0 


where 


1 
k = da? . — ik.r 54 
J,{K) a =| r j,(r)e (54) 


Equation (53) is similar to Equations (A.33’) and (A.35’), which are 
themselves equivalent to Maxwell’s equations in the Lorentz gauge. Equa- 
tion (53) is thus the correct equation of motion for the quantized fields in 
the subspace of states satisfying the subsidiary Lorentz condition (which 
will be made more precise in §A ,.3.c below). Note also that the source 7, 
is here an operator in particle space and not a c-number. 

For the Dirac field, the Heisenberg equation is 


iA V(r) = [Wn A] 
= [Y(r), Hp + A] 
E ve, { Br’ P(e) { Hy + gee’) — gen A(P)} ver) 


(55) 
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By using the anticommutation relations in a manner analogous to that for 
passing from (41) to (42), one gets 


ih P(r) = Bmc? + qcA(r) + co: (FV — aac) | V(r). (56) 


This equation is like the Dirac equation in the presence of an electromag- 
netic field described by the potentials A,(r) and A(r). But these two 
quantities are now Maxwell field operators, ¥ itself being a Dirac field 
operator. Starting from (56), one can derive easily the equation of continu- 
ity satisfied by the densities p and j defined in (47.a) and (47.b): 


p(r) + V- j@) =0 (57 .a) 
or again in reciprocal space, 


p(k) + ik - f(k) = 0. (57.b) 


c) THE FORM OF THE SUBSIDIARY CONDITION IN THE PRESENCE 
OF INTERACTION 


In the case of the free field, we have shown that there are physical state 
vectors |x) such that the Lorentz condition 


(x12, 6,4", 01% > = 0 (58) 


is satisfied on the average for all r and ¢. For this, we have used the 
expansion of the free field in traveling plane waves (B.9) to identify the 
spatial and temporal Fourier components of 1.,,d,A" and to cancel their 
mean value by the condition (B.21) expressed for all values of k. We have 
thus explicitly used the simple temporal evolution of the operators a and 
a* for the free field. 

In the presence of an interaction, the evolution of the fields in the 
Heisenberg representation is no longer simple, and the identification of 
the Fourier components of given frequency requires complete knowledge 
of the evolution of the interacting systems (matter field + electromagnetic 
field). Quite happily, even though the field A, has a complex evolution, 
the operator 


A(r, t) = 16,4", 2) (59) 


which appears in (58) behaves simply. To see this, it suffices to refer to 
Equation (A.17) satisfied by the corresponding classical variable. This 
equation results on one hand from the equation of motion of A,, and on 
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the other from the conservation of charge. These equations remain true for 
operators in quantum theory, and A then satisfies the equation 


LC AG, tf) = 0. (60) 
In reciprocal space the spatial Fourier transform A(k) of A(r) satisfies 


A(k) = —@? A(k) = (@ = ck) (61) 
so that A(k) has a simple evolution, characterized by the two exponentials 
e + lwt 

We will identify more precisely the parts of A(k) associated with each 


of the frequencies +w. With the help of (C.17), A(k) is expressed as a 
function of the operators a and a: 


A(k) = pea Ec a) sake ee * ak) : -ai(- W)| (62) 


The velocity ad, can be replaced by its value given by (53), and ik - a by 
ika,. We will show that the operator A‘*t?(k) defined by 


Ak) = [5 - - E - a(k) + 70) | 


h 


iw C 
2&@ Cc 0 ane te w./2 & ho | 


evolves over time under the action of the total Hamiltonian H like e~“". 
For this, we will calculate its derivative A‘*)(k). It involves d,, d,, and 6, 
whose values are given in (53) and (57.b). One then gets 


a en ae; ae (21 ik: fk). 
A! (k) = 26,0 “|- 1@a,(k) ee + ima,(k) _ 
= _icp(K) =|" = iwA ‘tr? 4 
V2E hao w,/2 &) how one Nk Se 


which demonstrates the desired property. 


(63) 


Likewise 
Amb) = fA lik-a— +d w® 
2 €&)@ ce 
ho —iw|— s C 
: a(—W) — a(—W) + — p(— | 
2&)@ E w./2 & hw 


(65) 
evolves as et!?! 
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Thus, the condition (58) for all r and t reduces to two initial conditions 
to be satisfied for all k: 


(k) — a,(k) + —————= p(k) | 7) = ; 
< x1 a,(k) ns peg 0 (66 .a) 


« |G,(k) ~ 2,(k) + —=——=p*(k)|x>=0.  (66.b 
és /2 & ho p ) | X > ( ) 
These conditions are realized for the states of the subspace defined by 


La(k) — ak) + A(k)]|y>=0 Vk (67) 
where 


A(k) = (68) 


eee ten? o(k) 
w./2 & hw 


which makes up the subspace of physical states. This equation generalizes 
Equations (B.21) and (D.28), discussed in this chapter for the free field or 
the field in the presence of external sources. 
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COMPLEMENT B, 


JUSTIFICATION OF THE NONRELATIVISTIC THEORY 
IN THE COULOMB GAUGE STARTING FROM 
RELATIVISTIC QUANTUM ELECTRODYNAMICS 


In Complement A, above we have given the Hamiltonian describing 
the dynamics of the coupled Dirac and Maxwell fields. This Hamiltonian 
uses the Lorentz gauge for the electromagnetic field, with the result that 
the Coulomb interaction between particles does not appear explicitly in 
the Hamiltonian. In addition, the number of positrons and electrons is not a 
constant of the motion and can vary over time. Such a theoretical frame- 
work seems quite removed from that established in the earlier chapters. 
There we considered particles, fixed in number, described by Schrédinger 
wave functions (or by two-component Pauli spinors), and used for the 
radiation field the Coulomb gauge, or gauges derived from it, which 
introduce the Coulomb interaction explicitly in the particle Hamiltonian. The 
purpose of this complement is to tie these two treatments together and to 
show how the nonrelativistic theory of Chapters I to IV can be justified 
starting from relativistic quantum electrodynamics in the Lorentz gauge, 
which we have broadly sketched in Complement Ay. 

We are going to do this in two stages. While retaining the quantized 
Dirac field description of the particles, we begin by applying to the 
Hamiltonian of Complement A, a transformation which is unitary with 
respect to the new norm and which yields the Coulomb interaction 
between particles. If, in addition, one uses the subsidiary condition 
characterizing the subspace of physical states, such a transformation 
amounts to passing from the Lorentz gauge to the Coulomb gauge 
(§B,.1) (*). In the nonrelativistic limit, the coupling between states with 
different numbers of particles (electrons + positrons) is weak and can be 
treated as a perturbation. We will show then (§B,.2) that, for a given 
number of particles, the dynamics of the system particles + photons is 
equivalent to those described by the nonrelativistic Hamiltonians of the 
preceding chapters. 


(*) A procedure of this type is followed in K. Haller and R. B. Sohn, Phys. Rev. A, 20, 
1541 (1979). 


B,.1 Justification of the Nonrelativistic Theory 425 


1. Transition from the Lorentz Gauge to the Coulomb Gauge in 
Relativistic Quantum Electrodynamics 


a) TRANSFORMATION ON THE SCALAR PHOTONS YIELDING THE COULOMB 
INTERACTION 


We start with the Hamiltonian (48) of Complement Ay, which we 
rewrite in the form 


H=H,+H,+Hk+H3+H/+H14+ > (1) 


separating, in the radiation Hamiltonian H, and in the interaction Hamil- 
tonian H,, the contributions of the transverse, longitudinal, and scalar 
photons (labeled by the superscripts 7, L, and S respectively). 

Consider first the part of H involving the scalar photons. It reduces to 
H® + H®. By using (50) and (51) of Complement A,, as well as the 
expansion of the scalar potential A,(r) in a, and a, [see (C.17) in this 
chapter], we get 


HR + HP = | d3k ho} - a,(k) a,(k) + A*(k) a,(k) + A(k) a,(k) + 5| 


(2) 


= Cc h = Cc h 3 —ik.r 
i ha {2 &@ a ha V 2 & w(2 2)? fe reine (3) 


has already been introduced in Complement A, [see (68)]. As in §D.2.c of 
Chapter V, we can then rewrite the bracket of (2) in the form 


where 


— [€,(k) — 2*(k)] [a,() — A0K)] + 24) AM) +5 (4) 


The particle operators A*(k) and A(k) commute with the radiation opera- 
tors a,(k) and a,(k) and also among themselves, since they depend only 
on p(r) according to (3), and one can show (see Exercise 7) that p(r) 
commutes with o(r’). It follows that the operators a, — A* and a, — A 
satisfy the same commutation relations as a, and a,. There must then be 
a “translation operator” T transforming a, — A* into a, and a, — A into 
a. 

T[a,(k) — A*(k)] T™* = a,(k) (5.a) 

T[a,(k) — A(K)] T* = a,(k) (5.b) 
and generalizing the translation operators introduced in §C.4.d of Chapter 
III for the operators a and a™, which are adjoints of each other with 
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respect to the usual scalar product. It is indeed possible to prove (see 
Exercise 4) that the operator 


T = exp | d°k[A(k) a,(k) — 2*(k) a0] | (6) 
which is unitary with respect to the new scalar product 
TT =TT =1 (7) 


satisfies the relations (5). Using (2), (4), (5), and (3), one then gets 
T(HS + HS)T = [ar | - a,(k) ak) + 5| + [ek fiw A*(k) 1(k) 


= HS + [eee (8) 


The last term of (8) is just the Coulomb energy of the system of charges 
[see Equations (B.32) and (B.33) of Chapter I], 


Ve = - exo p*(k) p(k) | - | [ars rd°r ! pcr) pr’) p(r’) 


2 &,k? 8 me,|r—r'| 
ee | [erer# “© PO P70) FO) (9 
8 ME jr —r'| 


Therefore the transformation 7 has allowed us to eliminate the interac- 
tion term H} with the scalar photons and to replace it by the Coulomb 
interaction 


T(AR r H?) T = AR + V cout: (10) 


Remark 


In the new representation, the scalar potential A,(r) is represented by the 
operator 


Aj(t) = TA(r) T = 


h 
aie d3 a Let ik.r d* k —ik.r 1] 
A,(r) «| I, soa re ] (11) 


We have used the expansion of A,(r) in a, and a, [see Equation (C.17)] as well 
as Equations (5). The last term of (11) is easily found starting from (3) for A(k). 
It coincides with the scalar potential A’ created by the charge density p(r) of 
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the particles 


p(r’) 


4nme, |r —r'| 


A?(r) = : [er (12) 


C 
Substituting (12) in (11), we get 
Aj(r) = Ar) + As (e). (13) 


It is clear from (13) that the mathematical operator A,(r) given by Equation 
(C.17), which describes in the initial representation the total scalar potential, 
now describes, in the new representation, the physical variable 4’ (r) — A’(r) = 
A’ (r) — [A? (J, since A? commutes with T and is thus equal to (A”Y’. In the 
new representation, the operator A,(r) thus describes the difference between the 
total scalar potential and the scalar potential created by the particles. 


b) EFFECT OF THE TRANSFORMATION ON THE OTHER TERMS OF THE 
HAMILTONIAN IN THE LORENTZ GAUGE 


To study how the other terms of (1) are transformed by T, we will 
rewrite T by substituting in (6) the expression (3) for A(k). This gives 


T= exp ~— z (ar p(r) sco (14) 


_ | 43 h ACK) ie a,(K) —ik.r 
a= {e ay 2 & w(2 =| io io” (>) 


is a quantum field which acts only on the scalar photons and which is 
self-commuting: 


where 


[S(r), S(r’)] = 0 (16) 


T acts on the particles, since the density p(r) appears in (14). The 
simplicity of the commutation relations for p(r) = g¥*(r)¥(r) with the 
Dirac operators ¥,(r) and ¥,'(r) and the property (16) permit us to find 
simply the transforms of ¥, and ¥,' by T (see Exercise 7). Since T~! = T 
from (7), Equation (6) of Exercise 7 can be written 


TY (NT = exp = s( | P(r) (17.a) 


TY s(n) T = exp| - iF 50) WY T(r). (17.b) 
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We will return now to the Hamiltonian (1). Since HJ and HX depend 


only on the transverse and longitudinal field variables on which T does 
not act, 


T(H] + HE)T = H] + HE. (18) 
One can rewrite H/ + H} in the form 
Hi +Hp=-—4q {ary » Wt) (cla), ° AM] Yr) (19) 
where A is the transverse and longitudinal vector potential, so that 
M(H? + HT = — a {ery Y 


exp] — iF 50 P T(r) TL c@),, * A] T exp] E00) Yr). (20) 


Since T commutes with A, and S(r) commutes with A as well as with ¥,* 
and W,, the integral of (20) reduces to that of (19), so that 


T(H] + HA) T = HT + HE. (21) 


An analogous treatment can be applied to the term in Bmc? of Hp {see 
(34) of Complement A, ]: 


T [a W *(r) Bmc? Yr) \T = fe r¥ *(r) Bmc? V(r). (22) 
It only remains to study the term in (Ac/i)a- V of H,: 


r} as [a tna: [Vr] \r = 


1 


— [er exp| ~ 50 Wt(r)a- ¥| exp Fst) | vot 


= fe [ar W tira: V(r) + ge’ [ar P t(rha-[VS(r)] P(r). (23) 


Regrouping (22) and (23) gives 


TH, T = Hy + qe’? [arr ~ t(r)a- [VS(r)] P(r). (24) 
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Finally, using (10), (18), (21), and (24), we have shown that 


TAT =H, +Hip+AP+aAe+Ans+ap (25) 
where 
Hp = Hy i V cout (26) 


acts only on the particle variables and where 


HS = Hy + qe? | dr ¥ t(r)a > [VS(r)] Y(r) = 


— | dF *(r)a- [Ay(r) — cVS(N)] YH) (27) 


acts on the particle variables and on those of the longitudinal and scalar 
photons. Finally one can reexpress A, as a function of a, and a,, and VS 
as a function of a, and a,, starting from (15). We get 


A,(r) — ¢ VS(r) = 


_ | dk Fecoaw? { [a(k) — a,(k)] « e™* + [a,(k) — 2] we} 


(28) 


—that is, on introducing the operators a,(k) and a i(k) defined in 
Chapter V [Equation (C.33.a)], 


, 3, |__# ikr_7 ikr 
Ay) eV5@) = ~iv? |¢ k Femme —,k) ke k iF 


(29) 


It appears then that in the new representation (that is, after the transfor- 
mation 7 has been applied), the new Hamiltonian describing the interac- 
tion with the longitudinal and scalar photons depends only on the 
operators a, and a,. We will see the importance of this below. 


Remark 


There is an analogy between the field S(r) defined in (15) and the field Zr) 
introduced in Chapter IV [Equation (B.63)]. For free fields in the Heisenberg 
approach, S(r, ¢) is, to within a sign, the time integral of the transverse scalar 
potential A,(r, 7), just as Zr, ft) is the time integral of the transverse vector 
potential A, (r, 7). Similarly, one can show that there is a certain analogy 
between the transformation studied here and the Pauli-Fierz—Kramers trans- 
formation mentioned in §B.4.d of Chapter IV. The Pauli-Fierz—~Kramers 
transformation tries to remove from the total transverse vector potential the 
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transverse vector potential “bound” to the particles (*) in the same way as T 
here removes the scalar potential “bound” to the particles (see the remark at 
the end of §B,.1.a above). 


c) SUBSIDIARY CONDITION. ABSENCE OF PHYSICAL EFFECTS OF THE SCALAR 
AND LONGITUDINAL PHOTONS 


We have seen in Complement Ay that, in the initial representation in 
Lorentz gauge, the physical states |) must satisfy the condition 


La(k) — a(k) + A(K)]|x>=0 Yk (30) 


where A(k) is given in (3). To find what becomes of this condition for the 
transformed states 


Ix? =T 1x (31) 


we will multiply (30) on the left by 7, insert TT = 1 between the bracket 
and |x), and use (5.b). This gives 


[a(k) — a,k)}|7’>=0 Vk (32) 

—that is, finally, in terms of the operators a, and a,, 
af) 7 >=0 | (33.a) 
<x lak) = 0 (33.b) 


In the new representation, the subsidiary condition then has the same 
form as for the free field [see Equation (C.37) of Chapter V and the 
adjoint equation]. 

Equations (33), joined with the equation 


[ 2,(k), a,{k’)| = 0 (34) 


which we have derived in Chapter V [Equation (C.42)], entail that the 
interaction Hamiltonian H}-* introduced in the preceding subsection [see 
(27) and (29)] does not contribute to the transition amplitude between an 
initial physical state |x;) and a final physical state |x;>, both obeying 
Equations (33). To see this, it suffices to note that such an amplitude 1s a 
sum of terms involving the matrix elements between |x;)> and (x}| of a 
product of interaction Hamiltonians in the interaction representation 
H (t,), H,(t,),... . Now, in the expression (25) for the new Hamiltonian, 
the interaction Hamiltonian is H/ + H/5. On the other hand, H7/ is 
given as a function of a,e ', a, e'', ae’, a, e'”’, whereas, from (27) 
and (29), H}* is expressed as a function of a,e '*' and a, e'. Since a, 


(*) See for example, Cohen-Tannoudji, Dupont-Roc, and Grynberg, Complement B,;. 
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and a, commute with each other according to (34), as well as with all the 
transverse photon operators a,, a,, d,, and a,,, it is possible, as soon as 
H}* appears in order 1 or higher, to transfer a, to the extreme right or a, 
to the extreme left in the product H,(t,)H,(t,)--- and then get a zero 
transition amplitude using Equations (33). The only nonzero terms be- 
tween physical states are then of order 0 in H}-’. This shows that for all 
physical calculations H/* can be ignored. 


d) CONCLUSION: THE RELATIVISTIC QUANTUM ELECTRODYNAMICS 
HAMILTONIAN IN THE COULOMB GAUGE 


We have shown that H/* can be ignored in calculating the transition 
amplitude between two physical states |x/) and |x;). We will take then, 
as initial states |x‘), states which have no longitudinal and no scalar 
photons. Such states satisfy Equation (33), since a,|0,0,) = 0. Since one 
can ignore H/* in (25) and since none of the other terms of (25) can 
create longitudinal or scalar photons, n, and n, remain zero over time and 
Hf and H® then reduce to constants in (25). 

Finally, for all physical processes, it is possible to ignore completely all 
the terms relative to longitudinal and scalar photons in (25) and retain 
only the three terms related to the particles and the transverse field. We 
find in this way, by combining the transformation 7 applied to the 
Hamiltonian in Lorentz gauge and the subsidiary condition characterizing 
the physical states, that the real independent degrees of freedom of the 
field are the transverse degrees of freedom. The Hamiltonian 


H=H,+H,+H/ (35) 
where 
. [are °C Bme a v V(r) + | [atratr eon 
l 8 é, |r—r' | 
(36) 
H, = jar > io} a (ka, ( + ;| (37) 
H} = — qe fav Yt(rha: A,(r) Mr) (38) 
with 
A, (nr) = {a d°k » orp lade em a; (k) cee) (39) 


is the relativistic quantum electrodynamic Hamiltonian in Coulomb gauge. 
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2. The Nonrelativistic Limit in Coulomb Gauge: Justification of the Pauli 
Hamiltonian for the Particles (*) 


a) THE DOMINANT TERM H, OF THE HAMILTONIAN IN THE 
NONRELATIVISTIC LimiT: REST MASS ENERGY OF THE PARTICLES 


The Hamiltonian (35) is strictly equivalent to the relativistic Hamilto- 
nian (48) of Complement A,. The particles can have a kinetic energy large 
with respect to mc’, and the photon frequencies are subject to no 
restriction. 

We will turn our attention now to states describing nonrelativistic situa- 
tions (slow particles, photon frequency small compared to mc’). The 
principal term of the Hamiltonian is then the rest mass energy of 
the particles, which is very large compared to their kinetic energy or to the 
photon energy. In the Hamiltonian (35), it is described by the term 


H, = [ar P+ (r) Bmc* P(r) (40) 


of (36). We are going to treat H, as a first approximation of H and 
examine its energy levels. The rest of the Hamiltonian, which we denote V, 
will then be treated as a perturbation. It involves the kinetic energy of the 
particles and their interaction with the transverse field, 


HH, = [a Wir) co: Ey — aA. | V(r) (41) 


(A , is given by 39), as well as the Coulomb energy of the particles and 
the proper Hamiltonian of the transverse field: 


V = A, + Vou + Af. (42) 
The total Hamiltonian is then written 
H=H,+YV. (43) 


In complement Ay, we have used an expansion of the quantized Dirac 
field in the basis of spinor functions adapted to the Hamiltonian #%p 
given by (13) of complement Ay. It is preferable here to make another 


(*) This problem is also discussed by Cohen-Tannoudji (§6) and by I. Bialynicki-Birula in 
Quantum Electrodynamics and Quantum Optics, A. O. Barut, ed., Plenum Press, New York, 


1984, p. 63. 
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expansion, better adapted to Hy. For this, consider the spinor basis u{?(r) 
and vo (Fr), formed by the common eigenstates of the operators Bmc’, o,, 
and (h/1)V: 


1 a 
wr) = y exp (i F) (44 .a) 
ee 
1 p:r 
yr) = ad exp ] (44.b) 
ee 
with 
1 0 0 0 
(0) — | 0 0) — | 1 () _ | 9 (0) _ | 0 
u 9 | u 9 | vy" i(/ yp 0 |: (45) 
0 0 0 | 
The expansion of W(r) is then written (denoting po= —p, —o) 
P(r) = 1 C,, un) + By, on) (46) 
po 


where C,, (By, respectively) is the destruction operator of a particle 
(creation operator of an antiparticle) with momentum p and spin o. The 
operators C,, and B,, anticommute. Using a path analogous to that of 
A,.2.b, one can put H, in the form 


Hy = E, + me’ [c,5 C,, + Bt B,.]. (47) 
po 


The operators C*C and B*B have 0 and 1 as eigenvalues, with the result 
that up to the nonobservable constant Ej = £,,(—mce*), the spectrum of 
H, is a discrete spectrum made up of a set of integer multiples of mc’. If 
one introduces the total charge 


Q=) jac Cyo + (— 9) Bye Bye (48) 


then the diagram of energy levels of H,, classed according to the values of 
Q, has the shape given in Figure 1. In this figure, each of the levels has a 
large degeneracy, since it is necessary to specify the momentum and spin 
of the particles as well as the number of photons of the transverse field. 
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5295 =o 2 0 ! 2 3 Q 


Figure 1. Energy levels of the Hamiltonian H, describing the rest mass energy of 
the particles of the quantized Dirac field. 


It appears clearly in Equations (44) that the spinors u{? have only their 
first two components nonzero, as is the case for the last two components 
for vo (this was not the case in Complement Ay, since the spinors u, and 
v have their four components nonzero for p # 0). In the expansion (46), 
the operators C and B are then associated with the first two and last two 
components of the field Y(r) respectively. Taking account of the different 
roles which these two types of operators play, it is useful to decompose 
W(r) into two spinors with two components each, ®(r) and 22° (r): 


w= | a0] (49) 


Their components @,(r) and 27 (r) (o = +1 or —1) are given as func- 
tions of the operators C and B* by using the expression (44) for the 
spinors uC? and uf): 


pr 
Cue exp ) (50 .a) 


1 
®{r) = 2 


Q(r) = (50.b) 


—= Be + ex iP) 
/p3 poe 


One should note the presence of po= —p, —o in the expansion for 27 (r). 
The charge density 


p(r) = q 2 P(r) ¥(r) (51) 
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can be put in the form 
p(r) = qn{r) + (— 4) n,(r) (52) 
where 


nt) = ¥O(0) (1) (53.a) 
n(t) = Y(—) 2,7) QF ©) 


=F 23 (/) Q,(r) — no- (53.b) 


It decomposes into two densities of opposite sign associated with the new 
fields ® and 2. The constant n,, which appears when one reestablishes 
the normal order for the operators {2, represents the charge density of the 
vacuum. It is not a physical quantity and vanishes when one defines p 
symmetrically with respect to the particles and antiparticles or defines the 
observables directly in terms of products in the normal order. 


b) THE EFFECTIVE HAMILTONIAN INSIDE A MANIFOLD 


We will now return to the total Hamiltonian (43). The supplementary 
term V, describing the kinetic energy of the particles, their coupling to the 
transverse field, and the Hamiltonian of the transverse field modifies the 
energy diagram of Figure 1. Insofar as the manifolds are well separated 
and we consider situations characterized by small values of V, it is 
possible to evaluate the effect of V with perturbation theory. To this end, 
we must find its matrix elements in the basis of eigenstates of Hp. 

We start from (42) for V and consider Hj first. It is clear that HJ 
commutes with H, and Q, and thus has matrix elements only within each 
of the manifolds in Figure 1. 

The operator V,,,, can be rewritten as a function of the densities n, 
and n - 


1 Lhe ~ fhy of ‘) _ pl 9) 
— eT \| d3y d3y [n.) — np(0)] [ner') — 20] (54) 


Pe 


The densities n,(r) and 7,(r) commute with n,(r’) and n p(t’) [the proof 1s 
the same as that given in Exercise 7 for p(r)]. They also commute with the 
particle numbers N, and N,, which are the integrals over all space of 
the preceding densities. Since Hy and Q are functions of N, and N,, they 
commute with V,,,,, which thus has no matrix elements between different 
manifolds. 
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As for H,, its expression as a function of ® and Q2 is written using (6) 
of Complement A,, for the matrices a: 


H, =H" +A, (55) 


where 
Hi* = | ar of(e< ololo’>- Fy - aA. | Q6(0) (6-4) 
iy = » GrQamcCal|a|a’>: FY — aA,00 | ® Ar). (56.b) 


In these expressions, (o|o|o’) represent the matrix elements of Pauli 
matrices between the eigenstates |o) and |o’) of o,. By using the expan- 
sions (50) for ® and 2+, the terms H,"* and H,~ can be put in the form 
of discrete sums of matrix elements of the operator 


U = co-[p— qA,(r)] (57) 
between the states |p, o) and |p’, o’) of Pauli particles: 


HY*=¥ ¥Y Cl pol @|p' o> Be = 


po po’ 


=>) YX Ch <pol Up o> By, (58.a) 


po pa’ 


AH,” = YD Boe <p o' || pod Cc, = 
po p’a’ 


=>) VB <p o|U|po>C,,. (58.b) 


po p’a’ 


In this form, it is clear that H,"* augments and H,~ diminishes the 
number of electrons and positrons by 1. Thus, H,"* and H,~ have 
nonzero matrix elements between manifolds whose energy differs by 2mc? 
and which correspond to the same value of Q. 

In our nonrelativistic approximation of the energy states of the system, 
we will limit ourselves to terms of order 0 in 1/c. To this end, it suffices to 
calculate the effect of HJ and V,,,, to first order in each manifold. Insofar 
as they are both diagonal with respect to the manifolds, their effect within 
the manifolds is described by the operators themselves. 

Because of the presence of the factor c, H, is larger by one order of 
magnitude. It is necessary to examine its effect up to second order in 
perturbation theory in order to get terms of order 0 in 1/c. Its effect in 


B,.2 Justification of the Nonrelativistic Theory 437 


first order is zero, since H, is purely nondiagonal. To second order, the 
energy levels in a manifold are gotten by diagonalizing the effective 
Hamiltonian A® derived from second-order perturbation theory. From 
the selection rules for H,, and because of the simplicity of the spectrum of 
H,, the energy denominators in the second-order terms are simply + 2mc’. 
The expression for A® is made up of two terms: 


| ] 
A — tt = 4. A= ++ 
‘— 2mc?! oy me 
I _— 
a Dayne [H,* : Ay ie (59) 


By using (58) for H,* and A,~, one finds for the commutator an 
expression of the form 


Gz Y Ct &,B,* , 3 B, Ve, c|. (60) 


The indices q, r,s,t¢ represent quantum numbers of the type p,o, and 
indices with bars above represent the opposite quantum numbers. The 
anticommutation relations of the operators B and C lead to 


€ = > Vee Up(C," B,” B, C, - B, C, Ce. B,*) 


qrst 


oe >» Ung Uz, LC," C,) (B,” B,) = (= Cy C, au Dat) (= B,* B, + 0,5) ] 


qrst 


(61) 


Using the closure relation for the states |p, o), one can put @ in the form 
€ =) CPM) a C, + ¥ BU" ge Be — ¥ (BU Nag - (62) 
qt rs q 


To calculate the square of the operator Y = o - [p — gA(r)] we will use the 
properties of the Pauli matrices o, [Equation (8) of complement Ay and 
the anticommutation relation 0,0, + 0,0; = 26; ;]. This gives 

UM? , 

ae = », 8, + 2) © jk a Lp: — gAdv)] Lp; — qA{r)| 


uJ 


= [p — gA,(n)]* — ig b, Eijx OxLDi A,r) + A,r) p;] 
= [p- gA (r)]? — 1q s Ei jk OL Pis A {r)] 


= [p — qA,(n)]’ — qho- Bir) (63) 
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where B(r) = V x A(r) is the magnetic radiation field. The expression for 
A® can then be written in the form of a sum of an electronic operator A, 
a positron operator A®, and a constant which we will henceforth neglect: 


APD = A 4 Ae (64) 
where 
2 
(2) + foe [p _ gA ,(r)| = qh . 
A? = d, Cr (p! 0’ |, — 5: Br) |po) C,, (65) 


p’a’ 


and we have an expression of the same type for AS. | 

Finally, to order 0 in 1/c, the new energy levels of the total Hamilto- 
nian H are identical, to within constant terms and for “nonrelativistic” 
states of the system, to those of the effective Hamiltonian 


Hey = me? ¥ CH Cy, + AP) + me? Y BY B, + A?) + 
po po 


+ Voour + Hz +°- (66) 


Remark 


It is possible to get an expression for A lending itself to a simple physical 
interpretation. Denote by Y) the operator derived from Y by changing g to 
—q, and by |po),. a spinor basis which differs from the basis |po) by a phase 
factor +1: 


4° = co+[p + gAi(n)] (67) 
Pa), = tp (68) 

A simple calculation of the matrix elements shows that 
<po|%®|p' o>, =< Pa |Ulpo>. (69) 


An analogous expression for [¥]* and Y* is immediate. The Hamiltonian 
for the positrons, A, is then written 


MU 
AS me > B( 2) B, 


+qA,) — gh 


5,°' 3B Ss), B,. (70) 


It has the same form as A?) when gq is replaced by — gq, the operators C by B, 
and the changes (68) are made on the spinor basis. This transformation is 
actually a special case of the general charge conjugation transformation (*). 


(*) See for example Berestetski, Lifschitz, and Pitayevski, §§23 and 26. 
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c) DISCUSSION 


Consider the states containing only electrons. H.,, then reduces to 


H§} = ¥ me? Cy Cis + 


po 


> ct nd p’ a’ | [p gA,(r)]? qh 


oan — 3776 ° Br) pad 
pa’ 
2 
q 3. a3 n{r) n,(r’) 
+ ——— ara: ——.. 
8 RE, [ [ar |r—r’| = AR (71) 


By construction, H{* is block diagonal, each block being relative to a 
manifold having a given number of electrons N,. Equation (71) coincides 
in fact with the form taken in second quantization by the nonrelativistic 
Hamiltonian describing an ensemble of electrons coupled to the radiation 
field. More precisely, the matrix elements of (71) between two states 
containing the same number of electrons N and labeled by the occupation 
numbers (0 or 1) of the states po coincide with those of the following 
N-electron Hamiltonian: 


N 
H = Noe? + De slp. - Ast) — ¥ 4 - Bee) + 
a=1 


l T 
+l Ege ra j+ He (72) 
evaluated between two states formed by the antisymmetrized products of 
N two-component spinors relative to the occupied states po. 

The Hamiltonian (72) agrees with that introduced in Chapter III. The 
various terms of (72) describe respectively the rest mass energy of the NV 
electrons, their nonrelativistic kinetic energy, the coupling of the spin 
magnetic moments of the electrons with the magnetic radiation field, the 
Coulomb energy of the N electrons, and the energy of the quantized 
transverse field. We have then justified, starting with relativistic quantum 
electrodynamics, the nonrelativistic theory in Coulomb gauge which has 
been the basis of most of this book. The advantage of such a treatment is 
that it introduces naturally the electron spin and the associated spin 


magnetic moment 
_»4 q he 
M,= 25705 (73) 


corresponding to a factor g = 2 [see (D.7) of Chapter ITI] as well as the 
Fermi—Dirac statistics which electrons obey. Actually, the anticommuta- 
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tion relations for the operators C* and C of (71) are a consequence of the 
anticommutation relations for the quantized Dirac field, which result from 
the positive-energy requirement (see §A,. 2.5). We mention finally that it 
is possible to calculate the higher-order terms of H{¢) in 1/c and thereby 
get the expression for the first relativistic corrections (mass—velocity 
correction, spin-orbit interaction, Darwin term). 
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COMPLEMENT C, 
EXERCISES 


Exercise 1. Other covariant Lagrangians of the electromagnetic field. 

Exercise 2. Annihilation and creation operators for scalar photons: 
Can one interchange their meanings? 

Exercise 3. Some properties of the indefinite metric. 

Exercise 4. Translation operator for the creation and annihilation 
operators of a scalar photon. 

Exercise 5. Lagrangian of the Dirac field. The connection between 
the phase of the Dirac field and the gauge of the electro- 
magnetic field. 

Exercise 6. The Lagrangian and Hamiltonian of the coupled Dirac 
and Maxwell fields. 

Exercise 7. Dirac field operators and charge density. A study of some 
commutation relations. 


1, OTHER COVARIANT LAGRANGIANS OF THE ELECTROMAGNETIC FIELD 


The purpose of this exercise is to study Lagrangians which, as with the 
Lagrangian used in this chapter, can serve as a departure point for a 
covariant quantization of the electromagnetic field. One looks to a set of 
Lagrangians L,(A) = {d°r &,(X) depending on a real parameter A. The 
Lagrangian density in real space, ¥,(A), iS written 


LAA) = — b apron Fe 4 5(¥ ar) |. (1) 


a) Are two Lagrangians corresponding to different values of A equiva- 
lent? 

b) Give L,(A) as a function of the transverse, longitudinal, and scalar 
components of the four-vector potential in reciprocal space 7, %,, L,, 
and »/, = U/c. Show that Lagrange’s equations relative to ~¥., /,, and 
xf, can be written 


b+0 f,=0 (2.a) 
D+ w? A, — ia(A — 1) (A, + iad) = 0 (2.b) 


A. + 0? Af, + (A — SGA, + 104%) =0. (2 .c) 
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Show that the equations relative to the longitudinal and scalar compo- 
nents of the potential are those of two independent oscillators when 


A= 1. 
c) Show that the equations (2) coincide with the Maxwell equations of 
the free field for all A when the Lorentz condition is satisfied. 


Solution 


a) The difference between two Lagrangian densities corresponding to different values of 
A is proportional to (L,, a, A*)?, which is not a four-divergence. Thus these Lagrangians are 
not equivalent. In particular, the standard Lagrangian (A = 0) and the Fermi Lagrangian 
(A = 1) are not equivalent. 

b) The Lagrangian L,(A) is the integral in a reciprocal half space of the Lagrangian 
density L(A): 


L,(A) = far L,(A) (3.a) 
where ,(A) is gotten from (1) and (A.7) defining F,,: 


(A) = | ( + ik®@) > (of * — ikw*) — 72 |k x oP 


i(® en ee ot) (= se dales a") 


= eo, fl 3 — 0 A> A + (<4, + inf.) (f,* — 10.f,*) — 
— U(x, + iwsh) (f,* — iwsl*)]. (3.b) 


To obtain Lagrange’s equations, we calculate 


oan!) =— 2,0 @f (4.a) bed.) =F: ra (4.b) 
Oe Od,* 
aP,(A) ; 12 OL, eT 
Daw, iw) —(5.a) SB = ale, iw) (5.b) 
Oe, ad,* 
SFY «5 (00? af, — icacd) (6.2) R= ila, + iva). (6.0) 
OR O.d* 


We get from (4.a) and (4.b) the Lagrange equation relative to .%,, which corresponds to (2.a). 
Equations (5.a) and (5.b) give 


Gd, + iwsd, + Mw? A, — io) = 0. (7) 
By writing the term proportional to A. in the form (A — 1) &% +, and regrouping 
terms, we find (2.b). Likewise, (6.a) and (6.b) yield 

Ud, + iw) + wo? of, — iw, = 0 (8) 
which can be transformed to give (2.c). 


If we set A = 1 in Equations (2), we find independent harmonic-oscillator equations for 
the four components %, <,, 2%, and .%. This result is satisfactory, since the Fermi 
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Lagrangian (A = 1) is equivalent to the Lagrangian Y, (A.22), which describes, in the 
free-field case, four independent harmonic oscillators. Note also that by expanding (3.b) we 
get 


= eee; 
El) = Lp t+ x iweg(A, f,* — of, of*) (9) 
which demonstrates this equivalence in the case A = 1. 
c) The Lorentz condition (A.16.b) in reciprocal space is 


A 


If this equation is satisfied, the last terms of (2.b) and (2.c) cancel and Equations (2) in real 
space become 
OA = 0 (11.a) Ou =0 (11.b) 

which are equivalent to the free-field Maxwell equations in the Lorentz gauge. All the 
Lagrangians Lp{A) then lead to the same equations if the subsidiary condition (10) is 
imposed on them. This is not really surprising, in that L,(A) differs from the standard 
Lagrangian by a term proportional to the integral over all space of the square of a quantity 
whose value is taken as 0 when the subsidiary condition is imposed in classical theory. 

Note finally that the conjugate momentum relative to .,, given in (6.b), is nonzero when 
\ #0. Thus, it is possible to perform the free-field quantization and to treat the four 
components of the potential symmetrically, starting from L(A) with A # 0. The physical 
results must evidently be independent of A, but the intermediate calculations can depend on 
it. 


2. ANNIHILATION AND CREATION OPERATORS FOR SCALAR PHOTONS: CAN 
ONE INTERCHANGE THEIR MEANINGS? 


We have seen in Part B of this chapter that, in the framework of 
covariant quantization, the state space is much larger than the space of 
physical states. These latter form a subspace defined by the following 
expression derived from the Lorentz condition: 


la, — a.) |W > = 0. (1) 


To simplify the notation, we assume here box quantization so that the 
continuous index k is replaced by the discrete index i. The difficulty of the 
usual canonical quantization is that it leads to a commutator for the scalar 
field 


[a;,, aj] ene 0:; (2) 


whose sign differs from the usual sign obtained for the transverse and 
longitudinal field variables. 

To remedy this difficulty, one might be tempted to reverse the roles of 
the annihilation and creation operators. One then takes 


a,, = bt (3.a) at = b. (3.b) 
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where b,, and 5;' satisfy the usual relations for the annihilation and 
creation operators. The purpose of this exercise is to examine the conse- 
quences of this change in the subspace of physical states defined by 
condition (1). 

a) Consider a state |) which is a tensor product of states relative to 
each mode of the field: 


lv > =| > @... @1¥,> ®... (4) 


Write, using (3) and (4), the equation satisfied by |). Is the vacuum of 
scalar and longitudinal photons a physical state from this new point of 
view? 

b) Supposing |~;) is expanded in the basis {|n,,= 7, n,, = n’}, de- 
noted simply {|n, n’)}: 


IWi> = ), ban’) |n,n'> (5) 


find a recurrence relation between the coefficients b(n, n’). What is b(n, 0) 
for n > 0? 


c) Show that the component |),;) of a physical state in this approach 


takes the form 
Vin+m)! ~ 
m=z0 ‘ n20,./HN '_/m 


What is the value of (W,|y;)? Discuss this result. 


|n,(7 + m)>. (6) 


Solution 


a) With the new operators introduced in (3), the physical states are solutions of 
(a, — 55 )\~) =0 forall i. (7) 
If |W) is of the form (4), this becomes 


(a; — bz) lv,> =0 (8) 


since a,, and b;; act only on the mode i. It is clear that |0,0) is not a solution of (8), since 
b* |0) = |1). It follows that the “vacuum” state of scalar and longitudinal photons is not a 
physical state in this approach. 


b) a,,\¥,) and 5, |p,) are equal to 
a |W;> = yy b(n, n')./n |(n =. 1), n'»> (9.a) 


bi |W > = ¥ ban’) /n + 1[n, (n+ 1). (9.b) 
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The use of the condition (8) then gives 


bn +1,n' + 1)./n +1 = b(n,n')./n' +1 (10.a) 


b(n,0)=0 = forn>0. (10.b) 


c) First of all we find b(, n’) in the case n < n’. Using (10.a), we get 


b(n, n’') = ———————— D0, n’ — n). (11) 


n'! 
/ni/fa’ —n)! 
In the case n’ < n, an analogous calculation gives 


nip ES 7 b(n — n’, 0) (12) 
ni} 


which is zero from (10.b). Using (11) and (12), one shows that the most general form of |W;) 
is given by (6). Note that since |y,;) must be nonzero, one at least of the (0, m) is nonzero. 
Using (6), we find 


(n + m)! 
nim! 


CWlvi > =) [b0,m?¥ (13) 


It is clear that the sum on n leads to an infinite result. In the new approach, the physical 
states then have infinite norm. Such a result clearly raises difficulties for the application of 
the basic postulates of quantum mechanics (see also the remark of §B.2.b). 


3. SOME PROPERTIES OF THE INDEFINITE METRIC 


a) Let A be a Hermitian operator in the new metric A = A, and let 
|«w) be an eigenstate of A with eigenvalue A. Show that if A is not real, the 
new norm of |w), Culu2D, is zero. 

b) Let {|u,)} be an orthonormal basis in the usual sense, and let 
c, = (u,|y) and y, =Cu,|~5 be the components of the ket |~) on 
|u,,) defined respectively with the old and the new scalar product. Show 
that there exists between the two types of components a relationship 
involving the matrix elements of the operator M defining the new scalar 
product. Give the new norm Cy|~> as a function of c, and y,*. 


Solution 


a) Consider the eigenvalue equation 


Alu) =Alu> (1) 
and the adjoint equation in the new sense, which is written 


CulA=A* cul (2) 
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since A = A. By taking the new scalar product of both sides of (1) with |) one gets 


CuljAljud =Aculud. (3) 


On the other hand, Equation (2) gives 
CulAlud =A* Culud. (4) 


Subtraction of (3) and (4) gives 

(A— A*)culud =0 (3) 
which shows that if A # A* (that is, if A is not real), Cu|uD is zero. 

b) The relation 
Cu,| = Cu,|M (6) 
[see (C.3.b)] implies 
y= Culwd =<u,lMivb> 

<u | Miley > Cul > => May ep - (7) 
p Pp 


We have used the usual closure relation 


Ylu,><upl=1 (8) 


and put M,,, = (u,|M|u,). Also, since M? = 1, one has 
c, = <u,|W> =<u,|MM| p> 
=Licu|Mlu,><u,|MIy> 
Pp 


=> M,, Culw> =) My yp: (9) 
p p 


Finally, because M* = 1, Equation (6) implies that 
Cu, | = Cu, |M (10) 


so that (8) can then be written 


Fluo cu,|M=1 (11) 


P 
[see (C.15.b)]. Now insert (11) between Cy] and |~> in the new norm Cy|y>. This 
gives, using (10), 
cWlW> =) cwluyrd cul|Mipd =) CWlud <u ly> 


P 


= culWo*< uly > =) Fe. (12) 


4. TRANSLATION OPERATOR FOR THE CREATION AND ANNIHILATION 
OPERATORS OF A SCALAR PHOTON 


Let a,(k) and a,(k) be the annihilation and creation operators of a 
scalar photon with wave vector k satisfying the commutation relation 


La.(k), a(k’)] = — d(k — k’). (1) 
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Consider the operator 
7 = exp} [are[ano709 — 240 «001 | 0) 


where A(k) is either a classical function of k or a particle operator which 
commutes with A(k’) and its adjoint A*(k’). 
a) Show that T is unitary with respect to the new norm 


TT =TT =1. (3) 


5b) Show that 7 is a translation operator for a, and @,, that is, 
Tak) T = a{k) + Atk) (4.a) 
Tak) T = a(k) + A*(k). (4.b) 


c) The wave vectors k are assumed discrete, and one considers a single 
scalar mode with annihilation and creation operators a, and a, with 


[a,,4,] = —1. (5) 
The states |”,) with n, photons are defined by 


_ (a,')" 

/n, ! 
where |0,) is the vacuum of scalar photons and where 

aj =—-a4 (6.b) 

is the usual adjoint of a, in the old positive definite metric. One 

limits oneself here to the case where A and A* are c-numbers in T = 


exp{Aa, — A*a,}. 
Find the expansion in the basis {|n,)} of the state 


(0. = 1 )0.., (7) 


|, > | 0, > (6.a) 


Is this a coherent state? What are its old and new norms? 


Solution 


a) The new adjoint of (k)a,(k) — A*(k)a,(k) is equal to A*(k)a,(k) — A(k)@,(k), that 
is, its negative. One then concludes that 


T = exp | _ | d°k[ A(k) a,(k) — A*(k) a,(k)] (8) 


which demonstrates (3). 
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6) Since a, and a, commute with their commutator (1), which is a c-number, and since 
A and A* self-commute and commute with a, and @,, it is possible to apply the identity 
(C.64) of Chapter III to (2) and then get 


T = exp | d?k A(k) a | exp| = | d°k A*(k) ah) | exp | dk | A(k) P|. (9) 


Now find the commutator [a,(k), 7]. The first term of (9) is the only one not commuting 
with a,(k). Using (1), we get 


| a,(k), exp] | d°k’ A(k’) ak’ | = — A(k) exp] | dk’ Atk’) ak) (10) 
so that 7 
[a,(k), T] = — A(k) T (11) 
so finally 
Tak) = a(k) T + A(k) T. (12) 


It is sufficient then to multiply both sides of (12) on the nght by T to get (4.a), then to take 
the new adjoint of (4.a) to get (4.b). 


c) In the case of a single mode, (9) becomes 


T = ehas— Aas — eds a Aas el 41?/2 (13.a) 


from which one gets _ 
T Se Mie eeare:: (13.b) 


Note the difference with Equation (C.65) of Chapter III. One expands the second exponen- 
tial of (13.b) in a series. Since a,|0,) = 0, only the first term of this expansion (order 0) gives 
a nonzero result when 7 acts on the vacuum |0,). One has then 


|6,> = T|0,> = el*" e“% 10, > 
= el 4l’/2 erat {O,>. (14) 
Also, using the series expansion of exp(Aa; ) and (6.a) gives 


A a2 we AN 
ld. > =e? y 


n,=0,/N, ! 


ln,>. (15) 


Since [a,, a; ] = 1, the states |n,) defined in (6.a) are the usual basis states of a harmonic 
oscillator. The expansion (15) is proportional to that of the coherent state |X) defined by 


BASSAS. (16) 


[see (C.51) of Chapter III]. However, since the coefficient multiplying the sum on n, in (15) 
is exp(|A|2/2) and not exp(— |A|?/2), the old norm of |0,) is not equal to 1 but to 


«0,10, > = 2/4!’ (17) 


In contrast, since T is unitary with respect to the new norm, one has 


c6,.|0,> = c0,|TT|0,> = c 0,J0,> =1. (18) 
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It is also possible to get (18) directly starting from the expansion (15) and the orthonormal- 
ization relations 


Cn, [nj> =(— 1) Oi (19) 


in the new metric {see (C.29)]. . 
Note finally that the fact that |0,) is a coherent state can be established directly from 
(4.a). If one applies both sides of this equation to [0,) and if one uses a,|0,) = 0, one gets 


Ta, T|0,> = A|0,>. (20) 
It suffices then to apply T on the left to both sides of this equation and to use (3) and (7) to 
get 

a,{0,> = 416,>. (21) 


5. LAGRANGIAN OF THE DIRAC FIELD. THE CONNECTION BETWEEN THE 
PHASE OF THE DIRAC FIELD AND THE GAUGE OF THE 
ELECTROMAGNETIC FIELD 


The purpose of this exercise is to show that the Dirac equation can be 
derived from a Lagrangian. We will also see that every phase change in the 
Dirac field is equivalent to a gauge change in the electromagnetic field. 
Consider a complex classical field with four components y,(r), A = 
1,2,3,4, whose evolution is derived from a Lagrangian Lp, = {d?*r Zp 
with 


Ly = Te Wa — vi) + 
Cc » (WF Oy * Why — (WWF) O22 v2) | — mc” oe Baa WE Vy (1) 


where a and £ are the Dirac matrices (see §Ay.1). 


a) Write the Lagrange equations associated with (1). Show that they 
coincide with the Dirac equation of a free particle. 

Rewrite (1) using the covariant notation y” for the Dirac matrices 
(y° = B, y = Ba) and the relativistic adjoint P(r) = P*(n)y°. 

b) Consider the Lagrangian density 


#~ 55 {Fr(fs reu)o+[(a ren s]ro}- 
~ me wy (2) 


where the At are the components of an external four-vector potential. 
Show that the Lagrange equations associated with (2) correspond to the 
Dirac equation of a particle in an external field. 
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Show that # is the sum of &, and an interaction term ¥,. Write the 
expression for ¥,, and derive the form of the current /* associated with 
the Dirac field. 


c) Make the change 
Wi(r) = wa(r) erm (3) 
where F(r, ¢) is an arbitrary function of r and ¢ (and independent of A). 
Show that the phase change of y is mathematically equivalent to a gauge 


change on the external field potentials. 


Solution 


a) To establish the Lagrange equations, we calculate 


OF, ih 
a5 Ve (4.a) 
owt 
OL, ih| ; 
aye mar i, + ¢ Y Bay ° Wa — mec? > Bay Wx (4.b) 
A ru “ a 
Of, ih 
HOw) arias cL ax War (4.c) 
J 
The Lagrange equation (A.52.b) of Chapter II then gives the following equation of motion: 
iAw, = — ihc >, Oa; ° Vy + me? oy Biy Vi - (5) 
A’ A’ 
One rewrites (5) using p= —iAV and the column vector ¥(r) with components W,(r), 


A = 1,2,3,4. One gets 
ih = ca- pw + Bmc? (6) 


which is indeed the Dirac equation of a free particle. 
The Lagrangian density (1) can be wnitten in another form using the Dirac matrices y" 
and the relativistic adjoint p(r) = y*(n)B: 


By =e FLW) — G0) ev] — mew. (7) 


Besides being compact, this form is better adapted to the covariant formalism. 


b) One expresses (2) in a form analogous to (1). For this, one introduces the components 
(U/c, A) of the four-potential A”: 


= 2 yt W, —- WF y,) - 53] UE aie : (Fy = ah, |e x 


* 
+ (FY — aA] vt | Hay Wy = 907 y Wi, — me? ps Wi Bay Wy. (8) 
: a a" 
Equations (4.a), (4.b), and (4.c) are then replaced by 


Lf te 
—=- Fy, (9.a) 
Oy # ; 
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an h 
CL = uy. = £5] a0 : & ~ah.) Ye — gA, * a) Wa | a 
— qU,, — me* Bax wy (9.b) 


ORG = — OKC Wy (9.c) 
which gives as the equation of evolution for the column vector y 
ihp = ca -(p— GA.) + qU,b + Be? p (10) 
which is the Dirac equation of a particle in an external field described by the potentials A, 
see from (2) and (7), we rewrite & in the form @= %) + & with 
Ly, =~ dH) A 2(r) (11.a) 
FM) = cqu(n) y* Wn) (11.b) 
c) The transformation (3) gives 
tay, = BZ — q(0,F) us| earn (12) 
i i 


By putting this result as well as (3) in (2) we get a new Lagrangian density. This density is 
identical with the one which would be obtained by making the gauge change ( A)’ = A; ~ 
d, F on the Lagrangian density (2). 


6. THE LAGRANGIAN AND HAMILTONIAN OF THE COUPLED DIRAC AND 
MAXWELL FIELDS 


Consider a field whose Lagrangian density 1s defined by (1) of Exercise 
5. 


a) By following the procedures of Exercises 6 and 7 of Chapter IJ, 
show that the Hamiltonian of the Dirac field is of the form 


Hy = | d°r 2, wir) (ca,, ° p+ Byy mc*) wy, Ar). (1) 
What is the momentum P of such a field? 
b) Consider the system made up of interacting Dirac and electromag- 


netic fields. Show that the Lagrangian of the coupled system can be taken 
equal to 


g = - 52] FD, orb me? Oy | — 


2 
~ & > Y(AAV(O"A,) (2) 
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where D, = 0, + igA,/h. What condition should be imposed on the 
components A, of the potential? 


c) What is the Hamiltonian associated with (2)? 


Solution 


a) The Dirac Lagrangian has a form analogous to the Lagrangians studied in Exercises 6 
and 7 of Chapter II. For these exercises the Lagrange equations are of first order in time, 
which proves that there are redundant dynamical variables. We have shown that for a 
Lagrangian density of the form 


Std, — btw) - fn Wd 3) 


the Hamiltonian density is f(y), ~*). The same procedure applied to Yp leads to a 
Hamiltonian 


Hy = fa A( = + Cc >, [we aay: Vi, — (WWF) Oar Wy] + mc? y We Bay | (4) 
Ai’ 


By integrating the second term in the brackets by parts, we find, since the fields are zero at 
infinity, a term equal to the first term in the brackets, so that 


Hy = d°r p> [(— ih) cw Fa, ° Vey + mc? We Bay Wy). (5) 


Replacing —iAV by p, we get the required expression (1). 

The treatment of part @) of Exercise 7 in Chapter II can be immediately used here to find 
the momentum. Note that this treatment, which concerns the momentum of the Schrédinger 
field, does not involve the explicit form of the density f (¥,, ¥¥) of (3). The demonstration 
given for the Schrédinger field can thus be applied immediately to the case of the Dirac field 
and leads to 


h 
‘ Aa 


b) The Lagrangian density (2) depends on variables of both the Dirac and electromag- 
netic fields. Since the last term of (2) depends only on the radiation field, it does not play any 
role in the Lagrange equations for the Dirac field. Now the other term of & between 
brackets is identical to that given in (2) of Exercise 5. The same calculation as was made 


there shows that the Lagrange equation of y can be written 

ih = ca: (p— gA)b + qUy + Be? p (7) 
and coincides with the Dirac equation in the presence of an electromagnetic field described 
by the potentials A and U. 


Consider now the Lagrange equations for A,. We regroup the terms of (2) involving the 
electromagnetic field variables. This gives 


2 
— Dit Ay ~ & FY (4,4 GA,) (8) 


with j* = cqWy"y. The density (8) is the same as that used in §A.1.b of Chapter V. The 
same procedure as the one followed in §A.1.c shows that the Lagrange equations for A, are 


E22 
DA, = & ctl: (9) 
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They coincide with the Maxwell field equations in the presence of sources j, if the 4, also 
satisfy the Lorentz condition 1,0, A” = 0. 

Thus the Lagrangian density (2), supplemented by the Lorentz condition, leads to 
the Dirac equation for y in the presence of the field A, and to the Maxwell equations of the 
field A, in the presence of the sources j" = cgpy"p. It therefore correctly describes the 
dynamics of the coupled Maxwell and Dirac fields and can be taken as the starting point for 
the formulation of electrodynamics in the Lorentz gauge. 


c) Since Y, does not depend on the velocities A and U of the variables of the Maxwell 
field, the calculation for the conjugate momenta IT, and IT, of A; and A, made in §A.2.a 
remains valid and gives 

i, 


J 


(10.a) 


E, A; 


/ 
iT, = =s 5 Axi (10.b) 


It is then possible to reexpress A , and A, in the density (2) as functions of IT j and IT,. In 
addition, the density (2) has, as far as ¥, and y¥ are concerned, a structure analogous to 
that of (3): 


¢ = 2S wt ds — bt be) — oes WE ATL 4, ID). (11) 


By following the same procedure as in Exercises 6 and 7 of Chapter II, one then shows that 
the Hamiltonian density associated with (11) is 


# =TL-A + I, A, + gly, ¥% A, ML, A,, 11) 


~ =ar oo IT?) + g(,, i, A, II, A,, TT,) ‘ (12) 
0 


By expressing g using (2), (11), and (10) one then gets 
H = Hy + Hp + H, (13) 


where Hp is given in (1), where 


Hp = 2 ar| 3 MW? + c(V x A)? — =z Hi? — WA.) (14) 
. 0 


0 


[which, after transformation into reciprocal space, is in agreement with the expression 
derived from (A.27) and leads to (A.64) when reexpressed in terms of normal variables], and 
where 


H,= | y jt A, = ¢q | ary Wr) y" Wir) A, (x). (15) 


Note finally that, as in e) of Exercise 7 of Chapter II, canonical quantization is achieved 
by associating two operators with y,(r) and ¥¥(r) whose commutator or anticommutator 1S 
8,,-6(r — r’). The commutator leads to an energy unbounded below, so that it 1s necessary to 
take the anticommutator, which gives 


[M(r), Fare). = d4, or — rr’). (16) 


We then justify, from the Lagrangian formalism, the Hamiltonian and the anticommutation 
relations used in §§Ay.2, Ay.3, serving as the starting point for relativistic quantum 
electrodynamics in the Lorentz gauge. 
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7. DIRAC FIELD OPERATORS AND CHARGE DENSITY. A STUDY OF SOME 
COMMUTATION RELATIONS 


Let ¥,(r) be the components of the quantized Dirac field at point r, 
and 
pr) = 4), P70) C0) (1) 
A 


the charge density operator at point r. 


a) Using the anticommutation relations between the field operators 
W,(r) and W,°(r’), establish that 


[p(r), pr’)] = 0. (2) 


b) Consider the operator 


X=- ; [arr p(r) S(r) (3) 


where p(r) is defined in (1) and where S(r), which can be a radiation 
operator, commutes with the field operators ¥,(r) and W," (r’). Show that 


[LX YOl= 4 se %@) (4.a) 


[x, Ve] = —- - S(r) ¥t(n). (4.) 


c) Assume that S(r) commutes with S(r’), and take 


T=e%. (5) 
Show that 
TY (r)T ' = exp| s0 | Y (r) (6.a) 
TY (r) T 1 = exp| ~ ia 5 | (nr). (6.b) 
Solution 


a) The anticommutation relations (32) of Complement Ay permit us to write 
ener =7>Y VY PS Flr) Pe ©) Pa) = 
A RK 
=—- PLY PFO PLO) PAO PO) +9 2d Or — PFO AAC). 
a a 7 


We anticommute ¥;*' (nr) and ¥,. (1) as well as ¥(r) and ¥,.(r’) in the first term of (7), 
which gives a double sign change and thereby no sign change, and then anticommute Y,' (r) 
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and ¥,.(r’). This gives 
p(r) p(t’) = p(t’) p(r) — 9” » dr —r)(¥70) ¥,(9) — ¥7 0) 440). (8) 


On account of the delta function 6(r — r’), we can replace r’ by r in the bracket of the last 
term of (8), which shows that it is zero and gives (2). 
b) Since S$ commutes with the field operators, 


[X, ¥,0] = — ; | er Sir) [p(r’), ¥,(r)]- (9) 
Now, the anticommutation relations (32) of Complement Ay let us write 
P(r) PACK) = 4 DFE) Pal) PA) = — 9d Pe) PAD) Pe) 
= ¥,(r) ptr’) — q » Jay Or — rv’) P(r’) (10) 
a 


—that is, finally, 
Le(r), P20] = — gor — 1’) ¥,(r). (11) 
It suffices then to substitute (11) in (9) and to integrate over r’ to get (4.a). An analogous 


procedure lets us get (4.b). 
c) Start with the identity 


e* Wirhe * = V(r) + [iX, Fp] + siLix, [iX, ¥(n]] + (12) 


From (4.a), the first commutator of (12) is igcS(r)%(r)/hA. Since S(r) commutes with S(r’), 
the double commutator is simply 


1 igc , 
57% SY) LiX, #200] (13) 
as can also be found starting from (4.a). We get then 


igc 


ei P(e * = v0} 1 + s- S(r) + nile sin | + ' (14) 


One recognizes in the braces the series expansion of exp[igcS(r)/A], which demonstrates 
(6.a). An analogous procedure gives (6.b). 
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References to Exercises are distinguished by an “e” after the page number. 


A 


Absorption (of photons), 316, 325, 338e, 
344e, 348e, 349e 
Action: 
for a discrete system, 81 
for a field, 92 
functional derivative, 128 
principle of least action, 79, 81 
for a real motion, 134, 152e 
Adiabatic (switching on), 299 
Adjoint (relativistic), 411 
Angular momentum, see also Multipole, ex- 
pansion 
conservation, 8, 139, 200 
contribution of the longitudinal electric 
field, 20, 45 
eigenfunctions for a spin-1 particle, 53 
for the field + particle systems, 8, 20, 118, 
174, 200 
for a general field, 152e 
for a spinless particle, 137 
for a spin-1 particle, 49 
of the transverse field, 20, 27, 47 
Annihilation and creation operators, see also 
Expansion in @ and a*; Translation 
operator 
a, and a, operators, 394, 429 
a, and @, operators, 391 
anticommutation relations, 163e, 414 
commutation relations, 121, 171, 391 
for electrons and positrons, 414, 433 
evolution equation, 179, 217, 249e, 420 
for photons, 33, 121, 294 
for scalar photons, 381, 391, 443e, 446e 
Antibunching, 211 
Anticommutation relations: 
for a complex field, 98 
for the Dirac field, 414, 415, 453e, 454e 


and positivity of energy, 99, 416, 440, 
453e 

for the Schrédinger field, 99, 162e 
Antihermiticity, see Scalar potential 
Antiparticle, 187, 413, 433 
Approximation: 

long wavelength, 202, 269, 275, 304, 342e 

nonrelativistic, 103, 122, 200 
Autocorrelation, 229 


B 


Basis: 

in reciprocal space, 25, 36 

of vector functions, 51, 55 
Bessel: 

Bessel functions, 345e 

spherical Bessel functions, 56, 7le 
Born expansion, 300 
Bose-Einstein distribution, 234e, 238e 
Bosons, 99, 16le, 187 
Boundary conditions, see Periodic boundary 

conditions 


C 


Canonical (commutation relations), see also 
Commutation relations; Quantization 
(general) 

for a discrete system, 89, 90, 147e, 155e, 
258 
for a field, 94, 98, 148e, 158e, 380 

Center of mass, 232e, 342e 

Change, see also Gauge; 
(general); Transformation 

of coordinates, 84, 88 

of dynamical variables, 86, 260 

of quantum representation, 260, 262 
Characteristic functions, 236e 


Lagrangian 


459 


460 


Charge, see also Density 
conservation, 7, 12, 108, 368, 411, 416, 421 
total, 416 
Charge conjugation, 438 
Classical electrodynamics: 
in the Coulomb gauge, 111, 121 
in the Lorentz gauge, 364 
in the Power—Zienau-Woolley picture, 
286 
in real space, 7 
in reciprocal space, 11 
standard Lagrangian, 100 
Coherent state, see Quasi-classical states of 
the field 
Commutation relations: 
canonical commutation relations for an 
arbitrary field, 94, 98, 148e 
canonical commutation relations for a dis- 
crete system, 89, 147e, 155e, 258 
covariant commutation relations, 381, 382, 
391 
for electromagnetic fields in real space, 
120, 173, 230e 
for electromagnetic fields in reciprocal 
space, 119, 145, 380 
of the fields with the energy and the mo- 
mentum, 233e, 383, 417 
for free fields in the Heinsenberg picture, 
223, 355e, 382 
for the operators a and a*, 34, 171, 24le, 
391, 394, 443e 
for the operators a and a, 391, 395 
for the particles, 34, 118, 145, 171 
Complex, see Dynamical variables; Fields 
(in general) 
Compton: 
scattering, 198 
wavelength, 202 
Conjugate momenta of the electromagnetic 
potentials: 
in the Coulomb gauge, 115, 116, 143 
in the Lorentz gauge, 369 
in the Power—Zienau-— Woolley representa- 
tion, 289, 291, 294 
Conjugate momenta of the particle coordi- 
nates: 
in the Coulomb gauge, 20, 115, 143 
in the GOppert- Mayer representation, 270 
in the Henneberger representation, 276 
for the matter field, 157e 
in the Power—Zienau— Woolley representa- 
tion, 289, 290, 293 
transformation in a gauge change, 267 
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Conjugate momentum (general): 
of a complex generalized coordinate, 88, 
96, 154e 
of a discrete generalized coordinate, 83, 
147e, 256 
of a field, 93, 96, 148e 
in quantum mechanics, 258, 266 
transformation in a change of generalized 
coordinates, 85 
transformation in a change of Lagrangian, 
257 
Conservation: 
of angular momentum, 8, 139, 200 
of charge, 7, 12, 108, 368, 411, 416, 421 
of energy, 8, 6le, 137, 200 
of momentum, 8, 6le, 138, 200, 232e 
Constant of the motion, 8, 6le, 134, 152e, 
200, 370 
Contact interaction, 42 
Continuous limit (for a discrete system), 126, 
147e 
Convolution product, 11 
Correlation function, 181, 191, 227. See also 
Intensity correlations 
Correlation time, 191 
Coulomb, see also Coulomb gauge; Energy; 
Scalar photons 
field, 16, 122, 172, 295 
interaction, 18, 122, 330, 401, 426, 435 
interaction by exchange of photons, 403 
potential, 16, 67e, 172, 407 
self-energy, 18, 7le, 201 
Coulomb gauge, see also Hamiltonian 
(total); Lagrangians for electrodynam- 
ics; Transformation 
definition, 10, 113 
electrodynamics in the Coulomb gauge, 
10, 113, 121, 169, 439 
relativistic Q.E.D. in the Coulomb gauge, 
424, 431 
Counting signals, see Photodetection signals 
Covaniant: 
commutation relations, 391 
formulation, 361 
notation and equations, 10, 17, 364, 411, 
449e 
Covariant Lagrangians: 
for classical particles, 106 
for coupled electromagnetic and Dirac 
fields, 45le 
for the Dirac field, 449e 
for the electromagnetic field (standard La- 
grangian), 106, 365 
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Fermi Lagrangian, 366 
interaction Lagrangian, 106, 365 
in the Lorentz gauge, 365, 369, 44le 
Creation operator, see Annihilation and cre- 
ation operators 
Cross-section, see Scattering 
Current: 
density, 7, 101, 115, 410, 419 
four-vector, 10, 365, 411 
of magnetization, 284 
of polarization, 284 
Cutoff, 124, 190, 200, 287 


D 


d’Alambertian, 10, 367 
Damping (radiative), 7le, 76¢e 
Darwin term, 440 
Delta function (transverse), 14, 36, 38, 42, 
64e, 120, 173, 231le 
Density, see also Quasi-probability density 
of charge, 7, 101, 309, 410, 419, 434, 454e 
of current, 7, 101, 115, 410, 419 
Hamiltonian, 93, 106, 147e, 158e, 370 
Lagrangian, 91, 101, 106, 113, 147e, 157e, 
167e, 365, 369, 441le 
of magnetization, 42, 284, 285, 292 
of polarization, 281, 292, 308, 329 
Diamagnetic energy, 290, 293 
Dipole—dipole interaction: 
electric, 313 
magnetic, 43 
Dipole moment, see Electric dipole; Mag- 
netic dipole moment 
Dirac, see also Matter field; Spinors 
delta function, 94 
equation, 408, 449e, 452e 
Hamiltonian, 410 
matrices, 409 
Discretization, 31 
Dispacement, 282, 291, 292, 308, 310 
Dynamical variables: 
canonically conjugate, 34, 86, 93, 257, 258, 
369 
change of dynamical variables in the 
Hamiltonian, 86, 260 
change of dynamical variables in the La- 
grangian, 84 
complex dynamical variables, 87, 90 
for a discrete system, 81 
for a field, 90 
redundancy, 109, 113, 154e, 157e, 362 
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E 


Effective (Hamiltonian), 435, 438 
Einstein, 204 
Electric dipole: 
approximation, 270 
interaction, 270, 288, 304, 306, 312, 313, 
342 
moment, 270, 288, 306, 343 
self-energy, 312 
wave, 7le 
Electric field, see also Electromagnetic field; 
Expansion 
in the Coulomb gauge, 117, 122, 172 
longitudinal, 15, 64e, 117, 172, 283 
of an oscillating dipole moment, 7le, 353e 
in the Power—Zienau-Woolley picture, 
295 
total, 66e, 117, 172, 291, 295, 310, 330, 
35Se 
transverse, 21, 24, 27, 32, 64e, 117, 171, 
287, 295, 310 
Electromagnetic field, see also Expansion in 
normal variables; External field; Quan- 
tization of the electromagnetic field 
associated with a particle, 68e 
free, 28, 58, 181, 221, 230e, 24le 
mean value in the indefinite metric, 396 
in real space, 7 
in reciprocal space, 12 
tensor F*”, 17, 106, 365, 378 
Electromagnetic potentials, see also Free 
(fields, potential); Gauge 
covariant commutation reactions, 382 
definition and gauge transformation, 9 
evolution equations, 9, 10, 366, 367 
four-vector potential, 10, 364, 376 
mean value in the indefinite metric, 396, 
406 
retarded, 66e 
Electron, see also Matter field 
classical radius, 75e 
elastically bound, 74e 
g-factor, 439 
Electron—positron pairs, 123, 413, 417 
Elimination: 
of a dynamical variable, 85, 154e, 157e 
of the scalar potential, 111 
Emission (of photons), 344e, 348e, 349e 
Energy, see aiso Hamiltonian; Self-energy 
conservation of, 8, 6le, 137, 200 
Coulomb energy, 18, 114, 173, 283, 401, 
403, 426 
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Energy (Continued ) 
of the free field, 183, 378 
negative energy states, 413 
of the system field + particles, 8, 19, 116 
of the transverse field, 26, 31 
Equations, see Dirac; Hamilton’s equations; 
Heisenberg; Lagrange’s equations; 
Maxwell equations; Newton-Lorentz 
equations; Poisson; Schrédinger 
Equivalence: 
between the A « p and Er pictures, 272, 
296, 316, 321, 337e, 356e 
between the A*p and Z° VV pictures, 
349e 
between relativistic Q.E.D. in the Lorentz 
and the Coulomb gauges, 424 
between the various formulations of elec- 
trodynamics, 253, 300, 302 
Expansion in a and a™ (or in a and a): 
of the electric and magnetic fields, 171, 
24le 
of the four-vector potential, 391 
of the Hamiltonian and momentum in the 
Lorentz gauge, 382, 391 
of the Hamiltonian and momentum of the 
transverse field, 172 
of the transverse vector potential, 171 
Expansion in normal variables: 
of the electric and magnetic fields, 27, 28, 
32 
of the four-vector potential, 372, 376 
of the Hamiltonian and momentum in the 
Lorentz gauge, 378, 379 
of the transverse field angular momentum, 
27, 48 
of the transverse field Hamiltonian, 27, 31 
of the transverse field momentum, 27, 31 
of the transverse vector potential, 29, 31 
External field, 141, 172, 178, 180, 198. See 
also Hamiltonian for particles in an ex- 
ternal field; Lagrangians for electrody- 
namics 
External sources (for radiation), 24, 219, 314, 
370, 372, 400, 418 


F 


Factored states, 207 
Fermi: 
golden rule, 323 
Lagrangian, 366 
Fermion, 99, 16le, 413, 414 
Fields (in general), see also Angular momen- 
tum; Energy; Hamiltonian (general 
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considerations); Lagrangian (general); 
Momentum; Quantization (general) 
complex, 95 
real, 90 
transverse and longitudinal, 13, 37 
Fierz, see Pauli-Fierz—Kramers transforma- 
tion 
Final, see Initial and final states of a process 
Fock space, 31, 175 
Fourier transform, 11, 12, 15, 56, 97 
Four-vector: 
current, 10, 365, 411 
field energy-momentum, 379 
potential, 10, 364, 376 
Free (fields, potentials), 28, 58, 183, 205, 
373, 376, 382, 414 
Fresnel mirror, 208 
Functional derivative, 92, 126 


G 


Gauge, see also Coulomb gauge; Lorentz 
gauge; Poincaré gauge 
gauge transformation and phase of the 
matter field, 167e, 449e 
invariance, 8, 17, 107, 269 
transformation, 9, 13, 108, 255, 267, 270, 
331, 368, 375, 397 
Generalized coordinates: 
change of, 86, 260 
complex, 87, 88 
real, 81, 84 
G6ppert-Mayer transformation, 269, 275, 
304 
Ground state: 
of the quantized Dirac field, 417 
of the radiation field, 186, 189, 252e, 385, 
386, 394 


H 


Hamiltonian (general considerations), see 
also Effective, (Hamiltonian) 
with complex dynamical variables, 88, 97, 
154e, 157e 
for a discrete system, 83, 147e 
for a field, 93, 97, 148e 
Hamiltonian and energy, 83, 136, 146e 
in quantum theory, 89, 259 
transformation of, 258, 261, 263 
Hamiltonian of the particles: 
Dirac Hamiltonian, 410 
expression of, 144, 197 
Pauli Hamiltonian, 432 
physical meaning in various representa- 
tions, 271, 297 
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of the quantized Dirac Field, 415 
for two particles with opposite charges, 
232e 
for two separated systems of charges, 313, 
328 
Hamiltonian for particles in an external field: 
for a Dirac particle, 410 
electric dipole representation (E + r), 271, 
304, 320 
Henneberger picture, 277 
for an ion, 342e 
for the quantized Dirac field, 419 
standard representation (A * p), 144, 198, 
266, 317 
Hamiltonian for radiation coupled to exter- 
nal sources: 
in the Couilomb gauge, 218 
in the electric dipole representation, 314, 
353e 
in the Lorentz gauge, 370, 400, 418 
Hamiltonian (total): 
in the Coulomb gauge, 20, 33, 116, 138, 
173, 439 
in the Coulomb gauge with external fields, 
144, 174, 198 
of coupled Dirac and Maxwell fields, 419, 
431, 45le 
in the Power—Zienau-Wooley picture, 
289, 292, 295, 329 
Hamilton’s equations: 
for a discrete system, 83 
for a field, 94, 132, 371 
Heaviside function, 226 
Heisenberg: 
equation, 89 
equations for a and a™, 179, 217, 249e, 
420 
equations for the matter fields, 99, 16le, 
420 
equations for the particle, 177 
picture, 89, 176, 185, 218, 221, 382 
relations, 241le, 248e 
Henneberger transformation, 275, 344e, 349e 
Hilbert space, 89, 387 
Hole theory, 413 
Hydrogen atom: 
Lamb transition, 327 
ls—2s two-photon transition, 324, 338e 


J 


Indefinite metric, see also Scalar potential 
definition and properties, 387, 391, 445e 
and probabilistic interpretation, 390, 392 
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Independent variables, 95, 109, 121, 362. 
See also Redundancy of dynamical 
variables 

Initial and final states of a process, 264, 271, 
296, 300, 302, 317, 326, 337e 

Instantaneous, see also Nonlocality 

Coulomb field and transverse field, 16, 21, 
64e, 67e, 122, 291, 292 
interactions, 18, 122, 313, 330 

Intensity correlations, 186 

Intensity of light, 185 

Interaction Hamiltonian between particles 
and radiation: 

in the Coulomb gauge, 197, 232e 

in the electric dipole representation, 271, 
307, 312, 315 

in the Power—Zienau— Woolley representa- 
tion, 290, 292, 296, 329 

in relativistic Q.E.D., 419 

Interactions, see Contact interaction; 
Coulomb; Dipole-dipole interaction; 
Electric dipole; Instantaneous; Mag- 
netic dipole moment; Quadrupole elec- 
tric (momentum and interaction); Re- 
tarded; Hamiltonian 

Interference phenomena: 

with one photon, 208, 210 
quantum theory of light interference, 204 
with two laser beams, 208, 212 
with two photons, 209, 211 
Interferences for transition amplitude, 213 
Invariance, see also Covariant 
gauge invariance, 9, 107, 167e, 267 
relativistic invariance, 10, 15, 106, 114 
translational and rotational, 134, 153e, 
200, 370 

Ion (interaction Hamiltonian with the radia- 

tion field), 342e 


K 


Kramers, see Pauli—Fierz—Kramers trans- 
formation 
Kronecker (delta symbol), 94, 148e 


L 


Lagrange’s equations: 
with complex dynamical variables, 87, 96, 
154e 
for a discrete system, 82, 129, 147e 
for the electromagnetic potentials, 104, 
142, 150e, 151le, 366 
for a field, 92, 96, 131, 147e, 150e 
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Lagrange’s equations (Continued ) 


for a matter field, 157e, 167e, 367, 449e 
for the particles, 103, 142, 15le 
Lagrangian (general), see also Density, La- 
grangian; Functional derivative; Matter 
field 
with complex dynamical variables, 87, 95, 
154e, 157e 
of a discrete system, 81, 147e 
elimination of a redundant dynamical 
variable, 84, 154e, 157e 
equivalent Lagrangians, 82, 92, 108, 256 
of a field, 91, 95, 147e 
formalism, 79, 81 
linear in velocities, 154e, 157e 
Lagrangians for electrodynamics, see also 
Covariant Lagrangians; Standard La- 
grangian 
in the Coulomb gauge, 113, 137 
with external fields, 142, 143, 266, 271, 
449e 
in the Power—Zienau-Woolley picture, 
287 
Lamb: 
shift, 191 
transition, 327 
Least-action principle, 79, 81 
Light intensity, 185 
Linear response, 221, 352e 
Linear susceptibility, 221, 352e 
Locality, 12, 14, 15, 21, 103, 291. See also 
Instantaneous; Nonlocality 
Localized systems of charges, 281, 304, 307 
Longitudinal: 
basis of longitudinal vector functions, 53 
contribution of the longitudinal electric 
field to the energy, momentum and an- 
gular momentum, 17, 19, 20 
electric field, 15, 64e, 172, 283 
normal variables, 374 
photons, 384, 430 
vector fields, 13 
vector potential, 112, 255 
Longitudinal vector potential: 
in the Coulomb gauge, 16, 113 
in the Lorentz gauge, 22 
in the Poincaré gauge, 332 
Lorentz equation, 104, 178. See also Lorentz 
gauge; Subsidiary condition 
Lorentz gauge, see also Subsidiary condition 
classical electrodynamics in the Lorentz 
gauge, 364 
definition, 9 
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relativistic Q.E.D. in the Lorentz gauge, 
361, 419, 424, 453e 


M 


Magnetic dipole moment: 
interaction, 43, 288 
orbital, 288 
spin, 44, 197, 439 
Magnetic field, 21, 24, 27, 32, 42, 118, 171. 
See also Expansion 
Magnetization: 
current, 284 
density, 42, 284, 292 
Mass: 
correction, 69e 
rest mass energy, 432 
Matter field: 
Dirac matter field, 107, 366, 408, 414, 433, 
45le, 454e 
quantization, 98, 16le, 361, 414 
Schrédinger matter field, 157e, 16le, 167e 
Maxwell equations, see also Heinsenberg; 
Normal variables of the radiation 
covariant form, 17, 366 
for the potentials, 9, 10, 366 
quantum Maxwell equations, 179 
in real space, 7 
in reciprocal space, 12, 21 
Mean value in the indefinite metric, 389, 
396, 398, 406 
Mechanical momentum, 20, 177, 271, 290 
Mode, 24, 27, 374. See also Normal mode, 
Normal variables of the radiation; Ex- 
pansion 
Momentum, see a/so Commutation; Expan- 
sion in normal variables; Expansion in 
a and a* (or in a and @) 
conservation, 8, 6le, 138, 200 
contribution of the longitudinal field, 19, 
20 
of the Dirac field, 45le 
of the electromagnetic field in the Lorentz 
gauge, 370, 379 
of a general field, 152e 
momentum and velocity, 20, 177, 271, 290 
for a particle, 20, 177 
of the particle + field system, 8, 20, 118, 
139, 174, 199 
of the Schrédinger field, 158e 
of the transverse field, 19, 27, 31, 172, 193, 
188 
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Multiphoton amplitudes (calculations in var- 
ious representations), 316, 325, 338e, 
344e, 348e, 349e 

Multipole: 

expansion, 287 
waves, 45, 55, 58, 60 


N 


Negative energy states, 413 
Negative frequency components, 29, 184, 
193, 422 
Newton-Lorentz equations, 7, 104, 178 
Nonrelativistic: ee ee we 
approximation, 103, 122, 200 
limit, 424, 432, 439 
Nonresonant processes, 325, 356e 
Nonlocality, 14, 15, 21, 15le. See also In- 
stantaneous; Locality 
Norm: 
in the indefinite metric, 388, 445e, 447e 
negative, 385 
Normal mode, 24, 27, 374. See also Normal 
variables of the radiation; Expanion 
Normal order, 185, 195, 237e 
Normal variables of the radiation, see also 
Expansion in normal variables 
a, and a, normal variables, 375, 376, 378 
analogy with a wavefunction, 30 
definition and expression, 23, 25, 29, 371 
discretization, 31 
evolution equation, 24, 26, 32, 66e, 219, 
371, 372 
Lorentz subsidiary condition, 374 
quantization, 33, 171 
scalar and longitudinal normal variables, 
372, 374, 379 
transverse normal variables, 25, 29, 374 


O 


Observables, see Physical variables 
Operators in the indefinite metric: 
adjoint, 388 
eigenvalues and eigenfunctions, 389, 445e 
hermitian, 388, 445e 
Order: 
antinormal, 237e 
normal, 185, 195, 238e 


P 


Parseval—Plancherel identity, 11 
Particles see Conjugate momenta of the par- 
ticle coordinates; Matter field; Hamil- 
tonian for particles in an external field 
Particle velocities: 
in the Coulomb gauge, 117, 17? 
in the Géppert—Mayer approach, 271, 306 
in the Henneberger approach, 277 
in the Power—Zienau—Woolley approach, 
290, 295 
Pauli: 
exclusion principle, 163e, 413, 416 
Hamiltonian, 432 
matrices, 410, 437 
Pauli-Fierz—Kramers transformation, 278, 
429 
Periodic boundary conditions, 31 
Phase: 
of an electromagnetic field mode, 208, 212, 
243e 
of a matter field and gauge invariance, 
167e, 449e 
Photodetection signals, see also Interference 
phenomena 
double counting signals, 185, 209, 214 
single counting signals, 184, 188, 206, 213 
Photon, see also Annihilation and creation 
operators; Bose-Einstein distribution; 
Interference phenomena; S-matrix; 
States of the radiation field; Wave—par- 
ticle duality 
as an elementary excitation of the quan- 
tized radiation field, 30, 187 
longitudinal and scalar photons, 384, 392, 
403, 425, 430, 443e, 446e 
nonexistence of a position operator, 30, 
50, 188 
photon number operator, 187 
single-photon states, 187, 205, 208, 210, 
385 
transverse photons, 186, 385 
wavefunction in reciprocal space, 30 
Physical meaning of operators: 
general, 259, 269 
in the Géppert— Mayer approach, 271, 306, 
310 
in the Henneberger approach, 277, 345e 
in the Power—Zienau-Woolley approach, 
290, 292 
Physical states, 384, 394, 396, 405, 423, 430, 
443e. See also Physical meaning of 
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Physical states (Continued ) 
operators; Physical variables; 
sidiary condition 

Physical variables, see also Angular momen- 
tum; Electric field; Energy; Magnetic 
field; Momentum; Particle velocities; 
Photodetection signals; Physical mean- 
ing of operators; Position operator 

in classical theory, 257 

corresponding operators in various repre- 
sentations, 116, 117, 271, 277, 294, 306, 
310 

mean value in the indefinite metric, 396 

in quantum theory, 259, 296 

transformation of the corresponding oper- 
ators, 260, 263 

Planck, 1 

Poincaré gauge, 331, 333 

Poisson: 

brackets, 86 

equation, 10, 345e 
Polarization: 

current, 284 

density, 281, 292, 308, 329 
Polarization of the radiation: 

polarization vector, 25, 376 

sum over transverse polarizations, 36 

Position operator, see also Photon; Transla- 

tion operator 
in the Henneberger approach, 276, 345e 
for the particles, 33, 118, 258 
Positive: 
positive energy states, 412 
positive frequency components, 29, 184, 
193, 422 

Positron, 408, 413 

Potential, see Longitudinal vector potential; 
Scalar potential; Transverse vector po- 
tential 

Power-Zienau- Woolley 
280, 286, 328, 331 

P-representation, 195, 206, 211, 236e, 25le 

Processes, see Absorption (of photons); 
Emission (of photons); Multiphoton 
(amplitudes (calculations in various rep- 
resentations); Nonresonant processes; 
Resonant, processes; Scattering; 
S-matnx 


Sub- 


transformation, 


Q 


Quadrupole electric (momentum and inter- 
action), 288 
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Quantization (general), see also Matter field 
with anticommutators, 98, 162e, 453e 
canonical quantization, 34, 89, 258, 380 
for a complex field, 98, 99, 16le 
for a real field, 94, 148e 
second quantization, 414, 439 
Quantization of the electromagnetic field: 
canonical quantization in the Coulomb 
gauge, 119, 144 

canonical quantization in the Power- 
Zienau- Woolley representation, 294 

covariant quantization in the Lorentz 
gauge, 380, 383, 387, 391 

elementary approach, 33 

methods, 33, 34 
Quantum electrodynamics (Q.E.D.): 
in the Coulomb gauge, 169 
in the Power—Zienau—Woolley picture, 
293 

relativistic Q.E.D. in the Coulomb gauge, 
424, 431 

relativistic Q.E.D. in the Lorentz gauge, 
361, 419, 424, 453e 

Quasi-classical states of the field, see also 

Photodetection signals; Quasi-probabil- 
ity density 

definition, 192 

graphical representation, 242e 

interferences with, 207, 209 

production by external sources, 217, 404 

properties, 194, 447e 

Quasi-probability density: 
suited to antinormal order, 236e, 250e 
suited to normal order, 195, 206, 211, 

236e, 250e 


R 


Radiation emitted by an oscillating dipole, 
Tle, 352e 
Radiation Hamiltonian: 
eigenstates of, 186 
as a function of a and a*, 172, 197, 24le, 
296, 382 
as a function of a and a, 391 
as a function of the conjugate variables, 
116, 144, 290, 296, 370 
as a function of the fields, 18, 312 
as a function of the normal variables, 27, 
31, 378 
in the Lorentz gauge, 370, 378, 382, 391, 
398 
physical meaning, 292, 312 
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Radiation reaction, 68e, 74e 
Radiative damping, 7le, 76e 
Raman scattering, 326 

Rayleigh scattering, 7Se, 198, 326 


Reciprocal: 
half-space, 102 
space, 11, 36 


Redundancy of dynamical variables, 109, 
113, 154e, 157e, 362. See also indepen- 
dent variables 
Relativistic, see also Covariant; Covariant 
Lagrangian; Quantum electrodynamics 
(Q.E.D.) 
description of classical particles, 107 
Dirac field, 366, 408, 414, 433, 45le, 454e 
modes, 123 
Resonant: 
processes, 316, 326, 349e 
scattering, 75e 

Retarded, see also Instantaneous 
field, 21, 310, 330 
potential, 66e 


S 


Scalar photons, 384, 392, 403, 425, 430, 443e, 
446e 
Scalar potential, see also Expansion in a 
and a* (or in a and @); Expansion in 
normal variables 
absence of a conjugate momentum with 
the standard Lagrangian, 109, 362 
antihermiticity in the Lorentz gauge, 392 
conjugate momentum in the Lorentz 
gauge, 369 
in the Coulomb gauge, 16, 22, 67e 
elimination from the standard Lagrangian, 
111 
in the Poincaré gauge, 333 
Scalar product: 
in a Hilbert space, 387 
with the indefinite metric, 387, 395, 445e 
Scattering, see also Compton; Raman scat- 
tering; Rayleigh scattering; Thomson 
scattering; Transition amplitudes 
cross section, 74e, 346e 
nonresonant scattering, 356e 
in presence of radiation, 344e 
process, 326 
resonant scattering, 75e 
Schrédinger: 
equation, 89, 157e, 167e, 176, 261, 263 
representation, 89, 176, 219 
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Schrédinger field: 
Lagrangian and Hamiltonian, 157e, 167e 
quantization, 16le 
Schwarzchild, 79 
Second quantization, 414 
Selection rules, 199, 233e 
Self-energy 
Coulomb, 18, 7le, 201 
dipole, 312 
of the transverse polarization, 290, 329 
S-matrix: 
definition, 299, 317 
equivalence in different representations, 
298, 302, 321, 349e, 356e 
for one- and two-photon processes, 317, 
349e 
Sources (classical or external), 24, 217, 314, 
370, 372, 400, 418 
Spectral density, 191 
Spin: 
magnetic moment, 44, 197, 439 
spin-statistics theorem, 99 
Spin-1 particle, 49 
Spin-orbit interaction, 440 
Spinors: 
Dirac spinors, 409, 412, 433 
two-component Pauli spinors, 434 
Squeezed states, 245e, 246e, 248, 250 
Standard Lagrangian: 
difficulties for the quantization, 109 
expression, 100 
symmetries, 105 
State space, see also Subsidiary condition 
in the Coulomb gauge, 175 
in the covariant formulation, 385 
for scalar photons, 392, 443e 
States of the radiation field, see also Physi- 
cal states; Quasi-classical states of the 
field; Vacuum 
factored states, 205, 207 
graphical representation, 24le 
single-photon states, 187, 205, 208, 210, 
385 
squeezed states, 243e, 246e, 248e, 250e 
two-photon states, 211 
Subsidiary condition: 
in classical electrodynamics, 9, 10, 22, 368, 
370, 374, 442e, 443e 
in presence of interaction, 406, 421, 430 
for the quantum free field, 384, 386, 394 
Sudden switching-on of the potential, 264, 
336e 
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Symmetries 
and conservation laws, 134 
of the standard Lagrangian, 105 


T 


Thomson scattering, 75e, 198 
Transformation, see also Physical variables; 
Unitary transformation; entnes under 
Gauge; Hamiltonian; Lagrangian 
of coordinates and velocities, 85 
from the Coulomb gauge to the Lorentz 
gauge (or vice versa), 63e, 425 
Géppert- Mayer transformation, 269, 304 
Henneberger transformation, 275, 344e, 
349e 
Pauli— Fierz— Kramers 
278, 429 
Power—Zienau—Woolley transformation, 
280, 287, 328, 331 
of the state vector, 261, 263, 268 
Transition amplitudes 
definition and calculation, 176, 271, 316, 
337e, 338e, 346e 
identity in different pictures, 264, 269, 273, 
297, 316, 321, 349e, 356e 
interference between, 213 
Transition matrix, 300, 356e 
Transition rate, 323 
Translation operator: 
for the a and a* operators, 195, 308 
for the a and @ operators, 404, 425, 446e 
infinitesimal generators, 163e, 199, 383, 
417 
for the momentum of a particle, 305 
for the position of a particle, 276 
Transverse, see also Expansion; Instanta- 
neous; Nonlocality; Photon 
basis of transverse vector functions, 25, 
37, 53 
commutation relation for the transverse 
field, 119, 223, 230e 
delta function, 14, 36, 38, 42, 64e, 120, 
173, 23le 
displacement, 283, 291, 295, 310 
energy, Momentum and angular momen- 
tum of the transverse field, 18, 19, 20, 
27, 47, 48, 174, 312 
equations of motion of the transverse field, 
pal 


transformation, 
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electric field, 21, 24, 27, 32, 64e, 117, 171, 
287, 295, 310 

magnetic field, 21, 24, 27, 32, 42, 118, 171 

projector onto the subspace of transverse 
fields, 37 

summation over transverse polarizations, 
36 

vector field, 13, 50 

vector potential, 17, 29, 31, 119, 171, 223, 
294, 377, 396 

Transverse vector potential, see also Expan- 

sion; Instantaneous; Nonlocality 

commutation relations, 119, 223, 230e 

conjugate momentum, 115, 289 

gauge invariance, 17 


U 


Unitary transformation, see a/so Translation 
operator 
associated with a change of Lagrangian, 
260, 262, 296 
associated with a gauge transformation, 
268, 271 
on the Hamiltonian, 262, 276, 304, 343e 


V 


Vacuum, 186, 189, 252e, 385, 386, 394 

Vacuum fluctuations, 191, 199, 279 

Vector potential, see Longitudinal vector 
potential; Transverse vector potential 

Velocity, see Particle velocities 
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Wavefunction of the photon, 30, 50. See also 
Photon 
Wavelength scale, 202. See also Approxima- 
tion; Compton 
Wave-—particle duality, 204, 215 
Waves: 
multipole waves, 45, 55 
traveling plane waves, 28 
Woolley, see Power—Zienau— Woolley trans- 


formation 
Z 
Zienau, see Power—Zienau—Woolley trans- 
formation 


